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We consider a system of N two-level atoms �spins� interacting with the radiation field in a dispersive but
high-Q cavity. Under an adiabatic condition, the interaction Hamiltonian reduces to a function of spin operators
which is capable of producing spin squeezing. For a bipartite system �N=2�, the expressions for spin squeezing
get very simple, giving a clear indication of close to 100% noise reduction. We analyse this squeezing as a
measure of bipartite entanglement.

Spin squeezing has been a subject of interesting studies in
the past few years �1–7�. Recently, its importance has in-
creased further due to its relation to quantum entanglement
�8–12�, a basic ingradient of quantum information �13�. In
addition, spin squeezing has been found to be a useful pa-
rameter to quantify entanglement. Various proposals have
been made to measure entanglement �14�, but spin squeezing
is being increasingly preferred since it is a physically mea-
surable quantity defined by simple spin operators. We know
that two-level atoms can be described by the Pauli spin al-
gebra with the exception that the z component of the spin
represents the population difference between the two levels
of the atoms. Thus we take the liberty of referring to a two
level system as atoms or spins. The spin squeezing is defined
in terms of these operators as follows. Let Sx, Sy, and Sz be
the usual collective spin operators for a system of N two-
level atoms. We define a mean spin vector which has the
magnitude ��S� � =��Sx�2+ �Sy�2+ �Sz�2. Then, in a plane nor-
mal to �S�, the uncertainty relation between the pair of mu-
tually orthogonal spin components Sx� and Sy�, say, satisfy
�6�

�Sx��Sy� �
1

2
��S�� �1�

with �Sx��= �Sy��=0. For a coherent state �15�, the equality
sign is satisfied with �Sx�=�Sy�=���S� � /2. It may be noted
here that �S� is in the z� direction and the frames of reference
	x ,y ,z
 and 	x� ,y� ,z�
 are related by the usual polar and
azimuthal angles. In this situation, if one of the components
is less than ���S� � /2 at the expense of the other such that Eq.
�1� is satisfied, then we say that the system of N two-level
atoms is spin squeezed.

Cavity QED and cavity-related systems �16,17� have been
widely studied for obtaining correlated particles, photons or
two-level atoms or even both. Agarwal et al. �17� have stud-
ied mesoscopic superposition of spin states, the so-called
Schrödinger cat states, in a dispersive cavity. These states are
a result of existence of nondiagonal elements of the atomic
density matrix. Hence there are possibilities that the correla-
tions among the spin components �SiSj +SjSi�, i , j�x ,y ,z,

are nonzero for i� j. These correlations have been found to
be responsible for spin squeezing. It is our endeavor here to
study spin squeezing and its interesting quantum entangle-
ment properties in such a system consisting of N two-level
atoms �spins� interacting with the single mode of a cavity
having high quality factor and at thermal equilibrium. The
cavity temperature is represented by the average number of
thermal photons n̄th present in the cavity. The photon lifetime
is represented by �2��−1 where � is the cavity bandwidth. We
consider a highly detuned cavity, that is, �=�c−�a, �c and
�a being the cavity mode and atomic transition frequencies,
respectively, is very large such that the condition
�i�+� � �g�N �where g is the atom-photon coupling con-
stant� is satisfied. We further assume that the quality factor Q
of the cavity is very high making � very small, but we treat
the cavity as a dispersive type. Such a system easily satisfies
���. The effective Hamiltonian describing the dynamics of
the atoms in the cavity takes the form �17�

Hef f = �0S+S− + �1Sz = �0�S2 − Sz
2� + ��0 + �1�Sz �2�

where

�0 =
g2�

�2 + �2 �3�

and �1=2n̄th�0. We notice that the cavity damping influ-
ences the atomic dynamics through the scaled coupling con-
stant �0. The cavity temperature appears in the terms linear
in Sz which produce only a rotation in the atomic system.
Hence, the atomic dynamics is independent of cavity tem-
peratures. This is reminiscent of the so-called secular ap-
proximation in cavity QED, such as g��, where the thermal
photons are usually neglected �16�. Hence, the Hamiltonian
takes the form

Hef f = �0�S2 − Sz
2� . �4�

It is interesting to note that Hef f is a special case of the
so-called Lipkin-Meshkov-Glick �LMG� Hamiltonian for a
many-body fermionic system �18�. The LMG interaction in
various other forms has been utilized to study entanglement
�8� and has also been successfully engaged in experiments
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for its generation �9�. Kitagawa and Ueda �1� have also con-
sidered a similar Hamiltonian to establish the phenomenon
of spin squeezing. In this paper, in addition to probing deeper
into the spin squeezing dynamics of Hef f, we report that,
when the atomic system is in a bipartite state �N=2�, the
time evolution of the interaction has quite interesting prop-
erties. We show below that the bipartite system is almost
100% spin squeezed. Further, the interaction is also capable
of producing almost perfectly entangled bipartite spin states.
We find that these properties are strikingly different com-
pared to their multipartite counterparts.

We assume that the atoms, before they enter the cavity,
are put in a coherent state �15�

��,�� =
1

�1 + �	�2�s �
m=−s

s

�2sCs+m	s+m�s,m� �5�

where 	=tan�� /2�ei� and s=N /2. 	=0 represents all
the atoms in the lower state �s ,−s�. In the following we take
�=0 as it has no effect on the problem we study here. The
state �� ,0� can be achieved by, first, sending the atoms
in their upper states through an auxiliary cavity. The angle
� is decided by the duration of atom-field interaction in this
cavity. These atoms then enter the cavity where their evolu-
tion is governed by the Hamiltonian in Eq. �4�. The structure
of the Hamiltonian makes Sz and Sz

2 constants of motion
which, after averaging over the initial condition, take values
given by

�Sz� = − s cos � �6�

and

�Sz
2� = s2cos2 � +

s

2
sin2 � . �7�

The other components of the spin system are

�Sx�t�� = �
1�t���s−1/2�s cos�2s�0t − �2s − 1��1�t��sin � ,

�8�

�Sy�t�� = �
1�t���s−1/2�s sin�2s�0t − �2s − 1��1�t��sin � ,

�9�

where 
1�t� and �1�t� are given by


 j�t� = cos4 �

2
+ sin4 �

2
+

1

2
sin2 � cos 2j�0t �10�

and

tan � j�t� =

sin2 �

2
sin 2j�0t

cos2 �

2
+ sin2 �

2
cos 2j�0t

, �11�

respectively, with j=1. The averages of their squares are
given by

�S�
2�t�� =

s

2
+

1

4
s�2s − 1�sin2 �	1 ± �
2�t���s−1�

cos 2��2s − 1��0t − �s − 1��2�t��
 �12�

where the upper and the lower signs are for ��x and y,
respectively. 
2�t� and �2�t� appearing in the above equa-
tions are given by, again, Eqs. �10� and �11�, respectively, but
with j=2.

To evaluate spin squeezing we now rotate the frame
	x ,y ,z
 to a new frame 	x� ,y� ,z�
 so that one of the new
axes is aligned along the mean spin vector �S�. Our analysis
involves z� along �S�. In this frame, �Sx��= �Sy��=0, but �Sx�

2 �
and �Sy�

2 � involve, in addition to �Sx
2� and �Sy

2�, the following
correlation functions:

�SxSy + SySx� =
1

2
�2s − 1�s sin2 ��
2�t���s−1�

sin 2��2s − 1��0t − �s − 1��2�t�� ,

�13�

�SxSz + SzSx� = �2s − 1�s sin �	
1�t�
�s−1�

sin2 �

2
cos	2�s − 1���0t − �1�t��


− cos2 �

2
cos 2�s�0t − �s − 1��1�t��� ,

�14�

and

�SySz + SzSy� = �2s − 1�s sin �	
1�t�
�s−1�

sin2 �

2
sin	2�s − 1���0t − �1�t��


− cos2 �

2
sin 2�s�0t − �s − 1��1�t��� .

�15�

These correlation functions are at the root of spin squeezing
�1–6�. We notice that all the correlation functions are 0 for a
single two-level atom, that is, s=1/2. Thus spin squeezing
cannot be obtained from a single atom.

We now look for squeezing for s�1. Before we do so, we
notice that the dynamics for the duration �0t=0 to � repeats
itself during the time � to 2� and so on. Hence, it is suffi-
cient to limit the dynamics to 0��0t��. It can be shown
easily that there is no spin squeezing exactly at �0t=�. The
variance in the y� quadrature has the form



��Sy�
2 � =

s

2
+

s

4
�2s − 1�sin2 �

�1 − 1 −
1

2
sin2 ��1 − cos 4�0t��s−1

cos 2��2s − 1��1�t� − �s − 1��2�t� − �0t�� .

�16�

We notice in the above expression that ��Sy�
2 ��s /2 and,

since the length of the mean spin vector

��S�� = s��
1�t���2s−1�sin2 � + cos2 � �17�

has a maximum values of s, the condition

2��Sy�
2 �

��S��
� 1 �18�

is always satisfied, that is, the y� component is never
squeezed. However, we find noise reduction in the other
quadrature. Let us consider small excitation to the upper
level, that is, � small. We find that for �=� /16, representing
about 2% of the atoms in their upper states, there is about
21% squeezing when the interaction time is set at �0t=� /2.
We notice in Fig. 1 that an atomic system with about 140
atoms can be squeezed at this interaction time. The maxi-
mum squeezing takes place at N=26. The degree of squeez-
ing and the number of atoms that can be squeezed are re-
duced as we deviate from this interaction time. Figure 1
shows that for �0t=9� /16, the squeezing reduces to 15%
and for �0t=5� /16, it reduces to as low as 10%.
The squeezing further reduces as we deviate further from
�0t=� /2 and it ultimately vanishes at �0t=� as mentioned
earlier.

The degree of squeezing also deteriorates as we increase
the number of atoms in their upper states, that is, as � in-

creases. For �=� /2, that is, equal population in the upper
and lower levels, we have �Sz�=0. This reduces the variance
in the x� quadrature to

��Sx�
2 � = �Sz

2� = s/2 �19�

where we have used Eq. �7�. Since

��S�� = s cos�2s−1� �0t �20�

we have

2��Sx�
2 �

��S��
=

1

cos�2s−1� �0t
� 1. �21�

Hence, the system does not exhibit any squeezing for
�=� /2. This is in contrast to the results in Ref. �1� as
squeezing in the y�z� plane was studied there, whereas
our study is in the x�y� plane. It may be noted here that for
�=�0t=� /2, squeezing is not defined since ��S� � =0.

We study the bipartite system �s=1� in detail below as it
exhibits interesting properties.

In this case, Eqs. �12�–�15� take a simpler form because of
the appearance of s−1 in the exponents and give a closer
view of the noise quenching process. We set �0t=� /2 since
the lowest noise level is obtained at this interaction time for
all values of s. The spin components are further simplified to
�Sx�t��=−�sin 2�� /2, �Sy�t��=0, and �Sz�=−cos �. The aver-
ages of their squares reduce to �Sx

2�t��=1/2, �Sy
2�t��= �1

+sin2 �� /2, and �Sz
2�t��=1− �sin2 �� /2. But the differences

between this system and the system with s�1 stem from the
correlation function, at �0t=� /2,

�SxSz + SzSx� = �− 1�s−1s�2s − 1�sin � cos2�s−1� � �22�

which for s=1 reduces to

�SxSz + SzSx� = sin � . �23�

The other two correlation functions are 0 anyway at
�0t=� /2. Equation �22� clearly indicates the squeezing char-
acteristics for s�2 in Fig. 1. It also points to reduction in
squeezing as we increase � to � /2. But the variation in
squeezing with � is quite different for a system with s=1.
Equation �23� shows that spin squeezing should increase as �
increases to � /2. In fact, we have

X = ��2��Sx�
2 ��/��S�� =  cos �

�1 + sin2 �
�1/2

�24�

for 0���� /2. We note that squeezing increases with � and
it approaches 100% as � approaches � /2. Thus, this varia-
tion is just in the opposite direction to its behavior in multi-
partite systems �s�1�. However, it may be noted from Eq.
�17� that ��S� � =0 at �=�0t=� /2, that is, squeezing is not
defined at these values. In the next quadrant, � /2����,
there is no squeezing since

X =  − cos �

�1 + sin2 �
�1/2

. �25�

We now use the spin squeezing condition in Eq. �24� to
show that the system possesses bipartite entanglement

FIG. 1. Degree of squeezing X=��2��Sx�
2 �� / ��S� as a function of

s�2 for �=� /16. The dimensionless interaction time �0t=� /2,
9� /16, and 5� /16 for the full, broken, and dotted curves, respec-
tively. Note that X�1 indicates squeezing.



�11,12�. Following Korbicz et al. �12�, states with s=1 are
entangled if the condition

2��Sx�
2 � = X2��S�� � 1 �26�

is satisfied since we have �Sx��=0. We have seen in the above
that X�1 is satisfied for �0t=� /2 and 0���� /2. In this
situation we have from Eq. �17�

��S�� = �1 − sin4 � � 1. �27�

Thus we observe that our spin squeezed bipartite system is
also entangled when the above conditions for the interaction
time and atomic excitation are satisfied. We further notice
that states satisfying Eq. �25� also satisfy the entanglement
condition in Eq. �26�. This means that the bipartite entangled
system need not be spin squeezed. However, this situation

arises only for values of � close to � /2 such as �=9� /16
beyond which the entanglement condition is not satisfied.

In summary, we have shown that atoms initially in a co-
herent state get squeezed if they are allowed to interact with
a cavity field in thermal equilibrium. A comparison with the
results in Ref. �1� shows that it all depends in which plane or
component the squeezing of noise is required. But our study
has shown that a bipartite system can have almost 100%
squeezing. This is a key result in our paper. We have also
shown that the system is capable of producing almost perfect
bipartite entangled states and so it can be applied to
quantum-informatic problems �19�.
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