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Abstract. – The temperature dependence of saturation magnetization of ferrite nanoparticles
has been studied to investigate the applicability of Bloch spin-wave theory to the finite-size sys-
tems. T 3/2 law is valid above ∼75 K for the smallest ferrite particles obtained in this experiment
having size of ∼2.5 nm. The region of validity of Bloch law increases at the lower-temperature
end with the increase in particle size and interparticle interactions. The anomaly from the spin-
wave theory has been observed with an upturn at low temperature, which can be explained by
considering the quantization of spin-wave spectrum due to the finite size of the particles.

The study of magnetic nanomaterials during the last few years has resulted in many
anomalous or enhanced magnetic properties such as giant magnetoresistance, large tunneling
magnetoresistance, high remanence and coercivity, enhanced magnetocaloric effect, quantum
tunneling of magnetization and so on [1–3]. All these new properties indicate the enormous
technological potential of these nanomaterials in our everyday life. Among the various mag-
netic nanomaterials, ultrafine ferrite particles are considered very interesting for fundamental
studies with possibilities to be used in recording media, ferrofluids and other applications in
the microwave frequency region [4–6].

Usually the demagnetization of ferro or ferrimagnetic materials at temperatures much
below the transition temperature is due to the excitation of long-wavelength spin waves whose
energy is characterized by the spin-wave stiffness coefficient D. The excitation energy Ek of
spin wave in the limit of small wave vectors (k → 0) is given by [7]

Ek = Dk2. (1)

The decrease in magnetization MS(T ) from its saturation value MS(0) at temperatures well
below its critical temperature is determined by the equation [7]

MS(T ) = MS(0) −
∞∫

0

g(k)n(k)dk, (2)

(∗) E-mail: kalyan@bose.res.in

http://www.edpsciences.org/epl
http://dx.doi.org/10.1209/epl/i2006-10148-y


where g(k) is the density of spin-wave states and n(k) the Bose occupation number. Using
the Bose-Einstein distribution law and substituting the values of n(k) and g(k), we get

MS(0) − MS(T )
MS(0)

=
gμB

2π2

∞∫

0

k2dk

eβEK − 1
. (3)

In case of a continuous distribution of spin-wave states as in the bulk, the above equation
leads to the temperature dependence of magnetization given by the Bloch law as

MS(T ) = MS(0)[1 − BT 3/2], (4)

where B = 2.6149V0

(
kB

4πD

)3/2
, V0 being the atomic volume. But in nano-sized particles, the

thermal dependence of magnetization deviates from the expected Bloch law as the magnons
with wavelength larger than the particle dimensions cannot be excited and a threshold of
thermal energy is required to generate spin waves [8].

The previous research on the thermodynamic behavior of nanoparticles at low tempera-
tures is dominated by the presence of the energy gap (ΔE) in the spin-wave spectrum [9,10],
which resulted in the slower decrease in magnetization at low temperatures compared to the
bulk behavior. On the other hand, at high temperatures, the magnetization of nano-sized
materials decreases faster with temperature than that for the bulk due to excitation of large-
amplitude surface modes. Very recently, Della Torre et al. reported [11,12] an upturn due to
decrease in temperature in Co/Pt multilayers and iron nanograins contrary to the previous
results [9, 10] and explained the deviation from the T 3/2 law due to Bose-Einstein condensa-
tion at a finite temperature. In the following we have reported the anomaly in the MS(T ) vs.
T curve of NiFe2O4 nanoparticles and explained the upturn by considering the quantization
of spin-wave spectrum due to the finite size of the particles.

The finite size of the particles led to a discrete set of energy values corresponding to a
discrete spectrum of spin-wave modes. For example, in case of a cubic particle with each side
d, the spin wave energies can be roughly estimated as [13]

En = Dk2
n = D(nπ/d)2, n = 1, 2, 3, . . . . (5)

Therefore the second term in eq. (2) cannot be integrated for all values of k from 0 to ∞ and
it should be modified as

MS(T ) = MS(0) − C

p∑
n=1

1
(eEn/kT − 1)

−
∝∫

k/

g(k)n(k)dk, (6)

where C = MS(0)/NS and the summation runs till p so that Ep ∼ kBT . At temperatures
well below the Curie temperature of the material, the third term in the right-hand side of
eq. (6) can be neglected and the above equation can be approximately written as

MS(T ) = MS(0) − C exp[−E1/kBT ] − C exp[−E2/kBT ], (7)

neglecting the higher-order terms in the summation. The gaps in the spin-wave spectrum
become ineffective with the increase in thermal energy (En � kBT ). Therefore, at higher
temperatures the summation term can be included in the integration term and after integra-
tion, eq. (6) gives an expression similar to Bloch’s T 3/2 law (eq. (4)) with the parameters
MS(0) and B having different significance.
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Fig. 1 – X-ray diffraction patterns of NiFe2O4 ferrite nanoparticles in the SiO2 matrix.

Though the thermal variation of saturation magnetization was well studied for different
bulk magnetic materials, this was not investigated in detail for nanomaterials particularly at
temperatures well below TC to verify the exponential temperature dependence of magnetiza-
tion. In the present work, the thermal dependence of saturation magnetization of NiFe2O4

nanoparticles in SiO2 matrix were studied in detail and the experimental results are found
to follow the exponential law as mentioned in eq. (7) at temperatures much below the Curie
temperatures (kBT ≤ E1) and the T 3/2 law (eq. (4)) at higher temperatures.

NiFe2O4 nanoparticles in SiO2 matrix were prepared by sol-gel method as described ear-
lier [14,15]. Two composites with ferrite is to SiO2 matrix ratio 30 : 70 by weight and 15 : 85
by volume (series I) and 50 : 50 by weight and 29 : 71 by volume (series II) were prepared
to change the interaction between the ferrite particles. The ferrite particle size was varied
from 2.5 nm to 25 nm by changing the temperature or the duration of heat treatment during
the preparation of the samples [15]. The phase and particle size were estimated by X-ray
diffraction and transmission electron microscopy. The temperature dependence of magnetic
properties was carried out using a SQUID (MPMS, Quantum Design) within the temperature
range of 10K to 300K.

Figure 1 shows the XRD pattern of the samples A, B and C belonging to series I with
different particle size as mentioned in table I. The XRD peaks reveal the single-phase spinel
ferrites and the peaks become sharper with the increase in particle size. TEM micrograph of
sample A (2.5 nm) at two different sites along with the Fast Fourier Transform is shown in fig. 2.
Both XRD and TEM micrographs indicate the increase in particle size with the increase in
preparation temperature or the duration of the heat treatment. The particle size distributions
obtained from the TEM micrograph follow the log-normal distribution function [15].

The thermal variation of hysteresis loop, coercive field and other magnetic properties of
these samples have already been published elsewhere [16]. Figure 3 shows the variation of
magnetization of samples A, B and C of series I with temperature from 10K to 250K at 7T



Table I – Name of the samples, corresponding heat treatments, their diameter and the values of
energy gap E1 and parameter B.

Sample Temperature Duration Average particle Values of MS(0) B
name during heat of heat size from XRD (nm) E1 (meV) (emu/g) of eq. (4)

treatment treatment with standard (K−3/2)
(◦C) (hour) deviation

Sample A 700 ◦C 1.0 2.5 (0.3) 2.29 15.0 6.0 × 10−5

Sample B 1000 ◦C 6.0 19.0 (2.4) 1.88 31.2 5.0 × 10−5

Sample C 1000 ◦C 24.0 25.0 (2.8) 1.50 33.5 4.5 × 10−5

Sample D 700 ◦C 2.0 4.5 (0.6) 1.56 18.8 4.0 × 10−5

Sample E 1000 ◦C 2.0 9.6 (1.6) 1.19 34.4 3.0 × 10−5

magnetic field and it is termed as the saturation magnetization at that temperature, MS(T ).
For sample A, with the decrease in temperature, an anomaly from the usual MS(T ) vs. T curve
starts from around 50K which gradually diminishes and appears at lower temperature with the
increase in particle size as observed in samples B and C. This upturn does not follow the T 3/2

Fig. 2 – HRTEM micrograph of sample A at two different sites. Inset: fast Fourier transform of
sample A.
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Fig. 3 – Experimental data of MS(T ) vs. T of (a) sample A (b) sample B and (c) sample C at 7T
magnetic field along with the theoretical fitting of T 3/2 law (dashed line) and eq. (7) (solid line).

Fig. 4 – Experimental data of MS(T ) vs. T of (a) sample D (b) sample E at 7 T magnetic field along
with the theoretical fitting of T 3/2 law (dashed line) and eq. (7) (solid line).

law and can be fitted well with eq. (7). The values of E1 obtained from the fitting are shown
in table I and are in accordance with the previous results [9]. E1 decreases with the increase
in particle size. As per our previous arguments, for sample A, eq. (7) is applicable up to T ∼
E1/kB ∼ 27K which is comparable to our experimental data. The contribution from the third
term on the right-hand side of eq. (7) containing E2 is negligible and does not affect much the
fitting and values of E1 when fitted with or without the third term. The values of MS(0) shown
in table I are obtained by fitting eq. (7) and are comparable with the values obtained earlier for
the similar samples [17]. MS(0) increases with particle size but the values are less than that of
the bulk value of ∼56 emu/g [17]. The MS(T ) vs. T curves at higher temperatures (kBT > E1)
can be fitted well with the T 3/2 law till 250K. The parameter B ∼ 10−5 (table I), close to
the values obtained for other nanoferries and higher than that for the bulk where B ∼ 10−6.

To understand the effect of magnetic interaction, the temperature variation of saturation
magnetization was also studied with samples D and E of series II and the results are shown in
fig. 4 along with the theoretical fitting of eq. (7) at lower temperatures and T 3/2 law at higher
temperatures. Higher proportion of ferrites in these samples resulted in stronger magnetic
interactions. As a result, sample D shows a much reduced upturn at lower temperatures com-
pared to that obtained in sample A though their particle sizes are close to each other. Sample E
behaves like a bulk material and most of the temperature range can be fitted well with the T 3/2

law. The values of E1 and MS(0) of samples D and E by fitting eq. (7) are also shown in table I.



In conclusion, the temperature dependence of saturation magnetization of NiFe2O4 ferrite
nanoparticles in SiO2 matrix does not follow the Bloch T 3/2 law at temperatures well below
its Curie temperature (T < E1/kB). The deviation at low temperatures is attributed to
the quantization of the spin-waves spectrum as a result of the finite-size effect and can be
explained considering an energy gap in the spin-wave spectrum.

∗ ∗ ∗

The present work was supported by the Department of Science and Technology, Govern-
ment of India under project grant no. SP/S2/M-37/2000. The authors KM and PAK are
grateful to Alexander von Humboldt Foundation (Germany) and CSIR (India), respectively,
for their research fellowships.

REFERENCES

[1] Goldstein A. N. (Editor), Handbook of Nanophase Materials (Mercel Dekker, New York) 1997.
[2] Unruh K. M. and Chein C. L., in Nanomaterials: Synthesis, Properties and Applications,

edited by Edelstein A. S. and Cammarata R. C. (Institute of Physics, Bristol) 1996, p. 347.
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