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Abstract
We present a theoretical analysis of the Kohn singularity and Kohn anomaly in the
superconducting phase of a three-dimensional metallic system. We show that a phonon
mechanism-based Cooper pairing in a Fermi liquid metal can lead to these phenomena quite
naturally. The results are discussed against the background of some recent experimental
findings.

The occurrences of Kohn singularities and Kohn anomalies
in normal metals, observed in experiments, are now well
understood [1–4]. These two effects originate from (i) the
electron occupation discontinuity at the Fermi surface and
(ii) the dielectric screening of the bare phonon modes by
the electrons of the Fermi sea, respectively. In contrast, the
occurrences of the above two phenomena even in elemental
conventional superconductors, as seen experimentally in
recent times, still look rather mysterious [5]!

In this letter we present a more quantitative aspect of
our theoretical and microscopic analysis regarding the recent
observation of the above two phenomena involving resonant
spin-echo spectroscopy with neutrons, in real superconducting
materials, based on an extension of our earlier works [6,
7]. Moreover, we also discuss the possible implications of
these studies towards a complete understanding of results
from another important experimental technique, namely
ultrasonic attenuation even for conventional superconductors,
considering the various electron–phonon processes [8–10].

We first set up the scheme for the determination of the
dressed phonon spectrum in the superconducting phase of
conventional type and also calculate the renormalized phonon

dispersion, relating it to various other quantities, such as
superconducting gap and critical temperature. Thereafter, we
present some of the numerical highlights of our calculations
and make a comparison between various scenarios for the
mediating mechanism with regard to the possible occurrence
of the Kohn anomaly. In the concluding part, we discuss our
findings and make remarks regarding the importance of the
usual pairing theory of Bardeen–Cooper–Schrieffer (BCS) to
explain the emergence of both the Kohn singularity and Kohn
anomaly in the superconducting phase. We also discuss briefly
the possible situation arising in the case of a non-conventional
pairing scheme as well as for strongly correlated systems.

The reader will find that the Kohn singularity is explained
after equation (2), where our result also shows the normal
metal limit. Additionally, the Kohn anomaly is examined by
looking at dPs/dq = 0, which follows from the polarization
function equation (2a).

Our starting point is the equation for the frequency
and wavevector dependent electronic polarizability function
(Ps(q, ω)) in the superconducting phase [1]. Making use
of the retarded and advanced fermionic Green functions
corresponding to Bogoliubov quasi-particles and quasi-holes
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respectively, one can write the following expression for
the polarization bubble in the random phase approximation
(RPA):

Ps(q, ω) =

(
1

2β

)∫
dk

2π3

×

∞∑
n=−∞

Tr[τ3G(k + q, ωn + ωm)τ3G(k, ωn)]

(1)

where ωn = i(2n+ 1)π/β;β = 1/kBT;

G(k, ω) = [ω · I + εk · τ3 +1 · τ1]/(ω
2
− E2

k − iδ);

Ek = (ε
2
k +1

2)1/2; εk = h2k2/8mπ2
− µ,

where τ are 2 × 2 Pauli matrices, µ is the chemical potential
and 1 is the BCS energy gap [11].

In the static limit (ω = 0) the q-space derivative of the
above polarization function becomes:

dPs(q)/dq = (2πN(0)4π2m/h2kF)[(−1/q2) ln(Num/Den)

+ (1/q){(1/Num)(dNum/dq)

− (1/Den)(dDen/dq)}], (2)

where Num = 2[{h2q/(8π2m)(q − 2kF)}
2
+ 12

]
1/2

+((h2/4π2)q/m)(q−2kF) and Den is same as Num excepting
that in the expression (q − 2kF) is replaced by (q + 2kF).
The quantities N(0),m, kF, and 1 occurring in the above
equation represent single electronic density of states at the
Fermi surface (in the normal phase), the conduction electron
mass, Fermi wavevector and the BCS superconducting gap
respectively.

The above derivative of the electronic polarizability
function in the superconducting phase at zero temperature,
evaluated at q = 2kF, possesses the property that when
it is scaled down by the quantity Ps(q = 2kF)/2kF, it
exhibits a logarithmic divergence in the limiting situation
of the superconducting coherence length, becoming either
(i) extremely large or (ii) vanishingly small, in comparison
to the lattice spacing, or more correctly the average
inter-electron distance, as can be seen from the relation
{2kF[dPs(q)/dq]/Ps(q = 2kF)} ∼ 2 ln{2/(kFξ)} [6, 7]. This
spectacular feature, in fact, is an analogue of the Kohn
singularity in the superconducting phase. The very large
coherence length limit is expected to be reached in the
conventional phonon-driven superconductors and hence a
Kohn singularity can occur quite naturally in these systems.
Systems with vanishingly small coherence length could also
be possible candidates, provided they exhibit superconducting
pairing instability from a three-dimensional Fermi liquid
phase. For materials belonging to the intermediate regime, i.e.
ξ/a having finite magnitude, the normalized derivative of the
polarizability function does not exhibit a true divergence but
can have large magnitude at q = 2kF.

In the limit1→ 0 and q→ 2kF it can be seen easily from
the previous expressions (see equation (2)) that Num→ 0 and
Den remains finite. Therefore it follows from equation (2) that

in this limit dPs(q)/dq diverges. Thus we recover the usual
Kohn singularity for normal metals, as expected.

It should be emphasized here, however, that in the
superconducting phase, unlike in the normal metal, a Kohn
anomaly can occur without the simultaneous coexistence of a
Kohn singularity, as will be shown and explained below.

We would now like to focus on the nature of the q-space
derivative of the static electronic polarizability function for
any general wavevector and explore its relation with the
renormalized phonon dispersion function as well. This is in
the spirit of a critical microscopic analysis regarding the
investigation into the possible existence of Kohn anomalies
in real superconductors.

The electron–phonon interaction in a superconductor
at very low temperature takes place through a scattering
mechanism of phonons in which Bogoliubov quasi-particle
and quasi-hole pairs are generated and then destroyed from
the BCS ground state. In the process the phonon itself gets
renormalized. The standard perturbative scheme involving
electron–phonon coupling, more precisely Bogoliubov quasi-
particle–phonon coupling in the case of a BCS superconduc-
tor, can be used to describe this process. Furthermore, in
the case of elemental conventional superconductors having
a phonon-mediated pairing interaction, one can neglect the
vertex corrections in the spirit of Migdal’s approximation [1].
Under this condition, the Dyson equation for the phonon
self-energy in the superconducting phase takes the form:

5s(q, ω) = |g(q)|
2Ps(q, ω), (2a)

where the left hand side represents the irreducible phonon
self-energy, g(q) is the quasi-particle–bare phonon interaction
constant and Ps(q, ω) is the wavevector and frequency
dependent electronic polarizability. Making use of the fact that
the real parts of the poles of the bare and renormalized phonon
propagators produce the corresponding phonon frequencies,
we arrive at the following approximate equation in the region
ω � ωD,

ω2(q) = ω2
0(q)[1+ |g(q)|

2Ps(q)], (3)

where ω(q) is the renormalized phonon dispersion function,
ω0(q) is the bare phonon dispersion function, which is taken
to be that given by the Debye model (relevant for an acoustic
phonon). The electronic polarizability function Ps in the
superconducting phase enters the above equation through the
phonon self-energy expression, as a very important player.
Therefore, any anomaly in the dressed phonon spectrum has
its origin in the functional property of this polarizability
function.

It should be kept in mind, however, that this nearly static
approximation (ω → 0) would not lead to any signature of
damping of the phonon modes. In fact, to study any possible
effect on the linewidth of the phonon modes, one has to
go beyond the random phase approximation adopted here
and furthermore consider the vertex corrections in the finite
frequency regime.

The above equation, namely equation (3), leads to the
following important relation between the derivative of the
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dispersion function and that of the polarizability function:

2ω(q)dω(q)/dq = ω2
0(q)|g(q)|

2dPs(q)/dq (4)

assuming g(q) to be a rather slowly varying function of q and
hence neglecting its derivative with respect to q.

Now, considering the experimental observation of the
Kohn anomaly in the superconducting phase [5], represented
by the occurrence of the point of inflexion (not discontinuity
or divergence) in the observed, i.e. renormalized phonon
dispersion at a wavevector near q = 2kF, we need to satisfy
the equation dω(q)/dq= 0 in this q-regime. This implies from
equation (4) that we must have

[dPs(q)/dq]q∼2kF = 0. (4a)

It should be highlighted that in contrast to the Kohn
anomaly in normal metals, indicated by the divergence in the
phonon dispersion function at q= 2kF, in the superconducting
phase this anomaly is generally manifested by a simple
non-analytic behaviour of the phonon dispersion function and
not necessarily a divergence. In particular, the occurrence
of the point of inflexion in the ultrasonic phonon dispersion
function is considered to be a signature of a Kohn anomaly in
the superconducting phase [5].

Detailed examination and inspection, involving the
combination of the equations (2) and (4a), show that the
equation (4a) can indeed have a solution quite close to q =
2kF. In fact, the solution occurs at q = 2kF+δ, where δ� 2kF
and is +ve. A careful analysis involving the left hand side
and the right hand side of equation (2) reveals that δ is of the
order of 2π1/hvF for 1� EF (which holds easily for weak
coupling phonon mediated superconducting pairing) and vF
being the Fermi velocity. It turns out that 2π1/hvF can be
small but finite. Moreover, the dressed phonon frequency
(corresponding to this value of q) comes out to be very
close to the experimentally recorded location 21/(h/2π)
for the Kohn anomaly as well, at least at zero temperature,
according to the weak coupling BCS theory, as will be
explained a little later. Therefore, it is established firmly that
the observed Kohn anomaly in the superconducting phase is a
genuine physical reality and is obtainable theoretically from
the standard many-body techniques, at least in the case of
phonon-mediated pairing.

It is interesting to note that the parameter δ is material
dependent and is essentially of the order of the inverse
of the superconducting coherence length. Therefore, the
measurement of the latter would give an estimate for δ.

We may recall that the so-called ‘Kohn singularity’
for the superconducting phase occurs exactly at q = 2kF
in the two limiting cases for the coherence length, as was
discussed earlier [6, 7]. For normal metals as well, the Kohn
singularity is located at q = 2kF. Furthermore, the Kohn
anomaly in a normal metal also takes place at q = 2kF. In
contrast, however, in the superconducting phase the position
of the Kohn anomaly coincides exactly with the zero of the
derivative of the polarizability function, slightly away from
the location of the Kohn singularity. In the limit 1 → 0,

we have δ → 0 (see the above paragraph), thus equation (4)
has only one solution, namely the singularity of the phonon
dispersion function gets identified with its divergence at q =
2kF and exactly coincides with the Kohn singularity. Thus we
recover the normal metal scenario exactly.

The mathematical and physical analysis of the equa-
tions (2)–(4a) show very clearly the crucial role played
by the existence of the superconducting gap, i.e. energy
gap in the quasi-particle/quasi-hole excitation spectrum, in
bringing about the phenomenon of the Kohn anomaly in the
superconducting phase.

Now, assuming the pairing in the superconducting phase
to be mediated by the phonons, as is the case with the
elemental superconductors Pb and Nb, the candidates for a
Kohn anomaly, we can further write the BCS equation for the
superconducting gap at zero temperature by considering the
mediator phonons to be predominantly the dressed phonons,
which themselves exhibit the Kohn anomaly at the onset of the
superconducting transition from the normal state. This would
ensure and impose an internal self-consistency in the whole
process. A purely isotropic BCS gap function (10) at T = 0 K
would then satisfy the following approximate equation under
such a condition (assuming a jellium model and keeping in
mind that at the Kohn anomaly (h/2π)ω(q) = 210):

10 ∼ 3.510 exp[−h2(3π2)(2/3)/3n(1/3)m|geff|
24π2
]. (5)

In the above equation |geff|
2 is the Fermi surface averaged

effective electron–electron (more correctly the Landau quasi-
particle–quasi-particle residual) attractive interaction in the
normal phase at the onset of the superconducting transition,
mediated primarily by the phonons undergoing a Kohn
anomaly at the same time and ‘n’ is the conduction electron
density. The equation (5) is based on the weak coupling BCS
theory and arises if we consider the following well known
equations (6a) and (6b):

210/kBTc = 3.5 (6a)

Tc = 1.132c exp(−1/g) (6b)

with Tc being the superconducting transition temperature and
2c the temperature equivalent of the characteristic energy of
the phonon modes mediating the attractive pairing interaction,
and further incorporate the constraint (equation (6c) below)
that the renormalized phonon frequency of the branch
undergoing the Kohn anomaly is the characteristic cutoff for
the regime of pairing interaction around the Fermi surface, i.e.

θc ∼ 210/kB. (6c)

In addition, we also make use of the jellium model
in calculating the usual BCS attractive coupling constant
‘g’, defined as N(0)|geff|

2, where N(0) is the single-electron
density of states at the Fermi surface and is given by
3n/2EF;EF being the Fermi energy.

Using the standard values for the parameters correspond-
ing to the above elemental superconducting materials, such as
the Fermi energy being around 10 eV and the dimensionless
electron–electron effective attractive coupling constant due to
phonon mediation (g) being around 0.25, we find that the
above equation (5) can indeed be obeyed realistically.
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This reconfirms that the phenomenon of the Kohn
anomaly for phonon mechanism-based superconductors is
very well supported by the microscopic treatment based on
the BCS theory, even semi-quantitatively at zero temperature.

Detailed analysis of equation (5) and close examination
of the finite temperature situation reveal that the Kohn
anomaly is feasible strictly only at zero temperature, keeping
in mind the above self-consistency. This is a very significant
and important result for the occurrence of a Kohn anomaly
in a superconductor with phonon-mediated pairing, in which
case the mediating phonon branch itself undergoes a Kohn
anomaly. It should be pointed out that although phonons
with wavevectors between 0 and 2kF can participate in
mediating the pairing interaction, the modes in the vicinity
of the Kohn anomaly point are expected to make a major
contribution to the total attractive coupling because of the
phonon softening there. This is the reason behind our choice
of θc. This could very well be the situation corresponding to
Pb and Nb.

If however, the Kohn anomaly is exhibited by a phonon
branch, which may not provide the attractive interaction for
superconducting pairing, then we may have a more relaxed
condition, unlike equation (5).

For superconductors with pairing based entirely on an
electronic mechanism, the condition for the Kohn anomaly,
namely equation (4a), will have to be analysed more carefully
for the possible implications and consequences, as many of
the approximations used in our calculations here may not be
valid.

Our work presented here has a very strong connection
with the acoustic attenuation problem studied earlier for the
BCS superconductors [8–11]. In particular, the situation with
ultrasonic waves exhibiting a discontinuity in attenuation at
phonon energies equal to twice the superconducting gap, even
at finite temperature, as seen in various experimental systems
such as Nb3Sn, is directly related to our investigation reported
here [8]. This result is consistent with the observed peak in the
phonon linewidth occurring at the above-mentioned value of
phonon energy seen in the very high resolution measurements
involving resonant spin-echo spectroscopy with neutrons
recently [5]. This feature is unlike that seen for the usual
phonon attenuation in the acoustic regime both experimentally
and theoretically [11].

We have tried to present a more realistic analysis of the
occurrences of both Kohn singularities and Kohn anomalies,
keeping in mind real materials. Our calculations based on
simple models suggest that the acoustic dispersion can indeed
exhibit an anomaly at the Kohn anomaly energy in real
superconductors. The existence of real quasi-particle–quasi-
hole excitations across the superconducting gap which couple
to phonons, is crucial for the phenomenon of a Kohn anomaly.
Hence, (q/2kF ∼ 1; (h/2π)ω/21= 1), to be called the ‘Kohn
anomaly point’ in the (q, ω) space, is a very special point in
the conventional BCS treatment, around which this anomaly
can occur. This special point is in fact analogous to a ‘quantum
critical point’, where there is a crossover from the situation
of a phonon interacting with a virtual particle–hole pair
generated from the BCS ground state to that of a phonon

physically creating a real particle–hole pair from the ground
state and interacting with it as well. The ultrasonic attenuation
also exhibits a large enhancement at this Kohn anomaly
energy, as the scattering of phonons takes place from the
additional particle–hole pairs generated by the ultrasonic
phonons themselves at this energy, besides those created by
the thermal effects at finite temperature (even with smaller
values of phonon energy).

It should be remarked, however, that there is still a
possibility of another different type of process which also
contributes to a large attenuation and hence very large
linewidth for the phonons. This is the resonance absorption
of phonons by the Cooper pairs. It takes place again at the
Kohn anomaly energy with a Cooper pair breaking up into
two Bogoliubov quasi-particles mimicking the mates of the
pair.

The detailed quantitative calculation of the linewidth or
attenuation for these ultrasonic phonons around the Kohn
anomaly point can be carried out by inclusion of vertex
corrections in the self-energy diagrams corresponding to our
calculations involving quasi-particle–quasi-hole excitations
and will be reported later. Alternatively, it is easier to
understand the enhancement of attenuation in terms of simple
‘Fermi’s golden rule’-type calculations by considering the
increase in the number of possible scattering channels in this
region.

The situation with a non-conventional pairing scheme
is a rather hypothetical one, since no materials belonging
to this class have been found to exhibit a Kohn anomaly
clearly. However, in these systems the possible existence of
nodal points of the superconducting gap function on the Fermi
surface can imply a very different picture and criteria for the
occurrence of Kohn anomalies theoretically. Furthermore, in
some of these materials the relevant electronic energy scales
like Fermi energy can be quite low, leading to the invalidity
of Migdal’s approximation. Therefore, the vertex corrections
would play an important role in deciding the dressed phonon
spectrum and the possibility of the occurrence of a Kohn
anomaly in these systems. Besides, the existence of strong
electronic correlations in the normal phases of some of the
high-temperature superconductors can drive the system away
from the usual Fermi liquid picture of Landau, and as a
consequence a Kohn singularity may not occur even in the
normal phase.

It should further be highlighted that our microscopic
approach is very different from that proposed in [5, 12–14]
for an explanation of the Kohn anomaly in superconductors.
Ours is based on the properties of the Bogoliubov quasi-
particle–quasi-hole pairs generated from the BCS ground
state exhibiting a gap in the particle–particle channel, without
any special properties attached to the Fermi surface of the
corresponding normal metal. In contrast, the other proposal
is based on the idea of nesting of the Fermi surface, opening
a charge density wave or a spin density wave induced gap
in the particle–hole channel. Therefore, the origin of the
phenomenon and the quantitative results would be quite
different corresponding to these two approaches.
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