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In this paper we discuss the (anti)BRST symmetries and W-algebra of higher derivative theories of

relativistic particles satisfying general gauge conditions. Using this formalism, the connection between the

(anti)BRST symmetries and W-algebra for the massless particle with rigidity is established. Incidentally,

the full W-algebra emerges only when the anti-BRST transformations are considered in tandem with the

BRST ones. Further, the BRST symmetry is made finite and coordinate dependent. We show that such

finite coordinate-dependent BRST symmetry changes the BRST invariant gauge-fixing fermion within the

functional integration. This is exploited to connect two different arbitrary gauge conditions.

I. INTRODUCTION

It is usual to consider theories where the Lagrangian has
only a single time derivative of the fields. But in some cases
we need to consider terms where a higher time derivative
of the fields appear. Such theories are known as higher
derivative (HD) theories. The concept of introduction of
HD field is not new and has been considered by many
authors and applied in diverse fields like electrodynamics
[1,2], supersymmetry [3,4], noncommutative theory [5,6],
cosmology [7,8], extended Maxwell-Chern-Simon theory
[9,10], theory of anyons [11–13], relativistic particle with
torsion [14], membrane model of the electron [15,16] etc.
In gravity theories HD terms were added to ensure renor-
malizability [17]. There are various models of gravity
where HD corrections are added to the Einstein-Hilbert
action [18–21]. HD terms also frequently appear in the
context of string theory [22,23]. The importance of HD
terms, therefore, cannot be overemphasized. A useful and
interesting HD model to be considered is the relativistic
particle model with curvature. In this case the curvature
term, which is higher derivative in nature, is added to the
action of the usual massive relativistic particle. This model
was introduced long ago by Pisarski [24] and still contin-
ues to be under active consideration [25–31]. Interestingly,
the model has only one gauge symmetry identified as
diffeomorphism symmetry although there are two indepen-
dent primary first class constraints present in the theory
[31], which is unusual. The presence of the extra primary
first class constraint was successfully explained as an effect
of the higher derivative nature. The massless version,
known as massless particle model with rigidity, is shown
to describe bosons and fermions [28]. This model has two
gauge symmetries viz. diffeomorphism and W-symmetry
along with two primary first class constraints [29–31]. One
can also add a torsion term to the relativistic particle model

and the theory emerges with very interesting results. When
quantized, the relativistic particle model with torsion leads
to Majorana equations [14]. The massive sector contains an
infinite number of states when quantized in the Minkowski
space and finite number of states in Euclidean space [11].
Higher derivative models also show Majorana equations
[13] with the 2þ 1 dimensional analogous models lead to
anyons. Another interesting line where the higher deriva-
tive models appear corresponds to finite-gap (algebra-
geometric) systems [32]. There, the higher derivative
models are given by the so-called Novikov equation, with
a space variable playing a role of the evolution parameter.
On the other hand, BRST symmetry is a very powerful

tool to quantize a theory with gauge invariance which also
helps in the proof of the renormalizability and unitarity of
gauge theories [33–36]. This transformation, which is
characterized by an infinitesimal, global and anticommut-
ing parameter leaves the effective action as well as path
integral of the effective theory invariant. In gauge field
theories the usual BRST symmetry has been generalized to
make it finite and field dependent [37]. These finite field
dependent BRST (FFBRST) transformations have found
many applications in various contexts [38–45].
The implementation of BRST symmetries for HD theo-

ries is quite nontrivial and poses problems. In this context,
therefore, a natural question arises regarding the applica-
tion of BRST formalism to relativistic particle models.
Indeed it is not surprising that in spite of a considerable
volume of research on relativistic particle models, this
aspect remains unstudied. A basic motivation of this paper
is to bridge this gap.
In this paper, we consider a relativistic particle model

with curvature as a HD theory possessing a gauge symmetry.
The constraint analysis of this model and its massless ana-
logue is discussed. Further, the gauge symmetry transfor-
mations in the case of massive relativistic particle model
with curvature are identified with diffeomorphism invari-
ance. However, for the massless particle model with rigidity
it corresponds to W-symmetry in addition to diffeomor-
phism invariance. We construct the BRST symmetry and
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anti-BRST symmetry for these particle models. The diffi-
culties of applying BRST transformations to HD theories are
bypassed by working in the first order formalism developed
in [26,28,31] instead of the conventional Ostrogradsky ap-
proach [46]. It is shown that the (anti)BRST symmetry
transformations for all variables reproduce the diffeomor-
phism symmetry of the massive relativistic particle model
including curvature. Furthermore, we also show that the
massless particle model with rigidity yields both the diffeo-
morphism and W-invariances. We explicitly demonstrate
the W3-algebra. For BRST transformations this algebra is
shown for all variables, excluding the antighost. Exactly the
same features are revealed, but now excluding the ghost
variable instead of the antighost, for anti-BRST transforma-
tions. To get the complete picture, therefore, both BRSTand
anti-BRST transformations have to be considered. Further,
we implement the concept of FFBRST transformation [37]
in the quantum mechanical relativistic particle model.
The quantum mechanical version of FFBRST transforma-
tion [37] is called as finite coordinate-dependent BRST
(FCBRST) transformation. We see that FCBRST transfor-
mation for the relativistic particle model is a symmetry
of the action only, but not of the generating functional.
Analogous to FFBRST the FCBRST transformation
changes the Jacobian of path integral measure nontrivially.
For an appropriate choice of finite coordinate dependent
parameter FCBRST connects two different gauge-fixed
actions within functional integration.

The plan of the paper is as follows. In Secs. II and III
we introduce the various relativistic particle models and
discuss their gauge symmetries. The nilpotent BRST and
anti-BRST transformation with emergence of W3-algebra
is demonstrated in Sec. IV. In Sec. V, we construct the
FCBRST transformation. Two arbitrary gauges are con-
nected with the help of this FCBRSTwithin a path integral
formalism in Sec. VI. We draw concluding remarks in the
last section.

II. MASSIVE RELATIVISTIC PARTICLE MODEL
WITH CURVATURE

The massive relativistic point particle theory with
curvature has the action1

S ¼ �m
Z ffiffiffiffiffi

_x2
p

d�þ �
Z ðð _x €xÞ2 � _x2 €x2Þ12

_x2
d�: (1)

The model is meaningful for�< 0 and _x2 > 0. The energy
spectrum for this model turns out to be the energy spectrum
of the Majorana equation [26,27]. By direct substitution we
may verify that (1) is invariant under reparametrization,

� ! �þ�ð�Þ; (2)

where � is an infinitesimal reparametrization parameter.
Under this reparametrization x� transforms as

�x� ¼ x�ð���Þ � x�ð�Þ ¼ �� _x�: (3)

Since this is a higher derivative model, the usual
Hamiltonian formalism does not apply. There is, however,
the well established Ostrogradsky method where the
momenta are defined in some nontrivial way [46]. Other
than this, a first order formalism exists in the literature
where the time derivatives of the coordinates are consid-
ered as independent variables to convert the theory into a
first order one. There are different variants [26,28,31]
of this formalism and we adopt the one that was developed
by two of us in a collaborative work [31]. To convert
the theory into a first order one, we introduce the new
coordinates

q
�
1 ¼ x� q

�
2 ¼ _x�: (4)

The Lagrangian in these coordinates has a first order form
given by

L¼�m
ffiffiffiffiffi
q22

q
þ�

ððq2 _q2Þ2�q22 _q
2
2Þ12

q22
þq

�
0 ð _q1��q2�Þ; (5)

where q�0 are the Lagrange multipliers that enforce the

constraints

_q1� � q2� ¼ 0: (6)

Let p0�, p1�, and p2� be the canonical momenta conjugate

to q0�, q1�, and q2�, respectively,

p0� ¼ @L

@ _q
�
0

¼ 0;

p1� ¼ q0�;

p2� ¼ �ððq2 _q2Þq2� � q22 _q2�Þ
q22

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq2 _q2Þ2 � q22 _q

2
2

q :

(7)

The primary constraints thus obtained are listed below
[27,31]:

�0� ¼ p0� � 0; �1� ¼ p1� � q0� � 0;

�1 ¼ p2q2 � 0; �2 ¼ p2
2q

2
2 þ �2 � 0:

(8)

Conservation of the constraints (8) yield the following
secondary constraints:

!1 ¼ q0q2 þm
ffiffiffiffiffi
q22

q
� 0; !2 ¼ q0p2 � 0: (9)

We define �0
2 as a combination of constraints,

�0
2 ¼ ðq20 �m2Þ�2 � 2p2

2ðq0q2Þ!1: (10)

�1 and �0
2 form the first class constraint set which are

primary in nature. The second class constraints �0�, �1�,

!1, and !2 are eliminated by replacing all the Poisson

1Contractions are abbreviated as A�B� ¼ AB, A�A� ¼ A2.
We consider the model in 3þ 1 dimensions. So � assumes the
values 0, 1, 2, 3 [26,27,31].



brackets by Dirac brackets. The nonzero Dirac brackets
between the phase space variables are listed below2:

fq1�; q1�gD ¼ 1

p2
1 �m2

ðp2�q2� � q2�p2�Þ;

fq1�; q2�gD ¼ � q2�p1�

p2
1 �m2

;

fq1�; p2�gD ¼ 1

p2
1 �m2

0
@ mffiffiffiffiffi

q22

q p2�q2� þ p2�p1�

1
A;

fq1�; p1�gD ¼ ���;

fq2�; p2�gD ¼ ��� � 1

p2
1 �m2

0
@p1�p1� þ mffiffiffiffiffi

q22

q p1�q2�

1
A:
(11)

Now the generator G of the gauge symmetry is given by a
combination of the first class constraints,

G ¼ �1�1 þ �2ðp2
1 �m2Þ�2: (12)

However, we have shown in [31] that there is only one
independent gauge parameter which is a consequence of
the higher derivative theory. The generator is then given by

G ¼ q2�

q22

d

d�

�
2mp2

2

ffiffiffiffiffi
q22

q
�2q�2

�
�1 þ �2ðp2

1 �m2Þ�2: (13)

It may be noted that in the expression of the gauge
generator there appears a time derivative of the fields as
well as a gauge parameter �2. The apparent problem of
taking gauge variation of the derivative of the phase space
variables does not arise since they are multiplied by con-
straints which are set to zero after computing the brackets.
Now the gauge transformation of the variables is given by

�q
�
1 ¼ fq�1 ; GgD ¼

�
2�2p2

2m
ffiffiffiffiffi
q22

q �
q
�
2 ; (14)

and

�q
�
2 ¼ fq�2 ; GgD
¼

�
q2�
q22

d

d�

�
2mp2

2

ffiffiffiffiffi
q22

q
�2q�2

��
q
�
2

þ ½2�2q22ðp2
1 �m2Þ�p�

2 : (15)

In terms of the reparametrization parameter, � ¼
�2�2p2

2m
ffiffiffiffiffi
q22

q
, the transformation for q

�
1 may be expressed

as

�q�1 ¼ ��q�2 : (16)

Using the identification (4) the relation (16) reproduces the
reparametrization symmetry (3). Thus the gauge symmetry
gets identified with the reparametrization symmetry.

III. THE MODEL OF MASSLESS PARTICLE
WITH RIGIDITY

The massless version of the model (1) is known as the
model of massless particle with rigidity. The massless
version is not obtained simply by putting m ¼ 0 in (1)
due to reasons of internal consistency [28]. This requires
a modification in the curvature term and the model is
given by

S ¼ �
Z ð _x2 €x2 � ð _x €xÞ2Þ12

_x2
d�: (17)

The action of this model thus is proportional to the curva-
ture and also its classical equation of motion is compatible
only for super-relativistic motion of the particle. The im-
portance of the model lies in the fact that it corresponds to
massless modes of either integer or half-integer helicity
states. The model finds its relevance when _x2 < 0 [28].
Once again we adopt the first order formalism developed
in [31]. We introduce the new coordinates

q�1 ¼ x�; q�2 ¼ _x�: (18)

The Lagrangian in these coordinates has a first order form
given by

L ¼ �
ðq22 _q22 � ðq2 _q2Þ2Þ12

q22
þ q�0 ð _q1� � q2�Þ; (19)

where q
�
0 are the Lagrange multipliers that enforce the

same constraints mentioned in Eq. (6).
Let p0�, p1�, and p2� be the canonical momenta con-

jugate to q0�, q1�, and q2�, respectively, having the same

expressions as that of (7). Consequently, we obtain the
following primary constraints:

�0� ¼ p0� � 0;

�1� ¼ p1� � q0� � 0;

�1 ¼ p2q2 � 0;

�2 ¼ p2
2q

2
2 � �2 � 0:

(20)

The secondary set of constraints obtained by time conserv-
ing the primary ones are

!1 ¼ q0q2 � 0; !2 ¼ q0p2 � 0: (21)

Finally, by conserving!2 the tertiary constraint is obtained
as

!3 ¼ q20 � 0: (22)

This completes the chain of constraints. In the above con-
straint structure the first class set is f�1;�2; !1; !2; !3g
and all others are second class in nature. Once again we

2Dirac brackets are denoted by f; gD. We consider p2
1 �m2 � 0,

else it is a singular case. Explicit constraint structure and Dirac
brackets of the singular case can be found in [31].



remove all second class constraints as described in the
previous section. Fortunately, the Dirac bracket comes out
to be the same as the Poisson brackets between the phase
space variables. After removing the nondynamical variables
q0� and p0� by solving the second class constraints �0�

and �1�, the final set of first class constraints is

�1 ¼ �1 ¼ p2q2 � 0;

�2 ¼ �1 ¼ p2
2q

2
2 � �2 � 0;

�3 ¼ !1 ¼ p1q2 � 0;

�4 ¼ !2 ¼ p1p2 � 0;

�5 ¼ !3 ¼ p2
1 � 0:

(23)

Note that the original condition _x2 < 0 translates into
q22 < 0. This ensures the reality of �, as may be easily
seen from the constraint �2 � 0. The reality of � is con-
nected to the helicity states of the particles as discussed [28].

As done previously, the gauge generator is written as a
combination of all the first class constraints,

G ¼ X5
a¼1

�a�a: (24)

However, due to the presence of secondary first class
constraints, the parameters of gauge transformation(�a)
are not independent [35,47]. It is found that only two out
of the five gauge parameters are independent. For our
convenience we take �3 and �5 as independent.

So, the expression for the gauge generator becomes [31]

G ¼
�
_�3 þ q2 _q2

q2
2
�3 � �

ffiffiffi
g

p
q2

4
_�5
�
�1

þ 1

2q2
2

�
€�5 � q2 _q2

q2
2

_�5 þ �
ffiffiffi
g

p
p2

2q2
2
�3
�
�2

þ �3�3 þ _�5�4 þ �5�5; (25)

which contains only two independent parameters [here
g ¼ q22 _q

2
2 � ðq2 _q2Þ2].

We now calculate the gauge variations of the dynamical
variables, defined as �q ¼ fq;GgD. These are given by

�q�1 ¼ �3q�2 þ _�5p�
2 þ 2�5p�

1 ;

�q�2 ¼
�
_�3 þ q2 _q2

q2
2
�3 � �

ffiffiffi
g

p
q2

4
_�5
�
q�2

þ
�
€�5 � q2 _q2

q2
2

_�5 þ �
ffiffiffi
g

p
p2

2q2
2
�3
�
p�
2 þ _�5p�

1 ;

�p
�
1 ¼ 0;

�p�
2 ¼ �

�
_�3 þ q2 _q2

q2
2
�3 � �

ffiffiffi
g

p
q2

4
_�5
�
p�
2

� p2
2

q22

�
€�5 � q2 _q2

q2
2

_�5 þ �
ffiffiffi
g

p
p2

2q2
2
�3
�
q
�
2 � �3p

�
1 :

(26)

The above transformations can be identified as diffeo-
morphism (D) and W-symmetry by putting �5 ¼ 0 and
�3 ¼ 0, respectively, as done in [31]. Detailed calculations
on all the phase-space variables show that [29–31]

½�D
�3
1

; �D
�3
2

� ¼ �D
�3
; with �3 ¼ _�31�

3
2 � �31 _�

3
2;

½�D
�3
; �W

�5
� ¼ �W

�05 ; with �05 ¼ ��3 _�5;

½�W
�5
1

; �W
�5
2

� ¼ �W
�5
; with �5 ¼ p2

2

q22
ð _�52�51 � �52 _�

5
1Þ:

This reproduces the usual W3-algebra.

IV. (ANTI)BRST SYMMETRIES ANDW3-ALGEBRA

In this section we construct the nilpotent BRSTand anti-
BRST symmetries for the theory. For this purpose we need
to fix a gauge before the quantization of the theory as the
theory is gauge invariant and therefore has some redundant
degrees of freedom. The general gauge condition in this
case is chosen as

F1½fðqÞ� ¼ 0; (27)

where fðqÞ is a general function of all the generic variables
q. Some explicit examples of gauge conditions correspond-
ing to relativistic particle models are [28]

q01 � � ¼ 0; q02 � 1 ¼ 0; p0
2 ¼ 0; q22 ¼ 0:

(28)

The general gauge condition (27) can be incorporated at a
quantum level by adding the appropriate gauge-fixing term
to classical action.
The linearized gauge-fixing term using Nakanishi-

Lautrup auxiliary variable BðqÞ is given by

Sgf ¼
Z

d�

�
1

2
B2 þ BF1½fðqÞ�

�
: (29)

To complete the effective theory we need a further
Faddeev-Popov ghost term in the action. The ghost term
in this case is constructed as

Sgh ¼
Z

d�½ �csF1½fðqÞ�� ¼ �
Z

d�½c�sF1½fðqÞ��; (30)

where c and �c are ghost and antighost variables. Now the
effective action can be written as

Seff ¼ Sþ Sgf þ Sgh: (31)

The source free generating functional for this theory is
defined as

Z½0� ¼
Z

DqeiSeff ; (32)

where Dq is the path integral measure. The nilpotent
BRST symmetry of the effective action in the case of the
relativistic particle model with curvature is defined by



replacing the infinitesimal reparametrization parameter
(�) to ghost variable c in the gauge transformation given
in Eq. (16) as

sDq�1 ¼ �cq�2 ; sDq�2 ¼ � _cq�2 � c _q�2 ;

sDc ¼ 0; sD �c ¼ B; sDB ¼ 0;
(33)

where c, �c, and B are ghost, antighost, and auxiliary
variables, respectively, for the relativistic particle model
with curvature. This BRST transformation, corresponding
to gauge symmetry identified with the diffeomorphism
invariance, leaves both the effective action as well as
generating functional, invariant. Similarly, we construct
the anti-BRST symmetry transformation, where the roles
of ghost and antighosts are interchanged with some coef-
ficients, as

�sDq�1 ¼ � �cq�2 ; �sDq�2 ¼ � _�cq�2 � �c _q�2 ;

�sD �c ¼ 0; �sDc ¼ �B; �sDB ¼ 0:
(34)

These transformations are nilpotent and absolutely
anticommuting in nature i.e.,

ðsDÞ2 ¼ 0; ð�sDÞ2 ¼ 0; sD �sD þ �sDsD ¼ 0: (35)

The above (anti)BRST transformations are valid for
both models. On the other hand, the nilpotent BRST and
anti-BRST symmetry transformations, identified with
W-symmetry (with �3 ¼ 0) in (26), for relativistic mass-
less particle model with rigidity only, are constructed as

sWq�1 ¼ _�p�
2 þ 2�p�

1 ;

sWq�2 ¼ ��
ffiffiffi
g

p
q42

_�q�2 þ
�
€�� q2 _q2

q22
_�

�
p�
2 þ _�p�

1 ;

sWp
�
1 ¼ 0;

sWp�
2 ¼ �

ffiffiffi
g

p
q42

_�p�
2 � p2

2

q22

�
€�� q2 _q2

q22
_�

�
q�2 ;

sW� ¼ 0; sW �� ¼ B; sWB ¼ 0;

(36)

and

�sWq
�
1 ¼ _��p

�
2 þ 2 ��p

�
1 ;

�sWq
�
2 ¼ ��

ffiffiffi
g

p
q42

_��q
�
2 þ

�
€��� q2 _q2

q22
_��

�
p
�
2 þ _��p

�
1 ;

�sWp�
1 ¼ 0;

�sWp
�
2 ¼ �

ffiffiffi
g

p
q42

_��p
�
2 � p2

2

q22

�
€��� q2 _q2

q22
_��

�
q
�
2 ;

�sW �� ¼ 0; �sW� ¼ �B; �sWB ¼ 0;

(37)

where �, �� and B are ghost, antighost, and auxiliary
variables, respectively, for the relativistic massless particle
model with rigidity.

Here we observe interestingly that the BRST symmetry
transformations of all variables (excluding the antighost
variable) given in Eqs. (33) and (36) also satisfy the
W3-algebra as

½sDc1 ; sDc2� ¼ sDc3 ; with c3 ¼ c2 _c1 � _c2c1;

½sDc ; sW� � ¼ sW
�0 ; with �0 ¼ _�c;

½sW�1
; sW�2

� ¼ sW�3
; with �3 ¼ p2

2

q22
ð�2 _�1 � �1 _�2Þ;

and the anti-BRST symmetry transformations of all varia-
bles (excluding ghost variable) given in Eqs. (34) and (37)
also satisfy the W3-algebra as

½ �sD�c1 ; �sD�c2� ¼ �sD�c3 ; with �c3 ¼ �c2 _�c1 � _�c2 �c1;

½ �sD�c ; �sW�� � ¼ �sW
��0 ; with ��0 ¼ _�� �c;

½ �sW��1
; �sW��2

� ¼ �sW��3
; with ��3 ¼ p2

2

q22
ð ��2

_��1 � ��1
_��2Þ:

This completes our analysis of the connection between the
(anti)BRST symmetries and W3-algebra.

V. FCBRST FORMULATION FOR HIGHER
DERIVATIVE THEORY

In this section we investigate the finite coordinate-
dependent BRST (FCBRST) formulation for general
higher derivative theory. To do so, we first define the
infinitesimal BRST symmetry transformation with
Grassmannian constant parameter �� as

�bq ¼ sq��; (38)

where sq is the BRST variation of generic variables q in
the HD theories. The properties of the usual BRST trans-
formation in Eq. (38) do not depend on whether the pa-
rameter �� is (i) finite or infinitesimal, (ii) variable
dependent or not, as long as it is anticommuting and global
in nature. These observations give us a freedom to general-
ize the BRST transformation by making the parameter ��
finite and coordinate dependent without affecting its prop-
erties. We call such generalized BRST transformation in
quantum mechanical systems as FCBRST transformation.
In the field theory such generalization is known as
FFBRST transformation [37]. Here we adopt a similar
technique to generalize the BRST transformation in quan-
tum mechanical theory. We start by making the infinitesi-
mal parameter coordinate dependent with introduction of
an arbitrary parameter 	ð0 � 	 � 1Þ. We allow the gener-
alized coordinates, qð	Þ, to depend on 	 in such a way
that qð	 ¼ 0Þ ¼ q and qð	 ¼ 1Þ ¼ q0, the transformed
coordinate.
The usual infinitesimal BRST transformation thus can

be written generically as

dqð	Þ ¼ s½q��0½qð	Þ�d	; (39)



where the �0½qð	Þ�d	 is the infinitesimal but coordinate-
dependent parameter. The FCBRST transformation with
the finite coordinate-dependent parameter then can be
constructed by integrating such infinitesimal transforma-
tion from 	 ¼ 0 to 	 ¼ 1, to obtain [37]

q0 � qð	 ¼ 1Þ ¼ qð	 ¼ 0Þ þ sðqÞ�½q�; (40)

where

�½q� ¼
Z 1

0
d	0�0½qð	0Þ� (41)

is the finite coordinate-dependent parameter.
Such a generalized BRST transformation with finite

coordinate-dependent parameter is the symmetry of the
effective action in Eq. (31). However, the path integral
measure in Eq. (32) is not invariant under such transfor-
mation as the BRST parameter is finite in nature. The
Jacobian of the path integral measure for such transforma-
tions is then evaluated for some particular choices of the
finite coordinate-dependent parameter, �½qðxÞ�, as

Dq0 ¼ Jð	ÞDqð	Þ: (42)

The Jacobian Jð	Þ can be replaced (within the functional
integral) as

Jð	Þ ! exp ½iS1½qð	Þ��; (43)

if the following condition is satisfied [37]:

Z
Dq

�
1

J

dJ

d	
� i

dS1½qðx; 	Þ�
d	

�
exp ½iðSeff þ S1Þ� ¼ 0;

(44)

where S1½q� is local functional of variables such that at
	 ¼ 0 it must vanish.

The infinitesimal change in the Jð	Þ is written as [37],

1

J

dJ

d	
¼ �

Z
d�

�
�sqð	Þ @�

0½qð	Þ�
@qð	Þ

�
; (45)

where � sign refers to whether q is a bosonic or a fermi-
onic variable.

Thus, the FCBRST transformation with appropriate �
changes the effective action Seff to a new effective action
Seff þ S1ð	 ¼ 1Þ within the functional integration.

VI. CONNECTING DIFFERENT GAUGES IN
RELATIVISTIC PARTICLE MODELS

Here we will exploit the general FCBRST formulation
developed in the previous section to connect the path
integral of relativistic particle models with different gauge
conditions. The FCBRST transformations ðfbÞ for the rela-
tivistic particle model with curvature are constructed as
follows:

fbq
�
1 ¼ �cq

�
2 �½q�; fbq

�
2 ¼ ð� _cq

�
2 � c _q

�
2 Þ�½q�;

fbc ¼ 0; fb �c ¼ B�½q�; fbB ¼ 0; (46)

where �½q� is an arbitrary finite coordinate-dependent
parameter. Now, we show how two different gauges [say
F1ðqÞ ¼ 0 and F2ðqÞ ¼ 0] in the relativistic particle model
may be connected by such transformations. For this pur-
pose, let us choose the following infinitesimal coordinate
dependent parameter [through Eq. (41)]:

�0½q� ¼ �i
Z

d� �cðF1 � F2Þ: (47)

Let us first calculate the infinitesimal change in the
Jacobian Jð	Þ for above �0½q� using the relation (45) as

1

J

dJ

d	
¼ i

Z
d�½�BðF1 � F2Þ þ sðF1 � F2Þ �c�

¼ �i
Z

d�½BðF1 � F2Þ þ �csðF1 � F2Þ�: (48)

To express the Jacobian as eiS1 [37], we take the ansatz,

S1½	� ¼
Z

d�½
1ð	ÞBF1 þ 
2ð	ÞBF2

þ 
3ð	Þ �csF1 þ 
4ð	Þ �csF2�; (49)

where 
ið	Þði ¼ 1; . . . ; 4Þ are constant parameters satisfy-
ing the boundary conditions


ið	 ¼ 0Þ ¼ 0: (50)

To satisfy the crucial condition (44), we calculate the
infinitesimal change in S1 with respect to 	 using the
relation (39) as

dS1½q; 	�
d	

¼
Z

d�½
 01BF1 þ 
 02BF2 þ 
 03 �csF1 þ 
 04 �csF2

þ ð
1 � 
2ÞBðsF1Þ�0 þ ð
2 � 
4ÞBðsF2Þ�0�;
(51)

where prime denotes the differentiation with respect to 	.
Exploiting Eqs. (48) and (51), the condition (44) simplifies to

Z
Dq½ð
 01 þ 1ÞBF1 þ ð
 02 � 1ÞBF2 þ ð
 03 þ 1Þ �csF1

þ ð
 04 � 1Þ �csF2 þ ð
1 � 
3ÞBðsF1Þ�0

þ ð
2 � 
4ÞBðsF2Þ�0�eiðSeffþS1Þ ¼ 0: (52)

The comparison of coefficients from the terms of the above
equation gives the following constraints on the parameters 
i:


 01 þ 1 ¼ 0; 
 02 � 1 ¼ 0; 
 03 þ 1 ¼ 0;


 04 � 1 ¼ 0; 
1 � 
3 ¼ 0; 
2 � 
4 ¼ 0:
(53)

The solutions of the above equations satisfying the bound-
ary conditions (50) are


1 ¼ �	; 
2 ¼ 	; 
3 ¼ �	; 
4 ¼ 	: (54)



With these values of 
i the expression of S1½	� given in
Eq. (49) becomes

S1½	� ¼
Z

d�½�	BF1 þ 	BF2 � 	 �csF1 þ 	 �csF2�; (55)

which vanishes at 	 ¼ 0. Now, by adding S1ð	 ¼ 1Þ to the
effective action (Seff) given in Eq. (31) we get

Seff þS1ð	¼ 1Þ
¼Sþ

Z
d�

�
1

2
B2þBF2½fðqÞ�þ �csF2½fðqÞ�

�
; (56)

which is nothing but the effective action for relativistic
particle models satisfying the different gauge condition
F2½fðqÞ� ¼ 0. Thus, under FCBRST transformation, the
generating functional of HD models changes from
one gauge condition [F1½fðqÞ� ¼ 0] to another gauge
[F2½fðqÞ� ¼ 0] as

Z
d�eiSeff �������!FCBRST

�Z
d�ei½SeffþS1ð	¼1Þ�

�
: (57)

We end this section by noting that the FCBRST trans-
formation with appropriate finite coordinate-dependent
parameter is able to connect two different (arbitrary)
gauges of the relativistic particle model.

VII. CONCLUSIONS

The relativistic particle models have always been an
interesting area of research as it led to the Polyakov action
of string theory [22]. When a curvature term is added to the
action of the relativistic particle model it becomes a higher
derivative (HD) theory. Due to HD nature, it shows an
inconsistency in counting the independent gauge degrees
of freedom. The apparent mismatch is due to the interre-
lation between the variables with higher derivatives.
Whereas, if we consider the mass term to be zero (with
proper condition on the particle velocities as in [28]) the
mismatch vanishes and the number of gauge degrees of
freedom and number of independent primary first class
constraints are the same [31], as happens for all standard
theories [47,48]. So, it would be interesting to study the
BRST symmetries of both these models. But here we are
faced with an obstacle. For HD theories there is no well
defined prescription for analyzing BRST symmetry. In the

present case this is avoided by working in the first order
formalism developed in [31].
In this paper, we have analyzed the different constraint

structures of the models of relativistic particle with curva-
ture and of massless relativistic particle with rigidity. The
relativistic particle model with curvature is shown to have
the diffeomorphism symmetry whereas the gauge symme-
tries of the model of relativistic massless particle with
rigidity contain both diffeomorphism and W-morphisms.
The nilpotent BRST and anti-BRST symmetries for these
model have also been investigated. A remarkable feature
for such symmetries is the manifestation of W3-algebra.
The BRST symmetries for all variables (excluding for
antighost variable) corresponding to diffeomorphism and
W-morphism satisfy the W3-algebra. Likewise, apart from
the ghost variable, the anti-BRST symmetry transforma-
tions for all other variables also satisfy the same
W3-algebra. Thus the full W3-algebra for all variables is
obtained by taking into account both BRSTand anti-BRST
transformations.
The finite coordinate-dependent BRST (FCBRST) sym-

metry, which is quantum mechanical analog of finite field-
dependent BRST (FFBRST), has also been analyzed in full
generality for higher derivative particle models. It has been
shown that, although such a transformation is a symmetry
of the effective action, it breaks the invariance of the
generating functional of the path integral. The Jacobian
of path integral measure changes nontrivially for FCBRST
symmetry transformation. We have shown that FCBRST
transformation with a suitable coordinate-dependent pa-
rameter changes the effective action from one gauge to
another within a functional integral. Thus, FCBRST for-
mulation is very useful to connect two different Greens
functions for models of relativistic particles. The results
were explicitly presented for the massive case. For the
massless version, all results go over trivially in the appro-
priate limit. Finally, we feel that although our analysis was
done for relativistic particle models, it is general enough to
include other higher derivative models.
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