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m

and the Debye Temperature hD in metal nanowires and check the validity of Lindeman relation on

size reduction that connects these two physical quantities. From direct measurements of the hD

and Tm, we show that the depressions in these physical quantities are such that DTmðdÞ and

Dh2
DðdÞ have nearly the same inverse power law dependence on the diameter d (with the exponent

��0.6) for nanowires with diameters down to 30 nm. However the ratio hD

T
1=2
m

is strictly not

I. INTRODUCTION

The science and applications of nanostructure materials

have enormous attention in current researches. A number of

physical properties get altered when the size is taken down

to few tens of nanometers or below. Measurement and under-

standing of the changes in physical properties arising due to

size reduction are important activities in this field. In particu-

lar, those changes that have impact on applications are im-

portant to investigate. One important group of fundamental

physical properties relate to the cohesive energy and elastic

properties. Melting point (Tm), elastic modulus, and related

parameters like Debye temperature (hD) are some of the

physical quantities that are known to get affected by size

reduction.1–4 There are both experimental as well as theoreti-

cal and computational studies to measure and understand the

changes (depression or enhancement) that occur when size is

taken down to nanometric regime. In this paper, we investi-

gate experimentally whether the depressions of the Debye

temperature hD and the melting temperature Tm have any

relation or equivalence in the specific context of metal nano-

wires with diameter (d) down to 30 nm. The reason to seek

this relationship between these two important parameters

from the well known Lindeman relation5 that connects the

two important quantities Tm and hD through

hD ¼ C

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tm

MV2=3

r
; (1)

where M is the molecular weight, V the molecular volume,

and C is a material dependent constant. Lindeman relation,

though an empirical relation, is satisfied for various materials

in bulk form.6,7 This has been derived from a combination of

Lindeman melting criteria that depends on the mean square

displacement of atoms (r2) and relation of r2 with hD.8

From Eq. (1) one would expect that the depression in melting

temperature DTm and that in the Debye temperature Dh2
D

may be linked in the sense that they may have similar

dependence on the wire diameter d. A more demanding rela-

tion will be to expect the validity of Lindeman relation

(Eq. (1)) which would demand constancy
V1=3h2

D

Tm
on size

reduction.

The Lindeman relation given in Eq. (1) is based on the

famous Lindeman criterion for melting that root mean square

displacement of ions,
ffiffiffiffiffi
r2
p

, reaches a critical fraction nc of

the mean atomic radius Ra. The link to hD comes from the

Mott relation nc
2r2 ffi 9�h2

lkB

� �
TM

h2
D

� �
(l is atomic mass). The

validity of Eq. (1) is ensured when n2
cr

2 remains constant on

size reduction. There is no a priori reason or fundamental

requirements that n2
cr

2 should remain constant. Till date this

particular aspect has not been looked into experimentally,

and there is reason to expect that the relation
V1=3h2

D

Tm
would

remain constant on size reduction.

There are a number of reports that Tm in metallic nano-

wires are suppressed on size reduction.2,3 In context of nano-

wires that are grown in templates, it has been found that Tm

decreases when d is reduced. It has also been established by

separate past studies that by direct measurement the size

reduction in metallic nanowires leads to depression of hD.4

However, it has never been tested whether the changes in Tm

and hD are related/equivalent and they may occur in such a

way that the Lindeman relation (Eq. (1)) remains valid under

size reduction down to nanometric regime. This investigation

would need measurements of the Tm and hD on the nanowires

that are grown similarly. The expected changes are going to

be small, and if they are not measured in the same batch of

samples, one may not be able to establish the required equiv-

alence in changes or its absence unambiguously. The present

investigation has been performed with this specific objective.

We establish the equivalence in the depressions between thea)Electronic mail: gsabyasachi87@bose.res.in
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two physical quantities and investigate the quantitative valid-

ity of the Lindeman relation in metallic nanowires of Zn,

with diameters ðdÞ down to 30 nm. We show that the depres-

sions DTm and Dh2
D show equivalent inverse power law

dependence on the diameter d. This is the first experimental

report where this issue has been addressed to and tested to

nanometric regime.

The validity of the Lindeman relation is not only an

important basic science issue but also it has important impact

in applications. This is because a number of physical proper-

ties of nanomaterials like electrical resistivity, lattice heat

capacity, and thermal conductivity, which are often difficult

to measure and can be computed/estimated if there is a good

knowledge of hD. However, measuring hD accurately in

nanomaterials itself is a problem. On the other hand it is

much easier to measure Tm and molecular volume V (from

X-ray data). If the validity of Lindeman relation (Eq. (1)) is

established, this give us a way to estimate hD without actual

measurement, which in turn gives us a viable enabling tool

and predictive power for estimating different physical prop-

erties that depend on hD. Even availability of the information

of the extent of constancy of hDffiffiffiffi
Tm

p as the diameter of the nano-

wires is varied, will enable us to estimate hD from knowl-

edge of the measured Tm.

This investigation has been performed in the specific

context of Zn nanowires with diameter varying between

200 nm and 30 nm, which can be grown with high quality

using nonporous templates of Anodic Alumina Oxides

(AAO) or polycarbonates (PC). Zn has been selected because

it can be grown easily in templates using electrochemical

deposition from Zn salts and it has relatively low Tm which

is measured without the complication of handling such mate-

rials at high temperatures. The Debye temperature hD was

estimated from resistivity measurement down to 5 K, using

Bloch-Gruneisen (BG) Theory.9,10 The validity of the above

theory in nanowires with diameter down to 15 nm and its use

to find hD were established before in a number of metals

before.11–13

II. EXPERIMENTAL PROCEDURES

A. Fabrication of nanowires

The wires were fabricated in Anodic Alumina templates

(AAO) membranes using electrochemical deposition. The dc

deposition was performed from ZnCl2 solution with evapo-

rated 200 nm Au film on one side of the AAO membrane as

working electrode and Pt counter electrode. Zn nanowires

were grown at a fixed potential with value �1.148 V

obtained from cyclic voltammetry.

B. Characterization

A number of structural/microstructural techniques like

X-Ray diffraction (XRD), Scanning Electron Microscope

(SEM), and Transmission Electron Microscope (TEM) were

used for characterization. XRD was carried out retaining

wires within templates. For SEM the templates containing

the nanowires were etched partially while for TEM template

was completely etched. The wires freed from templates were

dispersed on TEM grids for examination.

C. Measurement of Tm and hD

The measurement of both hD and Tm were performed by

keeping the wires within the templates so that they have sim-

ilar surface conditions. The melting points Tm of the NW’s

were measured in Perkin Elmer differential thermal analyser.

Nanowires were kept within in the templates. The samples

were kept inside the platinum pans, loaded with aluminium

oxide powders that acted as heat transfer medium, and blank

templates were used as standard materials. Aluminium oxide

also prevents sticking of the melted material to the platinum

pan. Temperature scan was performed from room tempera-

ture to 775 K at a rate 5 K/min.

The Debye temperature hD was determined from the

temperature variation of the electrical resistance RðTÞ using

Bloch-Gruneisen theory9,10 described below. Electrical

resistance was measured down to 5 K in a pulsed tube cryo-

generator system. The resistance of the nanowires embedded

inside the templates were measured by a pseudo-four probe

method, in which two electrical leads (one for I and other for

V) were attached to each side of the template using silver

epoxy. The contact resistance was found to be very low, and

almost complete contribution to the measured resistance

comes from the metal nanowire array. To avoid electromi-

gration damage of nanowires we used low current density

�107�108 A/m2 for measurements which is much less than

the electromigration threshold current density 1010 A/m2.

III. RESULTS AND DISCUSSIONS

XRD data of zinc nanowires (data not shown) show that

lines can be indexed into a HCP structure as expected, and

the lines match with the standard Zn powder pattern.14 On

size reduction there is development of weak texturing along

(101) direction, which is found to be the growth direction

from analysis of the TEM data on the nanowires. From the

XRD data we find that cell dimension and thus the atomic

volume is nearly constant. The variation of the lattice

constant is less than 1%. Average crystallite sizes (Dc) were

determined from the Debye–Scherrer relation, and they were

found to be very similar to the diameters d of the respective

nanowires. This shows that the crystallite size is limited by

the wire diameter. As a result the smallest length scale that

can give rise to the size effects will be the diameter d
(Note: later on we have analyzed the residual resistivity data

(T ¼ 4 K) and have shown that the mean-free path of elec-

trons is limited by the diameter d of the wire and internal

boundaries, and interfaces do not contribute to electron scat-

tering. This establishes that d can then be the relevant dimen-

sion for the size effect.).

Figure 1(b) (inset) shows SEM image of a typical single

Zn nanowire (diameter �30 nm) released from templates.

The lattice fringes of the nanowire can be clearly seen from

Figure 1(b). The lattice spacing is of the order of 2.65 Å that

matches with the lattice constants obtained from x-ray data.

The fringes correspond to the direction 10�11f g in hexagonal

indexing. The selected area diffraction (SAD) pattern



(Figure 1(a)) has been taken at different spots of the nano-

wires, and they remain mostly unchanged. The spots in the

SAD pattern are indexed into a hexagonal lattice as shown,

and they exhibit the hexagonal symmetry. The TEM data

show that while the nanowires cannot be claimed as single

crystals along the full length of the wire, they have good

degree of crystallinity with crystallographic grain sizes lim-

ited by wire diameter.

Differential Thermal Analysis (DTA) data taken on the

nanowires are shown in Figure 2(a). Endothermic peaks that

correspond to melting point of that sample can be clearly

seen. Zinc shots were used as a reference sample for the

bulk data, and the value obtained matched well with stand-

ard melting point of Zn.15 In Figure 2(b) we show the

variation of Tm as a function of diameter d. There is a clear

depression in Tm as d decreases. Our observation matches

well with previously reported data on Tm depression in Zn

nanowires.3

From analysis of the measured temperature dependence

of resistances RðTÞ performed for wires of different diameter

d down to 5 K, we obtain the Debye temperature hD and its

dependence on d. Past studies performed by us established

that BG theory for resistivity due to electron-phonon interac-

tion is valid for metallic wires with diameter down to

15 nm.11–13 We used this information to fit the RðTÞ data to

the BG equation given below

RðTÞ ¼ L

NA

� �
qðTÞ ¼ L

NA

� �
q0 þ qLðTÞ½ �;

qLðTÞ ¼ a
T

hD

� �nðhD
T

0

xndx

ex � 1ð Þð1� e�xÞ:
(2)

The temperature dependent resistivity qLðTÞ was fitted

to the BG theory.9,10 The total resistance R(T) is determined

by the geometrical factors (length L, area of cross-sections A
of the nanowires, and their number N in the membrane) and

the resistivity qðTÞ. qðTÞ is composed of a temperature inde-

pendent residual resistivity q0 and a temperature dependent

part qLðTÞ given by the BG theory that is determined by the

Debye temperature hD and the electron-phonon coupling

constant a. Even if the geometrical factor may have uncer-

tainty due to uncertainty in exact value of N, one can use still

fit Eq. (2) to the observed resistance data to obtain hD.

Representative fits to the data are shown in Figures 3(a) and

3(b) for wires with diameter 30 nm and 50 nm, respectively.

The qualities of fits are shown in the inset as % deviation

FIG. 1. (a) Diffraction pattern and (b)

lattice fringe of Zn nanowire of diame-

ter 100 nm. The spacing in the lattice

fringe corresponds to {10-11} direc-

tion. The inset in (b) shows a typical

nanowire of diameter 30 nm.

FIG. 2. (a) DTA of zinc nanowires of diameter 30�200 nm. Data taken by keeping wires in templates. (b) Melting point vs. diameter d (with error bar).



and can be seen that Eq. (2) fits the data to within 60.8%.

The data are fitted over the temperature range 5 K–120 K,

which we find gives us unambiguous determination of n. The

best fit occurs for n ¼ 5. The values of hD obtained from the

fits are shown in Table I along with the hD of the reference

sample. We used thin zinc sheet (purity 99.999%) as a

reference.

To establish the efficiency of the fit that with a single

parameter hD can fit the data, we plot the reduced curve
RðTÞ�R0

RðhDÞ as a function of T
hD

for all the samples. This is shown

in Figure 4. R hDð Þ is the value of R evaluated at T ¼ hD. It

can be seen that the data for all the nanowires and the refer-

ence sample collapse into a single curve.

In the inset of Figure 4, we show the variation of
hDðdÞ
hDð1Þ

with diameter d. hD 1ð Þ is the value of hD the bulk sample.

The hD shows clear depression and for d ¼ 30nm
hDðdÞ
hDð1Þ

� 0.90.

The equivalence in the depression on reduction in

d would require that both the quantities DTm dð Þ � Tm 1ð Þ
�TmðdÞ and Dh2

D dð Þ � h2
D 1ð Þ � h2

DðdÞ change with diame-

ter d similarly and have equivalent functional dependence on

d (Tm 1ð Þ and hD 1ð Þ correspond to the bulk values). To

establish this, in Figures 5(a) and 5(b) we show this depend-

ence of the two quantities DTmðdÞ and Dh2
DðdÞ on diameter

d. Both of them follow an inverse power law relation with d.

For Tm we find DTmðdÞ / d�n where n � 0.619 6 0.030, and

for h2
DðdÞ we find Dh2

DðdÞ / d�g, where g � 0.640 6 0.079.

Thus the two exponents are nearly equal to within their

experimental error. It is truly amazing that the two physical

quantities determined by very different set of experiments

show that the depressions in Dh2
DðdÞ and DTmðdÞ occur

similarly, and they have equivalent dependence on the

diameter.

Discussion on theories that can describe the functional

depression of both these quantities is beyond the scope of the

paper. However, relation DTm / d�n with the exponent n as

a non integer follows from a recent theory developed from

non-extensive thermodynamics.16 The theory predicts that

for depression in melting point for a non-extensive phase

like a nanowire, DTm, follows inverse power law dependence

with physical dimension of the nanomaterial. For a cylindri-

cal object like a wire with length � diameter, DTm has an

inverse power law dependence on d with the exponent

��0.5 to �0.6.16 This matches well with our observation.

The depression of the Tm in this theory is based on the classi-

cal Gibbs-Thomson thermodynamic relation.17 However,

observed equivalent depression in Dh2
DðdÞ and its

TABLE I. The values of crystallites size from XRD, Debye temperature

from electrical measurement, and melting point from differential thermal

analysis for different diameter of zinc nanowires.

d (nm) Dc (nm) hD (K) Tm (K) hD/(Tm)1/2

Bulk … 249.7 692.3 9.49

200 117 241.7 688.9 9.2

100 88 235.7 686.1 8.99

50 46 230.4 684 8.8

30 40 223.6 681.9 8.56

FIG. 4. Scaled resistance curves for all the samples. Inset shows the varia-

tion of Debye temperature (hD) with diameter d. The Debye temperature is

scaled by the bulk value.

FIG. 3. (a) Temperature dependent resistance of zinc nanowires array of diameter 30 nm and (b) temperature dependent resistance of zinc nanowires array of

diameter 50 nm. Inset shows the % error in fitting.



dependence on d does not follow from these theories. It will

thus be a theoretical challenge to explain this observation.

We now investigate whether the similarity in the func-

tional dependences of DTm and Dh2
D on d lead to constancy

of hDffiffiffiffi
Tm

p on variation of d which will give a quantitative basis

to the validity of Lindeman relation. We find that the ratio is

not truly constant and is reduced in its actual value by as

much as ��9% compared to the bulk value when d is

reduced to 30 nm. Thus the exact quantitative validity of the

Lindeman relation is not ensured. Since the critical fraction

when the melting occurs nc is related to the ratio
ffiffiffiffi
Tm

p

hD
by the

Mott relation ncr ¼ 9�h2

lkB

� �1=2 ffiffiffiffi
Tm

p

hD

� �
, an enhancement in the

ratio would mean an enhancement of the critical faction nc

proportionally.

At the end we comment on the correctness of the use of

diameter d as the size limiting dimension. We have checked

the correctness of this by measuring the size dependence of

the residual electrical resistivity q0ðdÞ as measured from the

experiment. This is an independent measure of the quality of

the sample. If the residual resistivity q0ðdÞ for a wire of

diameter d is determined by partially specular surface scat-

tering of electrons from the nanowires surfaces, then we

expect the mean free-path ld for electrons in the wire to be

	 d. The internal boundaries and impurities are not the mean

free-path determining scattering centres. In this case q0ðdÞ
should follow the relation for surface scattering18,19

q0ðdÞ ¼ qbulk þ qbulkð1� pÞ lbulk

d

� �
; (3)

where the qbulk and lbulk refer to the residual resistivity and

mean free-path for the bulk zinc, respectively, and p is the

secularity factor which is ¼1 for complete specular reflection

and ¼0 for complete diffuse scattering from the surface. The

fit of Eq. (3) is shown in Figure 6 which shows that the equa-

tion for surface scattering can describe the q0ðdÞ where the

diameter d determines the mean free path of electrons.

Note: The residual resistivity q0 used here has been

obtained from the measured residual resistance R0 using the

relation R0 ¼ L
NA

� �
q0. For measurements performed within a

membrane, there is uncertainty in determination of exact

number of wires in a membrane N since length L and the

area of cross-section A are known. The resistivity of the

nanowires can be determined from the resistance data taken

in an array using a procedure developed before by our

group.11–13 We refer to these references for details. Briefly,

in the temperature regime T 	 hD where the temperature de-

pendence of resistance b � 1
R

dR
dT is solely determined by the

BG theory and hD, it can be shown that the resistivity qðTÞ
of the nanowires are linked to the resistivity qbulkðTÞ of the

reference bulk sample (which is measureable) by the relation

qðTÞ � bbulkhDð1Þ
bhD

qbulkðTÞ; (4)

where the subscript refers to the reference bulk values. All

terms in right hand side of Eq. (4) being known, for a given

nanowires sample one can determine qðTÞ at a given temper-

ature T (T 	 hD), and then from the measured RðTÞ for the

array containing the nanowires one can find number of wires

in the array N using the relation RðTÞ ¼ L
NA

� �
qðTÞ.

FIG. 6. Dependence of the residual resistivity of nanowires on diameter d.

Fitting equation is qd ¼ qb þ qb (1 � p)(lb/d).

FIG. 5. (a) Functional dependence of DTm on diameter d. (b) Functional dependence of DhD
2 on diameter d.



IV. CONCLUSIONS

In summary, we have established that the depression

in the physical quantities DTmðdÞ and Dh2
DðdÞ in nanowires

has nearly the same inverse power law dependence on the

diameter d with the exponent ��0.6. This was performed

by measuring these two physical quantities in the same

batch of nanowire samples as a function of nanowire diam-

eters. While Tm was directly obtained from DTA measure-

ments, we obtained the Debye temperature hD from

resistance measurements carried down to 5 K using Bloch-

Gruneisen theory. We have shown that while both the

physical parameters show similar power law based depres-

sion when the diameter is reduced, the quantity hD

T
1=2
m

is

strictly not constant as would be required if the Lindeman

relation would have been rigorously valid. The ratio

reduces by nearly 9% when the size is taken from bulk to

30 nm. This reduction amounts to an enhancement of the

critical ratio nc in nanowires.

ACKNOWLEDGMENTS

The authors acknowledge financial support from

Department of Science and Technology, Government of

India as a sponsored project (Unit). A.K.R. wants to

acknowledge additional support from J. C. Bose Fellowship.

1Q. Jiang, Z. Zhang, and J. C. Li, Chem. Phys. Lett. 322, 549 (2000).
2H. S. Shin, J. Yu, and J. Y. Song, Appl. Phys. Lett. 91, 173106 (2007).
3X. W. Wang, G. T. Fei, K. Zheng, Z. Jin, and L. De Zhang, Appl. Phys.

Lett. 88, 173114 (2006).
4C. C. Yang, M. X. Xiao, W. Li, and Q. Jiang, Solid State Commun. 139,

148 (2006).
5F. A. Lindeman, Z. Phys. 11, 609 (1910).
6T. E. Faber, Theory of Liquid Metals, Cambridge Monographs on Physics

(Cambridge University Press, Cambridge, 1972).
7L. Cartz, Proc. Phys. Soc. London, Sect. B 68, 957 (1955).
8N. F. Mott, Proc. R. Soc. London, Ser. A 146, 465 (1934).
9J. M. Ziman, Electrons and Phonons (Clarendon Press, Oxford, 1950).

10P. L. Rossiter and J. Bass, in Materials Science and Technology, edited by

R. W. Cahn, P. Haasen, and E. J. Kramer (VCH, New York, 1991), Vol.

3A, p. 257.
11A. Bid, A. Bora, and A. K. Raychaudhuri, Phys. Rev. B 74, 035426 (2006).
12M. Venkata Kamalakar and A. K. Raychaudhuri, Phys. Rev. B 79, 205417

(2009).
13M. Venkata Kamalakar and A. K. Raychaudhuri, New J. Phys. 14, 043032

(2012).
14H. E. Swanson and E. Tatge, Natl. Bur. Stand. (U.S.) 539(1), 359 (1953).
15“Melting points of the elements,” Bull. Alloy Phase Diagrams 7(6), 602

(1986).
16P. Letellier, A. Mayaffre, and M. Turmine, Phys. Rev. B 76, 045428 (2007).
17P. Pawlow, Z. Phys. Chem., Stoechiom. Verwandtschaftsl. 65, 1 (1909).
18R. B. Dingle, Proc. R. Soc. London, Ser. A 201, 545 (1950).
19R. G. Chambers, Proc. R. Soc. London, Ser. A 202, 378 (1950).

http://dx.doi.org/10.1016/S0009-2614(00)00413-9
http://dx.doi.org/10.1063/1.2801520
http://dx.doi.org/10.1063/1.2199469
http://dx.doi.org/10.1063/1.2199469
http://dx.doi.org/10.1016/j.ssc.2006.05.035
http://dx.doi.org/10.1088/0370-1301/68/11/321
http://dx.doi.org/10.1098/rspa.1934.0166
http://dx.doi.org/10.1103/PhysRevB.74.035426
http://dx.doi.org/10.1103/PhysRevB.79.205417
http://dx.doi.org/10.1088/1367-2630/14/4/043032
http://dx.doi.org/10.1007/BF02869888
http://dx.doi.org/10.1103/PhysRevB.76.045428
http://dx.doi.org/10.1098/rspa.1950.0077
http://dx.doi.org/10.1098/rspa.1950.0107

