
Bulk viscosity universality and scaling function near the binary liquid
consolute point

Jayanta K. Bhattacharjee,1 Ireneusz Iwanowski,2 and Udo Kaatze2,a�

1S. N. Bose National Center for Basic Sciences, Salt Lake, Kolkata 700098, India
2Drittes Physikalisches Institut, Georg-August-Universität, Friedrich-Hund-Platz 1, 37077 Göttingen,
Germany

The hydrodynamical equations and the notion of a frequency dependent complex specific heat near
the critical point of binary liquids are used to obtain an expression for the low-frequency bulk
viscosity. In this way the interrelations between different theoretical models, treating the critical
sound attenuation from either a specific heat or a bulk viscosity approach, are made evident. The
general structure of the bulk viscosity relation agrees with that of Onuki �Phys. Rev. E 55, 403

I. INTRODUCTION

For the low-frequency bulk viscosity ��0� near the
liquid-gas transition Onuki proposed the following scaling
form �Eq. �4.9� in Ref. 1�:

��0� = RB�u2/� . �1�

In the above RB is an universal number, � is the density, u is
the ultrasound velocity, and � is the relaxation rate of order
parameter fluctuations. Onuki obtained the sonic attenuation
per wavelength at very low frequencies �his Eq. �4.10�� as

���f → 0� = �RB�/� , �2�

where ��=�� is the attenuation per wavelength, � is the
attenuation coefficient, �=u / f is the wavelength of the sonic
field, f is the frequency, and �=2�f . The above formula Eq.
�2� should enable us to obtain the universal number RB from
relevant sound attenuation data. It was noticed by Das and
Bhattacharjee2 and Onuki3 that for the liquid-gas transition,
the attenuation per wavelength has a very weak temperature
dependence near the critical point, which proves it less suit-
able for the determination of RB from Eq. �2�. On the other
hand, the binary liquid, from both theoretical and experimen-
tal points of view, appears to be ideally suited for the verifi-
cation of Eq. �2�. Previous sonic attenuation data for critical
binary liquids, however, suggest a material dependent num-
ber RB so that the universality of RB may be questioned.
Advances in the ultrasonic spectrometry of liquids,4 in par-
ticular, the availability of planoconcave5 and biconcave6 cav-
ity resonator methods for precise ultrasonic attenuation coef-
ficient measurements of liquids at low frequencies �f
�1 MHz� offer a favorable possibility to specify the univer-
sality of RB. In Sec. II, we shall provide a derivation of
Onuki’s result from a physical point of view so that the deri-
vation can be immediately extended to the case of the binary
liquid. In Sec. III, in order to inspect Eq. �2�, we present and

discuss recent accurate low-frequency ultrasonic attenuation
coefficient data for critical binary liquids.

II. THEORY

A. Basic concept

Let us first use the continuity equation and the Navier–
Stokes equation for a compressible fluid in the form
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Here P is the pressure, 	s is the shear viscosity, and � is the
bulk viscosity. When there is no disturbance, P and � are
constants and the particle velocity v=0. We now imagine a
pressure fluctuation 
P and a consequent density fluctuation

� and velocity fluctuation 
v� at constant entropy. Lineariz-
ing Eq. �3�,
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and similarly linearizing Eq. �4�,
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where K is the isentropic bulk modulus. We note that K
=u2 with u again denoting the velocity of sound. At this
point we use Eq. �5� and take a divergence of Eq. �6� to write
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This equation leads to the usual Stokes damping when we
assume 
� to vary harmonically as exp�i�k�r�−�t��, with thea�Electronic mail: uka@physik3.gwdg.de.

�1997�� but a universal number emerges only if a normalization to the critical point value is done.
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wave vector k� and the angular frequency �. The dispersion
relation results as

�2 = u2k2 −
i�

�
�� +

4

3
	s�k2. �8�

The first term on the right hand side of Eq. �8� describes the
propagation and the second one describes the attenuation of
sound in the liquid. We now note that the decay of the critical
fluctuations will make the sound speed frequency dependent
and we can write

u2 = R�u2� − i�I�u2/�� . �9�

Inserting this expression in Eq. �8� results in

�2 = k2R�u2� −
i�

�
��� +

4

3
	s� + �

I�u2�
�

�k2. �10�

Comparing Eqs. �10� and �8� with one another we identify
I�u2� /� to be interpreted as the critical contribution to the
bulk viscosity of the liquid, giving rise to the extra dissipa-
tion from the relaxation of the critical fluctuations. Anticipat-
ing that the critical contribution �cr will mask the noncritical
part of � and also the weakly critical 	s, we can write for the
critical bulk viscosity

�cr = �
I�u2�

�
. �11�

We can expand the sound velocity at low frequencies as

u = U�1 + Ri�/�� , �12�

where U is the real part R�u� of the sound velocity and R is
a numerical constant. The imaginary part, I�u2�, is given by
2RU2� /� and Eq. �11� becomes

�cr = 2R�U2/� . �13�

This is Eq. �1� as was taken from Onuki if we identify the
critical part �cr with the low-frequency bulk viscosity ��0�. In
the previous work involving the frequency dependent sound
velocity7 the connection with the bulk viscosity had not been
made. This connection is now established by Eq. �13�. As far
as the sound attenuation is concerned there is no conflict
between the present result and that obtained previously.7

Both theoretical treatments relate the attenuation to the
imaginary part of the sound velocity and the complex nature
of the sound velocity follows from its dependence upon the
specific heat. For critical ultrasonics, the critical behavior of
the specific heat is all important and that forms the tenet of
the previous work. A large part of theories on critical sound
attenuation treats the problem from the standpoint of bulk
viscosity.3 Our Eq. �10� bridges both approaches, makes their
interrelation transparent, and ensures that the attenuation cal-
culated would be the same from either point of view. We can
simply consider �I�u2� /� the critical attenuation or we can
think of it as the critical contribution to the bulk viscosity.

We now focus on the dispersion relation

u2 = �2/k2 �14�

of sound waves in critical fluids. Here k=2� /� is the wave
number. Since u is complex, k is complex and we thus write

k = R�k� + iI�k� . �15�

The imaginary part is much smaller than the real part. Hence
we can continue as

u2 = �2/�R�k� + iI�k��2, �16�

=�2�1 − 2iI�k�/R�k��/R�k2� , �17�

− I�k�/R�k� = I�u2�/2R�u2� , �18�

or

�� = I�u2�/2R�u2� . �19�

The examination of the sound velocity needs to be done
separately for the liquid-gas critical point and the binary liq-
uid consolute point.

B. Liquid-gas critical point

The sound velocity is now given by

u2 = U2C0/CV, �20�

where C0 is a constant and CV is the specific heat at constant
volume. The specific heat is a response function. At low
frequencies it has the structure

CV = C̄ − i�A/� + . . . . �21�

In this relation C̄ is the thermodynamic part and A is a con-
stant. The low-frequency sound velocity becomes

u2 = U2C0�C̄ + i�A/��/C̄2, �22�

=U2C0�1 + i�A/�C̄�/C̄ , �23�

=U0
2�1 + i�A/�C̄� , �24�

where U0
2=U2C0 / C̄. This form does not agree with the as-

sumed form of Eq. �12� since, on the right hand side of Eq.

�24�, � is multiplied by C̄. The weak divergence of the ther-
modynamic specific heat makes the universal amplitude ratio
RB of Onuki weakly dependent on temperature.

C. Binary liquid consolute point

The sound velocity can be written in the form8

u2 = u0
2 + u1

2C0/CP. �25�

The binary liquid specific heat at constant pressure, CP, has
the very important feature that the noncritical background
contribution Cbg is very large and the critical contribution Ccr

is small for all accessible temperatures,

CP = Cbg + Ccr. �26�

Equation �25� is then approximately

u2 = u0
2 + u1

2C0�1 − Ccr/Cbg�/Cbg. �27�

It is Ccr that can now be written as



Ccr = C̄ − i�A/� , �28�

where A is a universal number because Ccr is universal. With
this form, Eq. �27� becomes

u2 = U2 + U1
2Ai�/� = U2�1 + �U1/U�2Ai�/�� . �29�

Since U1 /U has no appreciable temperature dependence, this
equation is of the desired form of Eq. �12�. It leads to the
bulk viscosity form as given in Eq. �1� but now the constant
RB is material dependent.

We return to Eq. �27� and replace Ccr by the more gen-
eral form

Ccr = R�Ccr� + iI�Ccr� . �30�

We immediately see that

R�u2� = u0
2 + u1

2�C0/Cbg��1 − R�Ccr�/Cbg� � u0
2,

�31�
I�u2� = − u1

2�C0/Cbg�I�Ccr� .

Use of Eq. �19� gives

��/2� = DI�Ccr� , �32�

where D is a constant. Applying dynamic scaling to the re-
sponse function Ccr yields

Ccr = �− i����0/�� f̃�− i��z� , �33�

with the fluctuation correlation length � and with universal
critical exponents of the specific heat ��0� and of the fluc-
tuation correlation length ���, as well as the dynamic critical

exponent �z�. At low frequencies the function f̃ is such that
the thermodynamic limit is reached, while for high frequen-
cies ���z1� it tends to a constant. If we consider the at-
tenuation normalized to its critical point value, then

���f ,T�/���f ,Tc� = g���z� , �34�

where the function g is obtained from f̃ of Eq. �33�. The
attenuation at low frequencies is the first term in a Taylor
expansion of g and we expect the low-frequency behavior of
the normalized attenuation per wavelength linear in fre-
quency.

To obtain a Taylor expansion for the function g���z�, we
use the theory of the frequency dependent specific heat. The
one-loop contribution7,8 to the specific heat in three dimen-
sions is given by the integral

���,�� =
1

4�
� d3p

�p2 + 1/�2�2

2��p,��
− i� + 2��p,��

. �35�

The relaxation rate ��p ,�� can be written as kTp2�p2

+1 /�2�1/2 / �6�	s�, which is a very reasonable
approximation9 to the Kawasaki function.10 The passage
from � to the specific heat is given by exponentiation ��0

���

Cp��,�� =
��0/� − 1

�0/�
	 ln � , �36�

as first introduced by Nicoll.11 The imaginary part of Cp

gives ��. At the critical point �=const�−i��1/3. This relation

is needed for normalization. At low frequencies, the Taylor
expansion of ��� ,�� is

���,�� =
�

4
�
1 −

2

�
�− i6�	s�

kT�−3 � + ¯� . �37�

The imaginary part of ln � is 12	s��3 / �kT�+higher order
terms for � /��1 and it is � /6 for � /�1 �T=Tc, Tc is the
critical temperature�. According to the Taylor expansion of
��� ,��,

g���z� =
12

�2

6�	s��z

kT
+ ¯ 	 1.2

6�	s��z

kT
. �38�

With �=kT / �3�	s�
3� we get

g���z� 	 2.4 · �/� . �39�

The prefactor in the phenomenologically derived function7

was 2.8 instead of 2.4 in Eq. �39�.

III. EXPERIMENTAL

Since the �angular� frequency � in relation �39� scales
with the relaxation rate

� = �0�z� �40�

of concentration fluctuations, low-frequency data refer to �
��. In Eq. �40� �0 is an amplitude and �= �T−Tc� /Tc is the
reduced temperature. Hence for the verification of Eq. �39� it
is beneficial to consider systems with large amplitude �0 at
temperatures distant from Tc, where � is sufficiently large.
Distant from the critical temperature, however, noncritical
background contributions ���bg� to the total attenuation per
wavelength

���tot� = �� + ���bg� �41�

may adversely affect the determination of the critical parts
�� in the experimental data. We have, therefore, chosen criti-
cal mixtures without interfering noncritical relaxation pro-
cesses. In this case the background part in the attenuation per
wavelength can simply be represented by a term

���bg� = Bf , �42�

with B independent of frequency. Due to its frequency de-
pendence the background term is of minor importance at low
frequencies. Further the relaxation rate amplitudes �0 of the
mixtures selected for this re-evaluation of data are very large
��1011 s−1, Table I�. The ternary mixture NE-3-MP-CH is
included because with respect to power laws and scaling, this
system, with completely miscible nonpolar constituents, be-
haves like a pseudobinary mixture.14

The fluctuation correlation length � has been derived
from measurements of the mutual diffusion coefficient D,
using quasielastic light scattering, and of the shear viscosity
	s. Based on the dynamic scaling theory15,16 a combined
evaluation of D and 	s data has been performed12–14 to ad-
equately consider crossover effects. For the three systems
under consideration the fluctuation correlation length follows
power law



� = �0�−�, �43�

with the amplitude �0 and with universal critical exponent
�=0.63. Examples of the power law behavior of the � data
are displayed in Fig. 1.

At low frequencies f ultrasonic attenuation coefficients
have been measured as a function of frequency and tempera-
ture using a resonator method and a planoconcave cell.12–14

Due to its impassiveness with respect to small distortions of
its geometry, this cell is particularly suited for precise mea-
surements at different temperatures. The low-frequency parts
of the ultrasonic attenuation spectra are shown in the
frequency-normalized format

�/f2 = ���tot�/�uf� �44�

in the inset of Fig. 2. In order to accurately determine the
asymptotic high-frequency background term Bf �Eq. �40��,
additional measurements have peen performed at higher fre-
quencies using biplanar resonator cells at frequencies up to
15 MHz and a pulse modulated ultrasonic wave transmission
method at 1 MHz� f �400 MHz. A full spectrum is dis-
played in the main part of Fig. 2. In this frequency-
normalized representation the experimental data asymptoti-
cally adapt a high-frequency value B�=B /u. Since the sound
velocity u is accurately known from measurements, B and

thus also the critical part ��=���tot�−Bf , can be well deter-
mined from the experimental data. As indicated by the spec-
trum in Fig. 2 the frequency-normalized attenuation coeffi-
cient data below 1 MHz exceed the B� value by significant
amount so that small errors in the determination of the back-
ground part have little impact on the accuracy of the ratio

���f ,T�
���f ,Tc�

=
���tot��f ,T� − fB�T�

���tot��f ,Tc� − fB�Tc�
�45�

that defines the scaling function. For the three critical sys-
tems under consideration the attenuation ratio is shown as a
function of � /� in Fig. 3. The data for the three critical
mixtures define a universal dependence on the scaled fre-
quency � /�. Within the limits of small scatter this depen-
dence agrees nicely with the predictions from the previous
phenomenological scaling function7

���f ,T�/���f ,Tc� = �1 + 0.6��/��−1/2�−2. �46�

Even for mixtures with �0�1011 s−1 data measured at
105 Hz� f �106 Hz do not belong to the strictly linear low-
frequency part of the scaling function which, as mentioned

TABLE I. Mixtures of critical composition: Yc, mass fraction of ni-
tromethane or nitroethane, respectively; Tc, critical temperature; �0 and �0,
amplitudes of relaxation rate and of fluctuations correlation length, respec-
tively; NM-n-PeOH, nitromethane-n-pentanol �Ref. 12�; NE-CH,
nitromethane-cyclohexane �Ref. 13�; NE-3-MP-CH, nitromethane-3-
methylpentane-cyclohexane, col-point composition �Ref. 14�, Y3MP

=0.200, YCH=0.360.

Mixture Yc

Tc

�K�
�0

�109 s−1�
�0

�10−10 m�

NM-n-PeOH 0.525 300.95 187 1.5
NE-CH 0.424 296.46 156 1.6
NE-3-MP-CH 0.440 294.43 102 2.1

FIG. 1. Fluctuation correlation length data in the formats �-vs-� and
���-vs-� �inset� for the NE-3-MP-CH mixture of col-point composition ���
�Ref. 14� and the binary NE-CH mixture of critical composition ��� �Ref.
13�.

FIG. 2. Ultrasonic attenuation spectrum in the frequency-normalized format
for the NE-3-MP-CH mixture of col-point composition ��� �Ref. 14�. The
inset shows the low-frequency part of some spectra for the NM-n-PeOH
mixture of critical composition ���� �=6.65�10−3; ��� �=9.68�10−3; ���
�=1.60�10−2; ��� �=2.22�10−2� �Ref. 12�. The full line is the graph of
the theoretical spectral function, the dashed line indicates the high-
frequency value B�.

FIG. 3. Scaling function data �Eq. �45�� in the low-frequency limit displayed
for three mixtures of critical composition: ��� NE-CH; ��� NE-n-PeOH;
��� NE-3-MP-CH. The full line is the graph of the empirical scaling func-
tion defined by Eq. �46�. Also shown is relation ���f ,T� /���f ,Tc�=R�� /�
with R�=2.4 �dashed-dotted line� and R�=2.8 �dashed line�.



above, is given by the relation ���f ,T� /���f ,Tc�=R�� /�
with R�=2.4 or 2.8, respectively. Sonic attenuation measure-
ments in the audio frequency range around 1 kHz are re-
quired in order to reach the linear region. Because of the long
wavelength of the sonic field and the small attenuation coef-
ficient of the liquid samples, sufficiently accurate data could
hardly be obtained from audio frequency measurements.

Obviously, the experimental data extrapolate to the lim-
iting form of the empirical scaling function �Eq. �46�� thus
revealing R�=2.8 rather than the slightly different R�=2.4 as
following from the approximation given in Eq. �39�. Never-
theless the close agreement between the two low-frequency
relations for the scaling function shows the equivalence of
the specific heat and bulk viscosity approaches of critically
demixing binary liquids. Since the scaling function data for
different systems condense onto one line, coefficient RB in
Eq. �2� cannot be universal. Evidently it depends on ���f ,Tc�
which is quite different for the systems under consideration.

IV. CONCLUSIONS

The theoretical prediction of Onuki regarding the critical
divergence of the low-frequency bulk viscosity has prompted
us to revisit the behavior of the critical sound attenuation
because sound attenuation measurements are one of the di-
rect methods to determine the bulk viscosity. Whereas most
theories of sound attenuation start from the bulk viscosity,
the approach by Bhattacharjee and Ferrell7,8 did not make
reference to that quantity. In order to clearly establish the
link between the Bhattacharjee–Ferrell approach and the
bulk viscosity theoretical models, we have rederived Onuki’s
result. For pure liquids the power law divergence predicted
by Onuki is modified by a logarithmic term. The bulk vis-
cosity of binary liquids indeed follows pure power law. Un-
fortunately, the amplitude turns out not to be universal. Nor-
malizing to the critical point value, however, leads to an
universal amplitude. The phenomenological scaling function

of the Bhattacharjee–Ferrell model7 gives this amplitude as
2.8. Alternatively, a one-loop calculation yields the universal
amplitude as 2.4.

Experimental data from literature have been re-evaluated
to verify the universal behavior. The data for three carefully
selected mixtures coincide with the empirical Bhattacharjee–
Ferrell scaling function, thus supporting 2.8 as universal am-
plitude rather than 2.4. It is also found that the available
sound attenuation data, measured at frequencies between 100
kHz and 1 MHz, still do not correspond to the strictly linear
low-frequency part of the scaling function. Data in the audio
frequency range around 1 kHz would be needed for an in-
spection of the low-frequency properties of the scaling func-
tion. Due to the large wavelength and small attenuation co-
efficient at such low frequencies, reliable audio frequency
data are not available presently.
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