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Abstract
Starting from the definition of entropy used in statistical mechanics we show that it is
proportional to the gravity action. For a stationary black hole this entropy is expressed as
S = E/2T , where T is the Hawking temperature and E is shown to be the Komar energy.
This relation is also compatible with the generalised Smarr formula for mass.

There are numerous evidences [1, 2, 3] which show that gravity and thermodynamics are
closely connected to each other. Recently, there has been a growing consensus [4, 5, 6] that
gravity need not be interpreted as a fundamental force, rather it is an emergent phenomenon
just like thermodynamics and hydrodynamics. The fundamental role of gravity is replaced
by thermodynamical interpretations leading to similar or equivalent results. Nevertheless, understanding the entropic or thermodynamic origin of gravity is far from complete since the
arguments are more heuristic than concrete and depend upon specific ansatz or assumptions.
In this paper, using certain basic results derived by us [7, 8] in the context of tunneling
mechanism, we are able to provide a statistical interpretation of gravity. The starting point is
the standard definition of entropy given in statistical mechanics. We show that this entropy
gets identified with the action for gravity. Consequently the Einstein equations obtained by a
variational principle involving the action can be equivalently obtained by an extremisation of
the entropy.
Furthermore, for a black hole with stationary metric we derive the relation S = E/2T ,
connecting the entropy (S) with the Hawking temperature (T ) and energy (E). We prove that
this energy corresponds to Komar’s expression [9, 10]. Using this fact we show that the relation
S = E/2T is also compatible with the generalised Smarr formula [11, 3, 12]. We mention that
this relation was also obtained and discussed in [13, 14].
We start with the partition function for the space-time with matter field [12],
Z=

Z

D[g, Φ] eiI[g,Φ]

(1)

where I[g, Φ] is the action representing the whole system and D[g, Φ] is the measure of all field
configurations (g, Φ). Now consider small fluctuations in the metric (g) and the matter field (Φ)
in the following form:
g = g0 + g̃;
∗
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(2)

where g0 and Φ0 are the stable background fields satisfying the periodicity conditions and which
extremise the action. So they satisfy the classical field equations. Whereas g̃ and Φ̃, the
fluctuations around these classical values, are very very small. Expanding I[g, Φ] around (g0 , Φ0 )
we obtain
I[g, Φ] = I[g0 , Φ0 ] + I2 [g̃] + I2 [Φ̃] + higher order terms.

(3)

The dominant contribution to the path integral (1) comes from fields that are near the background fields (g0 , Φ0 ). Hence one can neglect all the higher order terms. The first term I[g0 , Φ0 ]
leads to the usual Einstein equations and gives rise to the standard area law [12]. On the other
hand the second and third terms give the contributions of thermal gravitation and matter quanta
respectively on the background contribution I[g0 , Φ0 ]. They lead to the (logarithmic) corrections
to the usual area law [15]. Here, since we want to confine ourself within the usual semi-classical
regime, we shall neglect these quadratic terms for the subsequent analysis. Therefore, keeping
only the term I[g0 , Φ0 ] in (3) we obtain the partition function (1) as [12],
Z ≃ eiI[g0 ,Φ0 ] .

(4)

Therefore, adopting the standard definition of entropy in statistical mechanics,
S = ln Z +

E
T

(5)

and using (4), the entropy of the gravitating system is given by 1 ,
S = iI[g0 , Φ0 ] +

E
T

(6)

where E and T are respectively the energy and temperature of the system.
It may be pointed out that it is possible to interpret (4) as defining the partition function
of an emergent theory without specifying the detailed configuration of the gravitating system.
The validity of such an interpretation is borne out by the subsequent analysis.
In order to get an explicit expression for E, let us consider a specific system - a black hole.
Now thermodynamics of a black hole is universally governed by its properties near the event
horizon. It is also well understood that near the event horizon the effective theory becomes
two dimensional whose metric is given by the two dimensional (t − r)- sector of the original
metric [16, 17]. Correspondingly, the left (L) and right (R) moving (holomorphic) modes are
obtained by solving the appropriate field equation using the geometrical (WKB) approximation.
Furthermore, the modes inside and outside the horizon are related by the transformations [7, 8]:
πω
κ

(R)

= e−

(L)

= φout

φin

φin

(R)

(7)

φout

(L)

(8)

where “ω” is the energy of the particle as measured by an asymptotic observer and “κ” is
the surface gravity of the black hole. In this convention the L(R) moving modes are ingoing
(outgoing). Concentrating on the modes inside the horizon, the L mode gets trapped while
the R mode tunnels through the horizon and is eventually observed at asymptotic infinity as
Hawking radiation [7, 8]. The probability of this “R” mode, to go outside, as measured by the
outside observer is given by
(R) 2

P (R) = φin
1

= e−

πω
κ

(R) 2

φout

= e−

In this paper we have chosen units such that kB = G = h̄ = c = 1.

2

2πω
κ

(9)

where, in the second equality, (7) has been used. This is essential since the measurement is done
(R)
(R)
from outside and hence φin has to be expressed in favour of φout . Therefore the average value
of the energy, measured from outside, is given by,
R∞
0

< ω >= R ∞

dω ω e−

0

dω e−

2πω
κ

2πω
κ

=T

(10)

where T = κ/2π is the temperature of the black hole [8]. Therefore if we consider that the
energy E of the system is encoded near the horizon and the total number of pairs created is n
among which this energy is distributed, then we must have,
E = nT

(11)

where only the R mode of the pair is significant.
Now to proceed further, it must be realised that the effective two dimensional curved metric
can always be embedded in a flat space which has exactly two space-like coordinates. This is a
consequence of a modification in the original GEMS (globally embedding in Minkowskian space)
approach of [18] and has been elaborated by us in [19]. Hence we may associate each R mode
with two degrees of freedom. Then the total number of degrees of freedom for n number of R
modes is N = 2n. Hence, from (11), we obtain the energy of the system as
E=

1
N T.
2

(12)

As a side remark, it may be noted that (12) can be interpreted as a consequence of the usual law
of equipartition of energy. For instance, if we consider that the energy E is distributed equally
over each degree of freedom, then (12) implies that each degree of freedom should contain
an energy equal to T /2, which is nothing but the equipartition law of energy. The fact that
the energy is equally distributed among the degrees of freedom may be understood from the
symmetry of two space-like coordinates (z 1 ←→ z 2 ) such that the metric is unchanged [19]. In
our subsequent analysis, however, we only require (12) rather than its interpretation as the law
of equipartition of energy.
Now since there are N number of degrees of freedom in which all the information is encoded,
the entropy (S) of the system must be proportional to N . Hence using (6) we obtain
E
),
(13)
T
where N0 is a proportionality constant, which will be determined later. Substituting the value
of N from (12) in (13) we obtain the expression for the energy of the system as
N = N0 S = N0 (iI[g0 , Φ0 ] +

E=

N0
iT I[g0 , Φ0 ].
2 − N0

(14)

This shows that in the absence of any fluctuations, the energy of a system is actually given by
the classical action representing the system. In the following we shall use this expression to find
the energy of a stationary black hole. Before that let us substitute the value of I[g0 , Φ0 ] from
(14) in (6). This immediately leads to a simple relation between the entropy, temperature and
energy of the black hole:
S=

2E
.
N0 T

(15)

Now in order to fix the value of “N0 ” we consider the simplest example, the Schwarzschild black
hole for which the entropy, energy and temperature are given by,
S=

A
1
= 4πM 2 , E = M, T =
,
4
8πM
3

(16)

where “M ” is the mass of the black hole. Substitution of these in (15) leads to N0 = 4.
At this point we want to make a comment on the value of N0 . According to standard
statistical mechanics one would have thought that 1/N0 = ln c, where c is an integer. Whereas
to keep our analysis consistent with semi-classical area law, we obtained c = e1/4 , which is clearly
not an integer. Indeed, any departure from this value of N0 would invalidate the semi-classical
area law and hence our analysis. Such a disparity is not peculiar to our approach and has
also occurred elsewhere [22]. This may be due to the fact that our analysis is confined within
the semi-classical regime, which is valid for large degrees of freedom. In this regime, it is not
obvious that a semi-classical computation can reproduce c to be an integer. Furthermore, the
above value of N0 is still valid even for very small number of degrees of freedom (N ), where this
semi-classical calculation is unjustified. This also happens in the semi-classical computation of
the entropy spectrum of a black hole [23]. The entropy spectrum is found there to be S = 2πN
rather than S = N ln c and this discrepancy is identified with the semi-classical approximation.
A possible way to resolve such disagreement from standard statistical mechanics may be the full
quantum theoretical computation of the number of microstates which is beyond the scope of the
present paper.
Finally, putting back N0 = 4 in (15) we obtain,
S=

E
.
2T

(17)

Before discussing the significance and implications of this relation, we observe that substituting
the value of E from (17) in (14) with N0 = 4, we obtain
S = −iI[g0 , Φ0 ].

(18)

Consequently, extremisation of entropy leads to Einstein’s equations.
The relation (17) is significant for various reasons which will become progressively clear. It
is valid for all black hole solutions in Einstein gravity with appropriate identifications consistent
with the area law. Here S and T are easy to identify. These are, respectively, the entropy and
Hawking temperature of the black hole. Since energy is one of the most diversely defined entities
in general theory of relativity, special care is needed to identify E in (17). We now show that
this E corresponds to Komar’s definition [9, 10]. Simplifying (14) using N0 = 4 and T = κ/2π,
we obtain,
E=−

iκI[g0 , Φ0 ]
.
π

(19)

The classical action I[g0 , Φ0 ] has already been calculated in [12]. The result is,
−1

I[g0 , Φ0 ] = 2iπκ

1
1
Rξ dΣa + (Tab − T gab )ξ b dΣa −
16π Σ
2
16π
Σ

h 1 Z

Z

a

Z

H

i

ǫabcd ∇c ξ d ,

(20)

where ξ a ∂/∂xa = ∂/∂t is the time translation Killing vector and Σ is the space-like hypersurface
whose boundary is given by H. Here Tab is the energy-momentum tensor of the matter field
whose trace is given by T . Now for a stationary geometry, ξ a ∇a R = 0 [20]. Hence for a volume
A, we have
0=

Z

A

ξ a ∇a RdA =

Z h
A

i

∇a (ξ a R) − (∇a ξ a )R dA =

Z

A

∇a (ξ a R)dA

(21)

where in the last step the Killing equation ∇a ξb + ∇b ξa = 0 has been used. Finally, the Gauss
theorem yields,
Z

Σ

ξ a RdΣa = 0.
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(22)

Using this in (20) we obtain,
I[g0 , Φ0 ] = 2iπκ−1

1
1
(Tab − T gab )ξ b dΣa −
2
16π
Σ

hZ

Z

H

i

ǫabcd ∇c ξ d .

(23)

Substituting this in (19) we obtain the expression for the energy of the gravitating system as
1
1
E = 2 (Tab − T gab )ξ b dΣa −
2
8π
Σ
Z

Z

H

ǫabcd ∇c ξ d

(24)

which is the Komar expression for energy [9, 10] corresponding to the time translation Killing
vector. Similarly, if there is a rotational Killing vector, then there must be a Komar expression
for rotational energy [20, 21] and the total energy will be their sum.
Incidentally, (17) was obtained earlier in [13] for static space-time and its implications were
discussed in [14]. However a specific ‘ansatz’ for entropy compatible with the area law was
taken and, more importantly, the Komar energy expression was explicitly used as an input in
the derivation. Hence our analysis is completely different, since we do not invoke any ansatz
for the entropy; neither is the Komar expression required at any stage. Rather we prove its
occurence in the relation (17).
As an explicit check of (17) for different black hole solutions, we consider a couple of examples.
Take the Reissner-Nordström (RN) black hole. In this case the entropy and temperature are
given by,
2
S = πr+
, T =

q
r+ − r−
M 2 − Q2
;
r
=
M
±
±
2
4πr+

(25)

where “Q” is the charge of the black hole. Substitution of these in (17) yields,
E=M−

Q2
,
r+

(26)

which is the Komar energy of RN black hole [25].
Next we consider the Kerr black hole for which the entropy and temperature are respectively,
r+ − r−
2 + a2 ) ;
4π(r+
p
J
.
= M ± M 2 − a2 , a =
M

2
S = π(r+
+ a2 ),

r±

T =

(27)

Here “J” is the angular momentum of the black hole. Substituting (27) in (17) we obtain,
E = M − 2JΩ

(28)

which is the total Komar energy for Kerr black hole [24, 25]. Here Ω =

a
2 +a2
r+

is the angular

velocity at the event horizon r = r+ .
We thus find that, in all cases where S, E, T are known, they satisfy (17) apart from the
area law. In fact, it is possible to take (17) as the defining relation for the Komar energy in
those examples where its direct calculation from (24) is difficult. Such an instance is provided
by the Kerr-Newman black hole. Its Komar energy, as far as we aware, is not known in closed
form. However the entropy and temperature of Kerr-Newman black hole are given by,
2
S = π(r+
+ a2 );

T =

r+ − r−
2 + a2 )
4π(r+

(29)

where
r± = M ±

q

M 2 − Q 2 − a2 ; a =
5

J
.
M

(30)

Now substituting (29) in (17) and then using (30) we obtain the total Komar energy of KerrNewman black hole:
E=
where Ω =

q

M 2 − Q 2 − a2 = M −

a
2 +a2
r+


Q2
Q2 
− 2JΩ 1 −
= M − QV − 2JΩ,
r+
2M r+

is the angular velocity at the event horizon and V =

Q
r+

−

QJΩ
M r+ .

(31)
This value

exactly matches with the direct evaluations of Komar expressions for energies within the first
order approximation [21, 24, 25]. It is also reassuring to note that the definition of M following
from (17) and (31) reproduces the generalised Smarr formula [11, 3, 12],
κA V Q
M
=
+
+ ΩJ.
2
8π
2

(32)

In this paper we have further clarified the possibility of considering gravity as an emergent
phenomenon. Taking the standard definition of entropy from statistical mechanics we were able
to show the equivalence of entropy with the action. Consequently, extremisation of the action
leading to Einstein’s equations is equivalent to the extremisation of the entropy. We derived
the relation S = E/2T for stationary black holes with S and T being the entropy and Hawking
temperature. The nature of energy E appearing in this relation was clarified. It was proved to
be Komar’s expression valid for stationary asymptotically flat space-time. An explicit check of
S = E/2T was done for all black hole solutions of Einstein gravity. This relation was also seen
to reproduce the generalised mass formula of Smarr [11, 3, 12]. In this sense the Smarr formula
can be interpreted as a thermodynamic relation further illuminating the emergent nature of
gravity. As a final remark we feel that although our results were derived for Einstein gravity,
the methods are general enough to include other possibilities like higher order theories.
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