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Accretion flow on a horizon is supersonic, no matter what the flow angular momentum
or the spin of the black hole is. This means that a black hole accretion can always be
viewed as a flow in a flat space–time through one or more convergent–divergent ducts.
In this paper, we study how the area of cross-sections must vary in order that the flow
has the same properties in both systems. We show that the accretion flow experiencing a
shock is equivalent to having two ducts connected back-to-back, both with a neck where
the flow becomes supersonic. We study the pressure and Mach number variations for
corotating, contrarotating flows and flows around a black hole with evolving spin.
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1. Introduction

The formation of a rotating black hole is easier than the formation of a nonrotating
black hole, since almost every celestial object which could collapse to form a black
hole has some angular momentum. In certain systems spin may evolve through the
accretion process itself.8 However the study of accretion processes around a Kerr
black hole is more complex as the space–time is described by the Kerr metric.17

Chakrabarti,3–5 solved the transonic flow equations and found the global solutions.
It was shown that the solution of transonic astrophysical flows around black holes
contains multiple sonic points and a centrifugal pressure-supported standing shock
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wave. It was also pointed out that the shocks in a flow around a Kerr black hole
form closer to the black hole.

One of the reasons why a black hole accretion is necessarily supersonic3 is that on
the horizon, matter enters with a velocity equal to the velocity of light. The matter
also has a negligible pressure. On the other hand, in a convergent–divergent duct
(the so-called de Laval nozzle), a sufficiently high pressure difference is required in
order to produce a transonic flow through which the sonic point crosses at the neck
of the duct. In a black hole accretion, be it a spherical Bondi flow, or rotating disk-
like flow, such a condition of transonicity is automatically satisfied. However, the
analogy between a black hole accretion and a flow through a de Laval nozzle ends
there. In reality, the geometry of accretion is totally different from that of a de Laval
nozzle. While the black hole accretion constitutes an open flow capable of adjusting
itself according to the flow equations, the duct has a predetermined shape of varying
cross-section A(r) placed on an equipotential surface. In other words, the gravity is
not considered to be important to describe the flow behavior inside a predetermined
shaped duct — its shape and the pressure difference between the entrance and exit
are responsible to change the flow from subsonic to supersonic. Because a black
hole accretion can have multiple number of saddle type sonic points, Chakrabarti
et al.2 (hereafter referred to as Paper I) showed that one can have a duct flow
exactly similar to a black hole accretion if one chooses the duct to be made of two
convergent–divergent ducts attached back-to-back at a point where the Rankine–
Hugoniot condition is satisfied. They showed how the duct shape could depend on
the flow energy and flow angular momentum. In the present paper, we will study
another aspect of the duct, namely, its dependence on the spin parameter of the
black hole, be it positive or negative. The goal is to understand various aspects
of black hole accretion by modeling the ducts in the laboratory, especially in the
situations where radiative processes are important, which are difficult to study in
a fully general relativistic flow.

The goal of this paper is the following: In the next section, we discuss the nature
of the solutions in a Kerr black hole geometry. In Sec. 3, we compute the way the
duct area should change in order to have the velocity profile as that of the black
hole accretion. In Sec. 4 we present the results of our analysis and finally in Sec. 5,
we discuss our results.

2. Nature of the Solutions in a Kerr Black Hole Geometry

In a method similar to Ref. 15, where the Schwarzschild geometry around a non-
rotating black hole was modeled by a pseudo-Newtonian potential, Chakrabarti
and Mondal� (hereafter CM05) and Mondal and Chakrabarti12,13 suggested that a
pseudo-Kerr potential can reproduce the basic features of the flow behavior around
a Kerr black hole very accurately. We will employ this potential to find out the
velocity profiles of the flow for various flow parameters. There are other models
of the Kerr geometry1,10,11,14,16 for specific purposes which may also be used for
testing whether the flow shapes remain similar.
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We first consider an inviscid, adiabatic flow of conical cross-section on a rotating
black hole of mass MBH and spin a. In the absence of viscosity, the specific angular
momentum of the flow remains constant. If the specific angular momentum is lower
than the marginally bounded value, the matter is accreted into the black hole with
or without a shock formation. Even when some viscosity is present, the angular
momentum is not transported fast enough, especially close to the black hole and
it remains almost constant. It then enters into the black hole using the solution
presented here. In what follows, we use the geometric units, i.e., G = MBH = c = 1,
where G, MBH and c denote the gravitational constant, mass and velocity of light
respectively. Using the pseudo-Kerr potential Φeff ,6 and following Refs. 12 and 13
upon integration of the radial momentum equation we obtain the specific energy of
the flow as given by

E =
1
2
v2 + na2

s + Φeff , (1)

where

Φeff = −B +
√

B2 − 4AC

2A
, (2)

and

A =
α2l2

2r2 sin2 θ
,

B =
2al

r3 sin θ
+

α2lω

sin2 θ
− 1,

c = 1 − 1
r − r0

+
2aω

r sin θ
+

α2ω2r2

2 sin2 θ
,

with

∆̄ = r2 + a2 − 2r,

Σ2 = (r2 + a2)2 − a2∆̄ sin2 θ,

r0 = 0.04 + 0.97a + 0.085a2,

ω =
2ar

(r2 + a2)2 − ∆̄a2 sin2 θ
,

α2 =
r2 + a2∆̄ − a2∆̄ sin2 θ

(r2 + a2)2 − a2∆̄ sin2 θ
.

Here, the radial velocity of the flow is u and the adiabatic sound speed is as. The
accretion rate in a flow of conical cross-section, up to a geometric constant, is
given by

Ṁ = ρurH(r). (3)

Here, H is the height of the flow which is proportional to r for a conical flow. From
this, and using the adiabatic equation of state P = Kργ , where P and ρ are the
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pressure and mass density respectively, we get Ṁ, the entropy accretion rate3

Ṁ = ua2n
s r2, (4)

where n = 1/(γ − 1) is the polytropic constant and γ = 4
3 is the polytropic index

for the relativistic flow. From the energy and accretion rate equations, first differ-
entiating them, and eliminating da

dr we have

du

dr
=

2a2
s

r
− Φ′

eff

u − a2
s

u

. (5)

Since at the sonic points the flow speed becomes equal to the sound speed so
finiteness of du

dr demands the numerator and denominator of Eq. (5) to be equal to
zero at the sonic point(s). This gives the sound speed at the sonic point rc to be

a2
sc =

rc

2
(Φ′

eff)c, (6)

where (Φ′
eff)c is the first derivative of the effective potential with respect to r at

the sonic point. Substituting this value of a2
sc in Eq. (1) at r = rsc, the resultant

equation can be solved to get the critical points. The value of du
dr at the sonic point

is given by the expression(
du

dr

)
r=rc

=
−B1 ±

√
B2

1 − 4A1C1

2A1
, (7)

where

A1 =
2n + 1

n
,

B1 = 2

√
2(G′)c(Φ′

eff)c

2n
,

C1 = (G′Φ′
eff)c −

(
G′′Φ′′

eff

G′

)
c

+ (Φ′′
eff)c.

Here, G′ = [ 1
n

H′
H ] = 2

nr .
These derivatives at the sonic point are used as the starting point of the numer-

ical integration of the governing equations6 to obtain the flow velocity close to a
black hole. The results with specific input parameters, such as the energy, angular
momentum and spin a will be discussed below.

In addition to the smooth shock-free solutions6,12,13 the existence of more than
one X-type critical points allows the important possibility of having shocks for a
rotating stationary flow around a black hole. At the shock, the flow velocity must
jump from supersonic to subsonic. For a black hole accretion this is possible only
if the flow passes through critical points on both sides of the shock. A shock wave
in a nondissipative flow will satisfy the Rankine–Hugoniot conditions9 and in this
case, the shock locations can be determined by using the shock invariant quantity.3
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The shock-invariant quantity can be determined with the help of conservation of
mass and radial momentum across the shock wave.

Expressing Eqs. (1) and (4) in terms of the Mach number of the flow we
obtain

E =
1
2
M2a2

s +
a2

s

γ − 1
+ Φeff , (8)

Ṁ = Maν−1
s r2, (9)

where

ν =
2γ

γ − 1
,

and the momentum expression P + ρu2 takes the form P (1 + γM2). The shock-
invariant condition can be determined by balancing the energy and the momentum
across the shock and the conservation of the mass flow rate. Expressing the energy
conservation equation, the mass conservation equation and the one-dimensional
momentum balance condition in terms of the Mach number M of the flow we get,

1
2
M2

+as
2
+ +

as
2
+

γ − 1
+ (Φeff)+ =

1
2
M2

−as
2
− +

as
2−

γ − 1
+ (Φeff)−, (10)

Ṁ+ = M+as
ν−1
+ r2

s , (11)

Ṁ− = M−as
ν−1
− r2

s , (12)

and
as

ν
+

Ṁ +
(1 + γM2

+) =
as

ν
−

Ṁ −
(1 + γM2

−). (13)

From Eqs. (10)–(13) one arrives at the following conditions relating the Mach num-
bers of the flow at the shock

1√
1
2M2

+ + n

[
1

M+
(1 + γM2

+)
]

=
1√

1
2M2− + n

[
1

M−
(1 + γM2

−)
]

= 2C, (14)

where C is a constant which remains invariant across the shock. From the above
equations the product of the Mach numbers is given by,

M+M− =
√

1
γ2 − 2C2

. (15)

Here, the pre-shock and the post-shock quantities have been denoted with sub-
scripts − and + subscripts respectively.

3. Nature of Solutions in a Converging–Diverging Nozzle Flow

Following Paper I, we now study the nature of the converging–diverging nozzle flow
which is equivalent to an accretion around a Kerr black hole, and ask the following
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questions: “What would be the variation of the cross-section if the velocity in these
two problems are identical? How would the Kerr parameter affect the duct shape?
How would the corotating and contrarotating flows be differentiated in the duct
shape?” These are very important problems which may bring new insight on black
hole astrophysics since the engineering problem we are dealing with is very old and
well-understood.

The fundamental equations of interest inside a duct includes the continuity
equation, namely,

∂ρ

∂t
+ �∇ · (ρ�u) = 0 (16)

and the equation of motion

ρ
d�u

dt
= −�∇p + η∇2�u + ρ�g, (17)

where �g is the local acceleration and η is the coefficient of viscosity. In the case
of one-dimensional axisymmetric flow of ideal compressible fluid, the continuity
equation and the equation of motion reduce to the following form

ρuA = const., (18)

and

u
du

dr
+

a2
s

ρ

dρ

dr
= 0 (19)

where as is the speed of sound in the medium.
One can rewrite these equations as

du

dA
=

u

A
(

u2

a2
s
− 1

) , (20)

where A is the cross-section of the nozzle. At points other than r = rc the variation
of A(r) is obtained from,

dA

A
=

[
2
r
− Φ′

eff

a2
s

]
dr (21)

which on integration gives

A = r2 exp
[
−
∫ {

Φ′
eff

a2
s

}
dr

]
+ const. (22)

Note that in Eqs. (18) and (19) we do not use the gravitational field since the duct
is kept on an equipotential surface. However, when we equate the velocity variation
inside the flow with that of the duct, the effect of the Kerr geometry enters the
equations through the effective potential Φeff . Our goal would be to obtain A(r)
for a given set of injected flow parameters.
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4. Results: Duct Flow and Its Comparison with
Black Hole Accretion

We now present the solutions around black holes and the corresponding duct flow
solutions for various flow parameters across the parameter space. Before we present
our result, we note that the thermal pressure of accreting matter is given by the
equation

P =
aṀ

γMr2
,

where Ṁ is the mass flow rate and M is the Mach number of the flow.
This equation has been derived using a2 = γP

ρ and Ṁ = ρur2. When plotting
the pressure in dimensionless units, we shall use this expression.

Figures 1(a)–1(d) show four cases. The upper panel shows the variation of
the Mach numbers of the accretion (inward pointing arrows) and wind (outward
pointing arrows) branches for four different energies (a) E = 1.01, (b) E = 1.015,
(c) E = 1.019 and (d) E = 1.0192. The Kerr parameter is chosen to be a = 0.5
and the specific angular momentum λ = 2.8. Note that in (a), there is only one
sonic point, but in (b)–(d) there are two sonic points. In (b), the shock condition
is not satisfied, so the flow continues to enter using the outer sonic point only. In

Fig. 1. Variation of Mach number (upper panel), vertical height of the duct (middle panel) and
pressure inside the duct (lower panel) as a function of logarithmic radial distance from the center
of coordinate as the energy is varied (a) E = 1.01, (b) E = 1.015, (c) E = 1.019 and (d) E = 1.0192.
The black hole spin is a = 0.5 and the specific angular momentum of matter is λ = 2.8.
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(c), there is a shock formation at Xs = 15.8. In (d), the shock is the weakest and
may be thought to have formed at the outer sonic point. In reality, the flow can use
either of the two paths, as both are possible solutions.

In the middle panel, the corresponding duct configurations are shown. In
(a) and (b), the duct has only one minimum. In (c), the duct is made up of two
pieces back-to-back, one corresponds to the pre-shock flow (solid) and the other
corresponding to the post-shock flow (dashed). These are joined at the shock loca-
tion. In (d), the duct shapes are different for different routes. In the lower panel, the
pressure inside the accretion flow is plotted. As in Paper I, we see that the pressure
in the design flow is lower as compared to the pressure in the shocked flow (dashed
curves). This is natural, since the ducts are compressed in the post-shock region.

The formation of a standing shock around a black hole is very important for
observational point of view, and at the same time, both corotating and contra-
rotating flows are possible in a black hole accretion. For comparison, we consider
three cases with a = 0.5, 0.0 and −0.5 respectively. The specific angular momen-
tum is a fixed fraction (chosen to be 0.9) of the marginally stable angular momen-
tum. The specific energies are chosen in such a way (E = 1.0053, 1.0085, 1.0165
respectively) that the Rankine–Hugoniot relations are satisfied at exactly the same
place, namely, Xs = 26.32. In Fig. 2(a)–(c), we show the Mach number variations.
The pre-shock flows are marked with a single arrow and the post-shock flows are
marked with double-arrows. In Fig. 3(a)–(c), we plot the side-view of the corre-
sponding ducts. The solid curves are for pre-shock flows and the dashed curves are
for post-shock flows. We show that for a = 0.5, the duct is narrowed down near the
exit very rapidly while for a = −0.5, the duct is narrowed down very slowly.

Another possibility is that the spin of the black hole may evolve through accre-
tion. To understand what it means in terms of the evolution of the shape of the
duct, we plot in Fig. 4(a)–(b) the side-views of the ducts, and the pressure varia-
tions inside the ducts. The solid, dashed and dotted curves are for a = 0.3, 0.5, 0.7

Fig. 2. Variation of Mach number of the flow with logarithmic radial distance (a) a = 0.5,
(b) a = 0 and (c) a = −0.5. The specific energy E = 1.0085 and the specific angular momentum
is 0.9 λms, where λms is the marginally stable angular momentum for the corresponding a. The
shock locations are identical in all these cases.
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Fig. 3. Vertical height of the ducts in the pre-shock (solid) and post-shock (dashed) flows for
(a) a = 0.5, (b) a = 0.0 and a = −0.5 when the specific energy E = 1.0085 and specific angular
momentum is 0.9 λms, where λms is the marginally stable angular momentum. Here the shocks
form at identical location in all the three cases.

Fig. 4. (a) Vertical height and (b) pressure in the pre-shock branches for a = 0.3 (solid), a = 0.5
(dashed) and a = 0.7 (dotted) curves respectively. The shock locations are identical in all the
cases.

respectively. The specific energies are E = 1.011, 1.015 and 1.024 respectively. They
are so chosen that the shock forms at the same place even when the spin is evolved.
Most interestingly, the fall of pressure starts farther away from the black hole hori-
zon as the spin is increased.
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5. Discussions and Concluding Remarks

We extended our quest for finding the nature of the de Laval nozzles which may
be constructed in the laboratory to mimic the accretion flow variation around a
black hole. As in Paper I, which was completed for a nonrotating black hole, the
rotating flow around a spinning black hole can also be satisfactorily represented by
a streamline flow through a specially shaped duct. This problem is very fascinating
because the inner boundary condition of the accretion flow on a black hole is fixed
and the flow is necessarily supersonic on the horizon. The pressure is also negligible
on the horizon. These boundary conditions match exactly with that of the exit
side of a convergent–divergent duct where a supersonic flow is produced, the sonic
point being at the neck of the duct. When the flow has some angular momentum,
a standing shock forms in the accretion flow which means that the flow has to be
supersonic twice — once before and once after the shock. This indicates that two
convergent–divergent ducts must be connected back-to-back at the shock location.
We have also found the pressure variation inside the ducts. In presence of spin in
the black hole, the inner boundary condition does not change, but the shape of the
duct changes considerably — the higher the spin is, the closer is the location of the
neck of the inner convergent–divergent duct.

It is well-known that the disks around a black hole also produce outflows and
jets, especially from the post-shock region. Here too, the flow must be supersonic
at infinity along the vertical axis and the pressure at infinity must be as low as
possible. Our next goal is to combine the accretion and winds and study these as
an engineering problem. As discussed in Paper I, in presence of viscosity, the nature
of the topologies of the accretion flows are changed (Ref. 7 and references therein).
Since there is a critical viscosity above which the shock disappears, we would be
interested to see how the duct with two necks slowly converts itself to a single
convergent–divergent duct.
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