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We demonstrate one-sided device-independent self-testing of any pure two-qubit entangled state based on a
fine-grained steering inequality. The maximum violation of a fine-grained steering inequality can be used to
witness certain steerable correlations, which certify all pure two-qubit entangled states. Our experimental results
identify which particular pure two-qubit entangled state has been self-tested and which measurement operators
are used on the untrusted side. Furthermore, we analytically derive the robustness bound of our protocol, enabling
our subsequent experimental verification of robustness through state tomography. Finally, we ensure that the
requisite no-signaling constraints are maintained in the experiment.

Introduction. The goal of self-testing [1–4] is to certify
a priori unknown quantum systems in a device-independent
way based on measurement statistics. Self-testing is an im-
portant aspect of quantum information [5], especially with
the emergence of more advanced implementations of quan-
tum computation [6–8] and secure communication [9–11].
Demonstration of quantum entanglement can certify devices
to contain systems associated with particular quantum states
and measurements [12,13]. The theory of device-independent
robust self-testing via Bell tests [1–3,14–19] enables several
quantum states and measurements to be verified without direct
access to the quantum system. However, violation of a Bell
inequality requires resources that may be difficult to imple-
ment in practice [20], and is not the only method for detecting
entanglement in general. On the other hand, if all devices are
trusted, we have direct access to the quantum state and can do
full state tomography to verify entanglement.

Between these two scenarios, there exists a third option
where only one side is trusted and we have direct access to
only one part of the quantum device [7,9,20–24]. Recently,
one-sided device-independent self-testing (1sDIST) of any
pure two-qubit entangled state based on a fine-grained steer-
ing inequality (FGSI) [25] has been proposed theoretically
[26]. The FGSI is derived from the fine-grained uncertainty
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relation [27] linking nonlocality with uncertainty [27,28],
which forms the basis of several information theoretic appli-
cations [25,29–31]. The FGSI for two-qubit states has been
experimentally verified recently [32]. In the 2-2-2 steering
scenario (involving two parties, two measurement settings per
party, two outcomes per measurement setting), the maximum
violation of the FGSI can be used to witness certain extremal
steerable correlations, which certify all pure two-qubit entan-
gled states [26]. This motivates the experimental study of self-
testing via the FGSI, which furnishes an intermediate form of
entanglement verification between full state tomography and
Bell tests.

In this Rapid Communication, we provide experimental
evidence of 1sDIST of any pure two-qubit entangled state
by using the violation of the FGSI and a quantity called
mutual predictability which has been used for constructing an
entanglement witness [33] and steering inequality [34]. Our
protocol can certify which particular pure two-qubit entangled
state has been self-tested, and which measurements have
been performed by the untrusted party as well, based on the
maximal violation of the FGSI.

In practical quantum information processing, errors are
unavoidable and the robustness is essential for self-testing
proposals. Here, we extend the operator inequality approach
[16] to the case of our 1sDIST scheme based on the
FGSI in order to analytically derive the robustness bound
of our 1sDIST protocol. This enables us to show that the

https://orcid.org/0000-0002-4272-2883
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.101.020301&domain=pdf&date_stamp=2020-02-07
https://doi.org/10.1103/PhysRevA.101.020301


FIG. 1. Circuit for 1sDIST of any pure two-qubit entangled state
as well as Alice’s measurements.

experimental results exhibit the required robustness by achiev-
ing excellent precision.

Self-testing protocol. We consider a steering scenario
where Alice (the untrusted party) prepares a bipartite state
ρAB between systems A and B, and tries to convince Bob (the
trusted party) that ρAB is steerable. Alice performs two black-
box dichotomic measurements and Bob performs two-qubit
measurements. Before sending system B to Bob, Alice knows
that he will randomly choose either σz or σx. Bob is convinced
that ρAB is steerable only when the FGSI [25]

SFGSI = p
(
βB0

∣∣αA0

) + p
(
βB1

∣∣αA1

)
� 1 + 1√

2
(1)

is violated, where p(βB0(1) |αA0(1) ) is the probability of obtaining
the outcome β when Bob performs B0(1) on system B given
that Alice obtains the outcome α by performing A0(1) on sys-
tem A. The maximum violation of the FGSI is SFGSI = 2 if and
only if p(βB0 |αA0 ) = p(βB1 |αA1 ) = 1. It has been shown that
the maximum violation of the FGSI self-tests an arbitrary pure
two-qubit entangled state [26] in the above 1sDIST scenario.
As any pure two-qubit entangled state can always be written
in the form given by |φ+〉 = a|00〉 + √

1 − a2|11〉 following
Schmidt decomposition [35,36], the maximum violation of
the FGSI implies that the bipartite entangled state is the two-
qubit entangled state in this form up to local isometries.

Specifically, as illustrated in Fig. 1, Bob fixes his ob-
servables as B0 = σz and B1 = σx and Alice chooses her
measurements A0 and A1. The correlation between systems A
and B violates the FGSI maximally if and only if the bipartite
state is the pure two-qubit entangled state, for instance,

|φ±〉 = a|00〉 ±
√

1 − a2|11〉,
|ψ±〉 = a|01〉 ±

√
1 − a2|10〉, 0 < a < 1, (2)

and the choices of Alice’s observables are given by
{A0 = σz, A1 = (1 − 2a2)σz ± 2a

√
1 − a2σx} for |φ±〉 and

{A0 = −σz, A1 = (1 − 2a2)σz ± 2a
√

1 − a2σx} for |ψ±〉, re-
spectively, up to local isometry. The left-hand side of the FGSI
is then SFGSI = p(0B0 |0A0 ) + p(0B1 |0A1 ) = 2.

Here, we consider the four types of states (2) since any pure
two-qubit entangled state can be transformed into one of them
via local unitaries. To identify which entangled state has been
self-tested, we consider the quantity 2E − 1, where

E = min
{
CA0B0 ,CA1B1

}
, (3)

and

CAiBj =
1∑

α=β=0

p(αβ|AiBj ), (4)

which is called mutual predictability [33] with the mea-
surement correlation p(αβ|AiBj ) = Tr(

∏
β|Bj

σα|Ai ). Here,
{∏β|Bj

}
β,Bj

are projective operators, σα|Ai = p(α|Ai )ρα|Ai ,

p(α|Ai ) is the conditional probability of getting the outcome
α when Alice performs the measurement Ai, and ρα|Ai is
the normalized conditional state on Bob’s side. We calculate
the quantity 2E − 1 for observables A0 and A1 acting on the
Hilbert space of dimension d which implies in the circuit of
Fig. 1 and self-testing of pure entangled states ρAB acting
on the Hilbert space of dimension d × 2. In general, the
dimension of Alice’s Hilbert space is arbitrary in the context
of the steering scenario that we have considered.

When the FGSI is maximally violated by any of the
four pure states given by Eq. (2), the quantity 2E − 1 =
C2(|φ±〉) = C2(|ψ±〉), where C is the concurrence [37].
Therefore, from the value of 2E − 1 we can infer the mag-
nitude of entanglement of the self-tested state from the mea-
sured data that gives rise to the maximal violation of the
FGSI. Note that knowing the concurrence of the self-tested
state also provides information about which pure state has
been self-tested (up to local isometries). Moreover, we can
determine the value of the coefficient a in the pure state
|φ+〉 that has been self-tested up to local isometry by invert-
ing the equation C(|φ+〉) = 2a

√
1 − a2 and obtaining a2 =

[1 ± √
1 − C2]/2. Thus, we can identify that Alice’s mea-

surements are {A0 = σz, A1 = (1 − 2a2)σz + 2a
√

1 − a2σx}
together with identifying which pure two-qubit entangled state
in the form |φ+〉 has been self-tested.

Alternatively, we can identify the parameter a in |φ+〉
directly from the measurement data. The maximal violation
of the FGSI, i.e., p(0A0 |0B0 ) + p(0A1 |0B1 ) = 2 implies that one
of the mutual predictabilities CAiBi = 1 up to local unitaries.
Suppose it turns out that CA0B0 = 1. Then, considering the
measurement data p(ab|00) corresponding to the maximal
violation of the FGSI, one may deduce the value of a in the
pure state as follows: Note that the maximal violation of the
FGSI with CA0B0 = 1 implies the normalization p(00|00) +
p(11|00) = 1 for any of the four pure states given by Eq. (2).
Hence, from this equation, one can determine the value of a
in one of the four pure states.

Experimental realization. For an experimental demonstra-
tion, a qubit is encoded by the horizontal and vertical po-
larizations of single photons. As illustrated in Fig. 2, our
experimental setup consists of three modules: State prepara-
tion, Alice’s measurement, and Bob’s measurement. In the
state preparation module, entangled photons are generated
via type-I spontaneous parametric down-conversion (SPDC)
[38–48]. By choosing the setting angle of the half-wave plate
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FIG. 2. Experimental setup for 1sDIST of a pure two-qubit en-
tangled state. Polarization-entangled photon pairs are generated via
type-I SPDC. For both Alice and Bob, a set of measurements can be
realized by HWPs, PBS, and APDs. All the joint probabilities can be
read out from the coincidence between certain APDs.

(HWP, H0) to be cos 2χ = a, photon pairs are prepared into
a family of entangled states |φ+〉 = a|HH〉 + √

1 − a2|VV 〉.
By inserting a HWP (Hz) at 0 into one of the optical paths after
the β-barium-borate (BBO) crystal, we can prepare photons
into |φ−〉. By inserting Hx at 45◦ into one of the optical paths,

|ψ+〉 is generated, whereas by inserting both Hz and Hx into
two optical paths, respectively, we then obtain |ψ−〉. One of
the photons is sent to Bob for his measurement and the other
is for Alice’s measurement.

To measure Alice’s observable A0, a polarizing beam
splitter (PBS) and two single-photon avalanche photodiodes
(APDs) are used. For the measurement A1, we scan the coeffi-
cients of A1 by tuning the setting angles of the HWPs (H1 and
H1′ ) following by a PBS and two APDs. Two outcomes of Ai

are read by APDs (D1 and D2). For Bob’s measurement, we fix
B0 = σz and B1 = σx. The latter can be realized by two HWPs
(H2 at 22.5◦ and H2′ at 0), a PBS and two APDs, whereas the
former can be realized by a similar setup by removing the two
HWPs. Two outcomes of Bi are directly read by APDs (D3

and D4).
For the photon detection, we register the coincidence rates

between APDs of Alice and Bob. For each measurement, we
record clicks for 100 s and total coincidence counts are about
15000. For 1sDIST of pure two-qubit entangled states, we
calculate the violation of the FGSI based on the experimental
results of conditional probabilities P(0Bi |0Ai ) in Fig. 3. By
fixing B0 and B1 and choosing over A0 and A1, and the proper
coefficient θmax in A1, we find that for any pure two-qubit
entangled states in Eq. (2), the maximum violation SFGSI = 2
of the FGSI can always be achieved. (Further details of
self-testing of a general pure two-qubit entangled state are
provided in the Supplemental Material [49].)

We next identify which particular pure two-qubit entangled
state has been self-tested based on the experimental result of E
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FIG. 3. Experimental results of SFGSI as a function of the state coefficient a for different types of pure two-qubit entangled states. Different
symbols represent different measurements A1(θ ) for Alice. Dashed lines represent the theoretical predictions. Error bars indicate the statistical
uncertainty.
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FIG. 4. (a) Experimental results of E in Eq. (3) as a function of concurrence of the state ρAB. (b) The measurement correlation p(00|A0B0)
as a function of the state coefficient a for four different types of pure two-qubit entangled states. (c) Fidelity of the state |φ±〉 (|ψ±〉) with the
measured coefficient a obtained via a self-test and certification compared to that obtained via quantum state tomography for each initial state
being self-tested.

given by Eq. (3). The measurement correlations are obtained
by the coincidence counts between APDs (D2, D3), (D2, D4),
(D1, D3), and (D1, D4), respectively. The quantity 2E − 1
can be used to determine the concurrence of the self-tested
pure state from the measurement data that gives rise to the
maximal violation of the FGSI. Further, we check the mono-
tonic relation between the value of E and the concurrence
C as calculated by the density matrices of the states which
are reconstructed via quantum state tomography, as shown in
Fig. 4(a).

In Fig. 4(b), we show the measurement correlation
p(00|A0B0) as a function of the state coefficient a as de-
termined from the quantum state tomography for the four
types of pure two-qubit entangled states. The monotonic
relationship between p(00|A0B0) and a implies that together
with self-testing via the maximal violation of the FGSI, with
measurement correlations we can obtain the full knowledge
of a pure two-qubit entangled state without the requirement
of quantum state tomography. Furthermore, we can identify
Alice’s measurement operators in our 1sDIST scenario as
well.

Then we compare the state |φ±〉 (|ψ±〉) with the measured
coefficient a obtained via the procedures of self-testing and
identification compared to that obtained via quantum state
tomography for each initial state being self-tested. In Fig. 4(c),
we show the fidelity between the states ρtest and ρtomo which
are obtained with two different methods,

F (ρtest, ρtomo) = Tr
√√

ρtestρtomo
√

ρtest, (5)

where ρtest = |ϕ±〉〈ϕ±| (ϕ = φ,ψ) is a pure state with the
coefficient a obtained via the procedures of self-test and
identification, and ρtomo is the state reconstructed via quantum
state tomography. The self-testing precision can be quantified
by the fidelity in Eq. (5). For each experimentally generated
state which is not perfect, the state purity is smaller than 1.
In our experiment, the lowest purity of the states being self-
tested is about 0.950. The lowest fidelity is 0.983, indicating a
superior precision.

Robustness. In order to quantify the self-testing statement,
we adopt the approach in Ref. [16] to provide the robustness
bound of our 1sDIST protocol given in Ref. [49], Q�,SFGSI :=

infρAB∈ρ(SFGSI ) �(ρAB → �A′B′ ), where ρ(SFGSI) is the set of
bipartite states which violate the FGSI at least with a value
SFGSI, �(ρAB → �A′B′ ) := maxA F ((A ⊗ 1B)ρAB, �A′B′ ) is
the extractability of the test state ρAB to a target state
�A′B′ with the maximum taken over all quantum channels
(completely positive trace-preserving maps) of the correct
input/output dimension acting only on Alice’s side, and F is
the fidelity defined in Eq. (5). The robustness can be described
by the lowest possible extractability. We find that for any
pure two-qubit entangled state (2), the following self-testing
bound,

Q�,SFGSI � Q = a2 + (1 − a2)
SFGSI − SLHS

2 − SLHS
, (6)

with 1/
√

2 � a < 1, holds, where SLHS = 1 + 1/
√

2 is the
local hidden state bound of the FGSI [16,26]. We prove that
Q�,SFGSI = 1/2 + 1/2(SFGSI − SLHS)/(2 − SLHS) in Ref. [49].
We compare the fidelity F (5) between the self-tested state and
the tomographically reconstructed state with the robustness
bound Q (6). In Fig. 5, for four types of pure two-qubit
entangled states, the robustness of our 1sDIST protocol is
ensured by the fidelity exceeding the self-testing bound for
a given violation SFGSI.

Finally, it may be relevant to mention that 1sDIST certifi-
cations require no-signaling constraints on the devices, which
can be tested through the influence on Bob’s side from the
measurements of Alice’s side [50]. Using our experimental
data we verify that the local marginal probabilities on Bob’s
side are independent of Alice’s settings. From our experi-
mental data, it can be seen that for any value of {β, Bj},∑

α=0,1 p(αβ|AiBj ) is identical within six standard deviations
for i = 0, 1 [49].

Conclusions. To summarize, in this Rapid Communication,
we experimentally demonstrate 1sDIST of any pure two-qubit
entangled state. Our experimental proof is based on the fact
that a family of extremal steerable correlations can be used
to self-test any pure two-qubit entangled state. Correlation
functions such as mutual predictability and a measurement
correlation together with the maximum violation of the FGSI
can predict which particular pure two-qubit entangled state
has been self-tested, as well as determine the measurement
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settings employed by the untrusted party. The robustness
of our protocol is analytically derived through an opera-
tor inequality, and is subsequently experimentally demon-
strated by the fidelity between the self-tested state and the
tomographically reconstructed state exceeding the robustness
bound.

Our 1sDIST protocol of any pure two-qubit entangled
state is practically efficient compared to the experimen-
tally more demanding fully device-independent self-testing
[51–55] based on the tilted Bell-CHSH (Clauser-Horne-
Shimony-Holt) inequality [3] for two important reasons. First,
the approach based on the FGSI requires observing joint prob-
abilities p(αβ|AiBj ) for the two pairs of observables A0B0 and
A1B1, whereas the approach based on the tilted Bell-CHSH
inequality requires observing joint probabilities p(αβ|AiBj )
for all four pairs of observables A0B0, A0B1, A1B0, and A1B1.
Second, the latter also requires high detection efficiency in
order to close the detection loophole for demonstrating the
Bell violation. In the context of the two-settings scenario, it
has been shown that the detection efficiency required is as
high as 83% [56]. However, the 1sDIST scenario is based
on a violation of quantum steering inequalities, where the
fair sampling condition needs to be invoked only on the

untrusted side [57]. In this case it may be noted that in the two-
settings scenario a detection efficiency of only 50% suffices
to close the detection loophole [58,59]. Thus, our approach of
entanglement certification requires measurement of not only
a lesser number of joint observables, but also lesser detector
efficiency compared to the fully device-independent protocol,
thereby promising better applicability in practical information
processing scenarios.
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