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Recent experiments �C. H. Lui, L. Liu, K. F. Mak, G. W. Flynn, and T. F. Heinz, Nature �London� 462, 339
�2009�� on graphene grown on ultraflat substrates have found no rippling in graphene when subject to tem-
perature cycling. Unsupported/unstrained films of graphene as well as films grown on various substrates on the
other hand have been found to show rippling effects. As graphene grown on a substrate is invariably strained,
we examine the behavior of the out-of-plane acoustic-phonon mode with biaxial tensile strain. This mode is
generally associated with the rippling of graphene. We find that it can be fit to a relation of the form w2

=Ak4+Bk2, where w and k are the frequency and wave vector, respectively. The coefficient A is found to show
a weak dependence on strain while B is found to increase linearly with strain. The strain-induced hardening
explains the absence of rippling in graphene subject to biaxial strain. In addition, we find that graphene when
subject to a biaxial tensile strain is found to undergo a structural transition with the mode at K going soft at a
strain percentage of 15%.

I. INTRODUCTION

The strength of a material is governed by the strength of
its interatomic bonds. So, an interesting question is how
should the strength of a material change, if we change the
nature of its bonding. Carbon represents an example that can
be used to test this hypothesis, and so the question is what
happens when we change its bonding from sp3 to purely
sp2-type bonding. Examples of carbon exhibiting only one
kind of bonding exist. Diamond which is an example of car-
bon with sp3 bonding is known to be a very hard material
with huge tensile strength. Graphene that has been the topic
of recent intense research activity shows only sp2-type bond-
ing. So the question is how strong are graphene sheets? Ear-
lier work on carbon nanotubes which are based on graphene
sheets and involve both types of bonding are found to have
exceptional mechanical properties.1 Recent experiments on
graphene found a tensile strength for graphene sheets to be
around 130 GPa.2 Other demonstrations of its extreme
strength include the experimental observation that long
graphene sheets that were supported on just one side do not
scroll or fold.3 As an analogy one can think of a sheet of
paper to remain without folding for nearly 100 m. Other
experiments carried out on graphene grown on surfaces with
trenches, find that graphene follows the trenches if the strain
induced by the substrate is small4 but grows horizontally and
free standing if the substrate strain is large.5 Inspite of these
demonstration of its strength, an intriguing aspect of
graphene sheets is their strong propensity to deform in the z
direction. Rippling as the phenomenon is called is found to
take place not only for free-standing graphene3 but also
graphene grown on various substrates.6 Recent experiments
for graphene grown on mica substrates7 that are ultraflat have
shown no signs of rippling. Possible explanations that have
been offered involve an attractive interaction with the sub-
strate.

In this work, we examine the strength of a sheet of
graphene by subjecting it to a biaxial strain. The critical
strain percentage before graphene breaks down is determined

from phonon calculations to be around 15%. Graphene when
subject to a uniaxial strain becomes unstable with the mode
at � going soft at around a strain percentage of 19%.8 How-
ever, the mechanism of breakdown under a biaxial strain is
different from that involved when graphene is subject to a
uniaxial strain. The acoustic-phonon mode at the k point K
goes soft in the former case, suggesting a structural transition
associated with the breakdown. In the latter case, one finds
the acoustic-phonon mode at � point going soft. The acoustic
modes, usually have a linear relation between the frequency
� and the wave vector k. However, examining the phonon
dispersion for graphene, it has been observed that while two
of the three acoustic modes have the expected linear relation,
the mode associated with the out-of-plane motion has a sig-
nificant k2 contribution. When graphene is subject to a biax-
ial strain, we find that the phonon dispersion goes to a pre-
dominantly linear behavior. This can be explained within
shell elasticity theory with some modifications. The disper-
sion relation of the acoustic-phonon mode is usually given
by w2=�k4+��k2, where � is associated with the bending
modulus of the sheet, � the strain the sheet is subject to and
�, a multiplicative constant. Fitting the calculated frequen-
cies at various strain percentages, we find that the prefactors
of k4 and k2 can be extracted as a function of strain. The
former shows a weak dependence on strain while the latter
shows a linear dependence. In contrast to the elasticity
model, we find that the prefactor of the k2 term does not
vanish at zero strain but is finite suggesting a modification
w2=�k4+���+�0�k2. The strong strain dependence of the k2

term results in a strain-dependent hardening of the out-of-
plane acoustic-phonon branch. As a result, biaxially strained
graphene may not show rippling. These observations are
consistent with recent experiments which find the absence of
rippling of graphene grown on ultraflat mica substrates.7 We
also compute the energy cost as a function of the strain in-
volved for a graphene sheet to follow the substrate lattice
constant. This has implications on recent experiments carried
out for graphene grown on trenches formed on a substrate. In
some cases, the graphene sheets are found to follow the sub-
strate while in other cases, they are found to grow free stand-
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ing across the substrates. The band dispersions have been
examined as a function of strain. They retain their linearity at
the K point as there is no symmetry breaking induced by the
strain.

II. METHODOLOGY

The electronic structure of a single graphene sheet was
calculated as a function of uniform biaxial strain within a
plane-wave pseudopotential implementation of density-
functional theory in QUANTUM-ESPRESSO �Ref. 9� using ul-
trasoft potentials.10 The generalized gradient approximation
�GGA� for the exchange has been used. A k-point mesh of
16�16�1 has been used for the calculations and an energy
cutoff of 28 Ry. The phonon dispersions were calculated
within density-functional perturbation11 theory as a function
of strain. 12 dynamical matrices were calculated for
9�9�1 q-point mesh of Monkhorst and Pack.12 These ma-
trices were then Fourier interpolated to obtain the phonon-
dispersion curves. The biaxial strain is measured about the
experimental lattice constant of 2.463 Å.

III. RESULTS AND DISCUSSION

In Fig. 1, we have plotted the phonon dispersions for
graphene along the high-symmetry directions �K, KM, and
M�. The calculated results are in agreement with earlier re-
sults found in the literature.8,13,14 Two of the acoustic
branches show the expected linear dispersion relation be-
tween the frequency � and wave vector k. The out-of-plane
mode shows an anomalous behavior exhibiting a significant
contribution to �2 which varies as k4. This mode is associ-
ated with the rippling of the graphene sheet. The behavior of
this mode has been the subject of numerous recent experi-
ments on graphene as it represents a system where ideas on
the existence of strictly two-dimensional crystal can be ex-
plored. More than 70 years ago, Peierls15,16 and Landau17,18

showed that thermal fluctuation should destroy any form of

long-range order. Later, Mermin and Wagner19 proved that
magnetic long-range order could not exist in one and two
dimensions. This was extended to crystalline order in two
dimensions. The loss of two-dimensional order is associated
with the movement of graphene atoms in the out-of-plane
directions. This results in a rippling of the sheet and break-
down of purely two-dimensional crystalline order. The pres-
ence of ripples has been associated with distinctive electronic
and chemical properties of graphene. Therefore, the control
of ripples is important to fabricate an ultraflat sheet of
graphene to test various ideas of ripple physics. Recently,
Lui and co-workers7 were able to fabricate graphene mono-
layers on an atomically flat substrate of mica which were flat
down to the atomic level. The Mermin-Wagner theorem does
not disallow supported two-dimensional crystals. However,
numerous earlier experiments6 had observed corrugations for
supported graphene. Hence the recent work of graphene on
an ultraflat substrate suggested that the roughness of
graphene surfaces observed earlier were reflections of the
contours of the underlying substrate. As the exact role of the
substrate, in suppressing the intrinsic ripples in graphene is
still not understood, we address this issue first by taking into
account the presence of the substrate by the strain it imposes
on the graphene overlayer. All other interactions with the
substrate are ignored.

In order to analyze the behavior of graphene on a sub-
strate, we have calculated the phonon dispersions as a func-
tion of biaxial strain. These are shown for the strain values
1–5 % and 10% in Fig. 2. An aspect that emerges is that the
out-of-plane acoustic mode goes from a w2�k4 dependence
to a primarily linear behavior. The unstrained phonon disper-
sion is given along the �K direction in every case for com-
parison and one observes a strain-induced hardening of this
branch. In order to discuss these issues more quantitatively,
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FIG. 1. Phonon dispersion of graphene at 0% biaxial strain. The
symbols show the frequencies within the model w2=Ak4+Bk2. The
coefficients A and B have been determined by fitting a part of the
dispersion close to �.
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FIG. 2. Phonon dispersion of graphene at biaxial strains �a� 1%,
�b� 2%, �c� 3%, �d� 4%, �e� 5%, and �f� 10%. The symbols show the
frequencies within the model w2=Ak4+Bk2. The coefficients A and
B have been determined by fitting a part of the dispersion close to
�. The phonon dispersions for the unstrained case have been pro-
vided as a dashed line.



we have determined the A and the B coefficients in a similar
manner as carried out for the unstrained case. Here also the
phonon-dispersion relation with the best-fit A and B coeffi-
cients are given for comparison.

The variations in the A and B coefficients as a function of
strain are plotted in Fig. 3. A shows a weak dependence on
strain. B on the other hand linearly increases with strain. A
linear dependence of B is expected from shell elasticity
theory. However, what is unexpected is the behavior at zero
strain. The theory predicts B to take the value zero for the
unstrained case. However, that is not what we find. This
arises from the fact that higher-order force constants resur-
rect some of the linear w versus k behavior.20

The strain dependence of the acoustic branch has impor-
tant implications on the rippling physics of graphene on a
substrate. It is well known that graphene has a negative tem-
perature coefficient of expansion. This we represent as �T in
the expression below. For the unstrained case, the frequency
dependence is given as w2=Ak4+Bk2 which can be rewritten
as w2=Ak4+���0−�T�k2. So �T has to overcome �0 to make
B negative. �The values of B essentially determine the low k
behavior.� Now, when the graphene is subject to a biaxial
strain, the phonon frequency is given by w2=Ak4+���+�0
−�T�k2. Hence the temperature-induced strains must over-
come ��+�0� to drive the rippling of graphene. This en-
hancement over the value for unstrained graphene is what
suppresses the ripples in graphene grown on a substrate.

We then went on to examine the behavior of graphene
under larger strains. Although the values of strain probed
here have not been realized in experiments so far, innova-
tiveness has driven a lot of the recent efforts, and so these
results might motivate future research in this direction.
Graphene being an elastic material, one expected that any
instability would arise from a softening of the acoustic
branch at �. However, instead we find the softening begin-
ning at K point at a strain of 10% �Fig. 2� and continues for
strain percentages 11–14 % �Fig. 4� and finally goes nega-
tive at 15% �Fig. 4�. The acoustic branch that goes negative
is not the out-of-plane branch but one of the others.

In the epitaxial growth of films on a substrate, one usually
has the substrate determining the lattice parameter of the

overlayers. However, there are instances when one intention-
ally applies constraints and examines if the growth is epitax-
ial. This is done by intentionally generating trenches on the
substrate which could be several hundred nanometers deep as
well as microns wide. After this the layer of graphene is
allowed to grown on top. There are experimental observa-
tions for the values of strain at which graphene will follow
the substrate and when it will go free standing. It has been
observed that at strains of 0.066% �Ref. 4� increasing all the
way to 0.6–0.7 % �Ref. 2� the graphene overlayer follows
the substrate.

However, for large strain percentages one finds that
graphene grows almost free standing across the substrate.
These cases represent an innovative experimental technique
for the realization of two-dimensional crystals. In the ab-
sence of interaction with the substrate, first-principles calcu-
lations can determine the strain energy cost for graphene to
adjust to the substrate lattice constant. The calculated results
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FIG. 3. The variations in the coefficients A and B as a function
of strain.
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FIG. 4. Phonon dispersion of graphene at biaxial strains �a�
11%, �b� 13%, �c� 14%, and �d� 15%. The phonon dispersions for
the unstrained case have been provided as a dashed line.
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FIG. 5. The energy vs biaxial strain for graphene. Here E0 ,ET

are the minimum energy, actual total energy at different strains. The
inset shows the expanded view at smaller strains. It should be noted
that as we use the experimental lattice constant for 0% strain, the
minimum of energy occurs at 0.4% for the GGA potentials we use.



as a function of biaxial strain are given in Fig. 5. The zero of
the energy axis has been chosen to be the energy of the
unstrained case. As is evident, a strain of 0.6–0.7 % costs
3.6 meV in energy. This explains why the films follow the
trenches for low strain while they grow free standing for
larger values of strain such as in the case of Si /SiO2 wafer.

Finally, we examine how the electronic structure evolves
under biaxial strain. The electronic band dispersions along
high-symmetry directions are given in Fig. 6. In every case,
we find the linear dispersion at K-point intact as expected as
there is no breaking of symmetry induced by the biaxial
strain. These results are consistent with earlier results ob-
tained for graphene subject to uniaxial strain.13

We have examined the absence of rippling in graphene
grown on ultraflat substrates. This is done by analyzing the
behavior of the out-of-plane acoustic-phonon mode within a
model of the form w2=Ak4+Bk2. B is found to show a sig-
nificant dependence on strain, resulting in a strain-induced
hardening of the frequencies. This we believe is the reason
why graphene grown on an ultraflat substrate does not show
any rippling. The model for the acoustic-phonon mode fre-
quency can be derived from elasticity theory where A is re-
lated to the bending modulus of the sheet and B to the strain
that the sheet is subject to. A modification of the elasticity
model is suggested as it is found that the coefficient B does
not vanish at zero strain but varies as �+�0.
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FIG. 6. The electronic band structure of graphene at 0%, 10%,
and 15% biaxial strains. The inset shows the linear behavior of
bands even at 10% and 15% of strains.
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