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Abstract
We introduce the noncommutative geometry inspired Ayón Beato García black hole
metric and study various properties of this metric by which we try to probe the allowed
values of the noncommutative parameterϑ under certain conditions.We then construct
the shadow (apparent shape) cast by this black hole. We derive the corresponding
photon orbits and explore the effects of noncommutative spacetime on them. We then
study the effects of noncommutative parameterϑ , smearedmassm(r), smeared charge
q(r) on the silhouette of the shadow analytically and present the results graphically.
We then discuss the deformation which arises in the shape of the shadow under various
conditions. Finally, we introduce a plasma background and observe how the shadow
behaves in this scenario.
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1 Introduction

From the observational point of view, the invisibility of black hole has been a matter of
concern from the very birth of a geometrical theory of gravity. The physical sense of
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observation implies that one has to interact with the geometrical structure of the black
hole by which information is gained; in this case, photon or its dual nature “light” does
the work. So for the last few decades people are trying to visualize black holes in order
to get insight about its geometrical features. The well known application of general
relativity (GR) known as the gravitational lensing has been a strong candidate to study
structures of various massive sources of gravity. It has been observed that when the
gravitational field of the concerned object becomes very strong, the results become
very interesting. This occurs due to the various classifications of the photon orbits.
The shadow of a black hole can be realized as the result of strong gravitational lensing
creating a dark spot in the sky of a distant observer, or more precisely it is the optical
appearance displayed by the black hole when there is a bright distant source behind it,
and there is a uniform distribution of photons except for the region between the black
hole and the infinitely distant observer from where optical information is obtained.
In [1] and [2], it was shown that for a spherically symmetric black hole the shadow
appears to be a perfect circle. Subsequently, in [3], it was found that the shadow of a
Kerr black hole is not circular anymore. Thereafter, in [4] and [5], a detailed analysis of
the spherically symmetric black hole shadow have been carried out from observational
point of view. The angular radius of the Schwarzschild black hole was first calculated
in [1], after that in [6], two physical observables were introduced in the mathematical
calculations of the shadow.Thereafter, studies havebeen carriedout for various types of
black holes. The shadows cast byReissner–Nordstromblack hole [7,8], Kerr–Newman
black hole [9,10], Kerr–Sen black hole [11], Kerr–Taub-NUT black hole [12], Kerr–
Newman-NUT black hole [13], non-Kerr black hole [14], braneworld black hole [15],
binary black hole [16], regular black holes [17] and higher dimensional black holes
[18] are some notable works done in this field. The event horizon telescope (EHT) [19]
which is an Earth-spanning millimeter-wave interferometer, is the project underway
devoted to observe the shadow of black holes. This would give us a huge amount of
practical information about the various parameters and nature of black holes. The EHT
has started to collect data from various sections of our known observational universe
to prove the existence of black holes. In [20], an effort was made to verify the presence
of supermassive black holes at the center of our galaxy and the same was attempted
for our nearby galaxy M87 in [21].
The occurrence of curvature singularity in the black hole spacetime is one of the most
challenging and fascinating problems in GR. Noncommutative (NC) geometry is a
promising candidate to resolve this issue since it probes physics at very small length
scales. It basically implies that it is not possible to localize a particle accurately at
very small length scales. In NC geometry, the notion of a point mass gets replaced by
a smeared mass at short distances [22,23]. Further, in this framework, the coordinates
of spacetime satisfies the relation [22]

[xi , x j ] = iϑ i j

whereϑ is a D×D (D denotes the dimension of spacetime) real-valued, antisymmetric
matrix.



As we have stated earlier, the notion of a point mass is replaced by a smeared mass or
a Gaussian distribution of mass-density

ρϑ(r) = M

(4πϑ)3/2
exp(−r2/4ϑ)

where
√

ϑ has the dimension of length and corresponds to the parameter appearing in
the noncommutating coordinates [24]. Maggiore [25] suggested that this new short-
length scale occurs naturally from any physically possible quantum theory of gravity.
In this article, the main objective is to investigate the shadow of a noncommutative
geometry (NC) inspired Ayón Beato García (ABG) black hole. The motivation of
carrying out this investigation is to study the effect of spacetime noncommutativity on
the shadow cast by a black hole. This would give us important information about the
structure of spacetime at very small length scales which can in principle be tested. A
study of the NC Kerr–Newman black hole was carried out in [26].
The paper is organized as follows. In Sect. 2, we have introduced noncommutativity
inspired ABG metric and obtained the null geodesics. We then obtained the effective
potential and made a brief discussion on the unstable circular orbits. In Sect. 3, we
then studied the celestial coordinates with the help of null geodesics and graphically
constructed the shadow of the black hole. In Sect. 4, we give a brief review on the
observable parameters of the black hole shadow and compute them. In Sect. 5, we
have introduced the plasma background and obtained the new set of null geodesics
which leads to new results for black hole shadows. We conclude in Sect. 6. We also
have an “Appendix”.
In this paper, we shall set G = c = � = 1.

2 Noncommutative geometry inspired Ayón Beato García (ABG) black
hole spacetime

The ABG spacetime was introduced in [27] and it is an exact non-singular solution
of the Einstein equation coupled with nonlinear electrodynamics. The rotating case of
ABG was obtained in [28] and [29] based on the Newman–Janis algorithm [30]. The
metric of ABG black hole in Boyer–Lindquist coordinates reads

ds2 = − f (r , θ)dt2 + �

�
dr2 + �dθ2 + sin2 θ [� − a2( f (r , θ) − 2) sin2 θ ]dφ2

− 2a sin2 θ [1 − f (r , θ)]dtdφ

(1)

where

f (r , θ) = 1 − 2Mr
√

�

(� + Q2)
3
2

+ Q2�

(� + Q2)2
, � = � f (r , θ) + a2 sin2 θ ,

� = r2 + a2 cos2 θ (2)



with M being the mass, a the rotation parameter and Q the electric charge of the black
hole.
In the realm of NC geometry, it is well known that a point-like gravitational source gets
replaced by a smeared mass m(r). The smearing of mass is introduced by a Gaussian
mass density

ρϑ(r) = M

(4πϑ)3/2
exp(−r2/4ϑ) (3)

together with a Gaussian charge density

ρe(r) = Q

(4πϑ)3/2
exp(−r2/4ϑ) (4)

for the case of a charged black hole [31]. This modifies the mass and the charge of the
black hole to

m(r) = 2M√
π

γ (3/2, r2/4ϑ) (5)

q2(r) = Q2

π

[
γ 2(1/2, r2/4ϑ) − r√

2ϑ
γ (1/2, r2/2ϑ) + r

√
2

ϑ
γ (3/2, r2/4ϑ)

]

(6)

where γ (s, x) denotes the incomplete gamma function given by

γ (s, x) =
∫ x

0
t s−1e−t dt . (7)

Following the approach in [30], one finds the metric for the NC insiped ABG black
hole to be

ds2=− fϑ (r , θ)dt2 + �

�ϑ
dr2 + �dθ2 + sin2 θ [�−a2( fϑ (r , θ) − 2) sin2 θ ]dφ2

− 2a sin2 θ [1 − fϑ (r , θ)]dtdφ

(8)

where

fϑ(r , θ) = 1 − 2m(r)r
√

�

(� + q(r)2)
3
2

+ q(r)2�

(� + q(r)2)2

�ϑ = � fϑ(r , θ) + a2 sin2 θ � = r2 + a2 cos2 θ .

The above form for the metric is obtained by replacing M by m(r) (5) and Q by q(r)
(6). To construct the shadowof this black hole,weneed to obtain the geodesic equations
of photon for the NC inspired ABG metric. In order to obtain the geodesics of the
photon, we use the Hamilton–Jacobi formalism. However, fϑ(r , θ) has a complicated
form which creates complications to work with. Therefore, we resolve this by making



an approximation in θ , as θ ≈ π/2+ ε, where, ε is a small angle [32]. Physically this
approximation implies thatwe consider nearly equatorial plane photon orbits, although
it is not necessary that the unstable circular orbits of the photons will only be contained
in this nearly equatorial regime.However, this fact does not take away the validity of the
subsequent analysis made in this paper since the aim of our work is to study the effects
of the spin (a), charge (Q) and NC parameter (ϑ) on the shadow of the black hole
spacetime considered in this paper. It is to be noted that since we are considering only
the nearly equatorial plane photon orbits (θ ≈ �/2 + ε) in the black hole spacetime,
the observer should also be on the equatorial plane, that is, θ0 = π/2 in the celestial
coordinates introduced in the subsequent discussion. In Sect. 3, we have emphasized
this point once again that the celestial coordinate system in which the shadow is
constructed, indicates that for a observer far away from the black hole, the photons
will reach the observer from regions near the equatorial plane. This simplification
makes sin θ ≈ 1 and cos θ ≈ ε in the metric and simplifies fϑ(r , θ) to fϑ(r)

fϑ(r) = 1 − 2m(r)r2

(r2 + q(r)2)
3
2

+ q(r)2r2

(r2 + q(r)2)2
. (9)

The event horizons of this black hole are given by the roots of the equation �ϑ = 0,
which reads

r2 − 2m(r)r4

(r2 + q(r)2)
3
2

+ q(r)2r4

(r2 + q(r)2)2
+ a2 = 0 . (10)

The radius of the outer event horizon (R+) corresponds to the largest root of the above
equation. It is this radius that we shall work with in the subsequent analysis.
In Figs. 1 and 2 , we have shown the variation of �ϑ for different values of a, Q
and ϑ . In all the figures, M = 1. With the above results in hand, we first observe
that for different values of a and Q, there is a maximum value of ϑ for which the
metric gives a black hole solution. More precisely, for specific values of a and Q there
is an upper bound on the NC parameter ϑ upto which the metric gives a black hole
solution. In Table 1 we have numerically presented this fact which shows that for the
NC inspired ABG black hole spacetime, the NC parameter ϑ < 0.276 when spin
parameter a ∈ [0, 1.0] and charge Q ∈ [0, 1.0] (for M=1).

2.1 Geodesics in NC inspired ABG spacetime

We now proceed to investigate the shadow of the NC inspired ABG black hole space-
time. The first step is to find the particle orbits in this spacetime. To do this, the standard
approach is to exploit the directions of symmetry. Let kμ be the four vector along the
direction of symmetry and uμ = dxμ

dλ
be the tangent vector to the path of the particle

xμ = xμ(λ) where λ is some affine parameter. It can now be shown by using the
Killing equation that the component of kμ along uμ denoted by uμkμ is constant if
the path xμ is a geodesic [33].



Fig. 1 The above plots show the effect of the NC parameter ϑ on �ϑ . In the left plot (for Q = 0, a = 0),
the black hole has at least one event horizon upto ϑ ≈ 0.27, but in the right plot (for Q = 0.11, a = 0.43),
the same occurs at ϑ ≈ 0.23. This implies as Q or a increases, the maximum value of ϑ decreases for
which at least one event horizon exists

Fig. 2 In the above plots, the effect of a and Q on �ϑ are shown. From the left plot, it is inferred that an
increase in the spin parameter decreases the value of the outer event horizon radius. The right plot points
out the fact that an increase in the charge also decreases the value of the outer event horizon radius

Considering kμ to be the time like direction since the metric coefficients are indepen-
dent of time t , gives

kμuμ = constant . (11)

Setting kμ = (1, 0, 0, 0) as kμ corresponds to time like direction yields

k0u0 = u0 = −E = constant . (12)



Table 1 In the above Table, we
have numerically calculated the
maximum value of the NC
parameter (ϑ) for different
combinations of a and Q upto
which the concerned spacetime
gives a black hole solution. We
have also calculated the radius
of the outer event horizon R+
which in turn points out the
change occurred in the event
horizon due to the NC geometry

a & Q ϑ R+

a = 0.88 ϑ = 0.05 1.4337

Q = 0.11 ϑmax = 0.1 1.3149

a =0.86 ϑ = 0.05 1.4797

ϑ = 0.1 1.4268

Q = 0.1 ϑmax = 0.11 1.3487

a =0.83 ϑ = 0.05 1.5247

ϑ = 0.1 1.4933

Q = 0.11 ϑmax = 0.12 1.3909

a =0.8 ϑ = 0.05 1.5641

ϑ = 0.1 1.5432

Q = 0.12 ϑmax = 0.13 1.4148

a =0.78 ϑ = 0.05 1.6025

ϑ = 0.1 1.5879

Q = 0.1 ϑmax = 0.14 1.4340

a =0.75 ϑ = 0.05 1.6397

ϑ = 0.1 1.6295

Q = 0.1 ϑmax = 0.15 1.4600

a =0.72 ϑ = 0.05 1.6737

ϑ = 0.1 1.6661

ϑ = 0.15 1.5693

Q = 0.1 ϑmax = 0.16 1.4711

a =0.68 ϑ = 0.05 1.7102

ϑ = 0.1 1.7049

ϑ = 0.15 1.6387

Q = 0.11 ϑmax = 0.17 1.5142

a =0.65 ϑ = 0.05 1.7418

ϑ = 0.1 1.7378

ϑ = 0.15 1.6873

Q = 0.1 ϑmax = 0.18 1.5252

a =0.61 ϑ = 0.05 1.7716

ϑ=0.1 1.7686

ϑ = 0.15 1.7289

Q = 0.11 ϑmax = 0.19 1.5363

a =0.57 ϑ = 0.05 1.7980

ϑ = 0.1 1.7957

ϑ = 0.15 1.7633

Q = 0.12 ϑmax = 0.20 1.5079

a =0.53 ϑ = 0.05 1.8290

ϑ = 0.1 1.8272

ϑ = 0.15 1.8013

ϑ = 0.20 1.6683



Table 1 continued a & Q ϑ R+

Q = 0.11 ϑmax = 0.21 1.5503

a =0.48 ϑ = 0.05 1.8556

ϑ = 0.1 1.8542

ϑ = 0.15 1.8328

ϑ = 0.20 1.7326

Q = 0.12 ϑmax = 0.22 1.5539

a =0.43 ϑ = 0.05 1.8853

ϑ = 0.1 1.8843

ϑ = 0.15 1.8669

ϑ = 0.20 1.7883

Q = 0.11 ϑmax = 0.23 1.5943

a =0.37 ϑ = 0.05 1.9122

ϑ = 0.1 1.9114

ϑ = 0.15 1.8969

ϑ = 0.20 1.8325

Q = 0.11 ϑmax = 0.24 1.6147

a =0.31 ϑ = 0.05 1.9372

ϑ = 0.1 1.9366

ϑ = 0.15 1.9244

ϑ = 0.20 1.8700

Q = 0.1 ϑmax = 0.25 1.6180

a =0.23 ϑ = 0.05 1.9601

ϑ = 0.1 1.9596

ϑ = 0.15 1.9492

ϑ = 0.20 1.9023

Q = 0.1 ϑ = 0.25 1.7392

ϑmax = 0.26 1.6067

a =0 ϑ = 0.05 1.9999

ϑ = 0.1 1.9996

ϑ = 0.15 1.9916

ϑ = 0.20 1.9543

Q = 0 ϑ = 0.25 1.8418

ϑmax = 0.275 1.6395

The constant E represents the relativistic energy per unit mass of the particle relative
to a stationary observer at infinity.
Observing that the metric coefficients are also independent of φ tells that the φ-
direction is also a direction of symmetry. In this case, setting kμ = (0, 0, 0, 1) we
have

kμuμ = u3 = Lz = constant . (13)



The constant Lz denotes the angular momentum per unit mass of the particle relative
to a stationary observer at infinity. Using these constants of motion, one can easily
obtain the geodesic equations along the directions of symmetry. This can be done by
noting that

u0 = g0νuν = g00u0 + g03u3 = −g00E + g03Lz (14)

u3 = g3νuν = g33u3 + g30u0 = g33Lz − g30E . (15)

Substituting the contravariant components [which can be easily obtained from the
metric (8)], the geodesic equations read

r2 ṫ = a(Lz − aE) + r2 + a2

�ϑ

[
(r2 + a2)E − aLz

]
(16)

r2φ̇ = (Lz − aE) + a

�ϑ

[
(r2 + a2)E − aLz

]
. (17)

The remaining geodesic equations for the NC inspired ABG black hole spacetime can
be determined by using the Hamilton–Jacobi (HJ) equation which reads

∂S

∂λ
= −1

2
gμν ∂S

∂xμ

∂S

∂xν
= −1

2
gμν pμ pν (18)

where λ is the affine parameter and S is the Jacobi action. The HJ equation can be
solved by using a simple ansatz of the form

S = 1

2
m2

0λ − Et + Lzφ + Sr (r) + Sε(ε) (19)

where Sr (r), Sε(ε) are functions of r and ε. Inserting this in Eq. (18), it can be shown
after some lengthy algebra that

r2ṙ = ±√
Rϑ (20)

r2ε̇ = ±√
� (21)

where

Rϑ =
[
E(r2 + a2) − aLz

]2 − �ϑ

[
K + (Lz − aE)2

]
, and (22)

� = K. (23)

Here, K is said to be the Carter constant [34]. Eq. (20) can be recast as

(r2ṙ)2 + Vef f = 0 (24)



where

Vef f ≡ Rϑ =
[
E(r2 + a2) − aLz

]2 − �ϑ

[
K + (Lz − aE)2

]
. (25)

This equation describes the radial motion of the particle in the effective potential Vef f .

The conditions for unstable circular orbits reads Vef f = 0 and
∂Vef f

∂r = 0. This leads
to the following conditions

(r2 + a2 − aξ)2 −
[
η + (ξ − a)2

]
�ϑ = 0 (26)

4r(r2 + a2 − aξ) −
[
η + (ξ − a)2

]
�′

ϑ = 0 (27)

where ξ = Lz/E and η = K/E2 are known as the Chandrasekhar constants [35].
Solving these equations, we obtain the expressions for ξ and η to be

ξ = r2 + a2

a
− 4r�ϑ

a�′
ϑ

(28)

η = 4r(r2 + a2 − aξ)

�′
ϑ

− (ξ − a)2 (29)

where

�′
ϑ = r2 f ′

ϑ(r) + 2r fϑ(r)

and ′ denotes derivative with respect to r . �′
ϑ contains the derivative of fϑ(r) with

respect to r and reads

f ′
ϑ(r) = − 2m′(r)r2

(r2 + q(r)2)3/2
− 4m(r)r

(r2 + q(r)2)3/2
+ 6m(r)r2

(r2 + q(r)2)5/2
(r + q(r)q ′(r))

+ 2q(r)q ′(r)r2

(q(r)2 + r2)2

+ 2q(r)2r

(q(r)2 + r2)2
− (q(r)q ′(r) + r)

4q(r)2r2

(q(r)2 + r2)3
(30)

where

m′(r) = Mr2

2ϑ
√

πϑ
exp

(
−r2/4ϑ

)
, q ′(r) = Q2

2πq(r)
B(r) (31)

and

B(r) = 2√
ϑ
exp

(
− r2

4ϑ

)
γ

(
1

2
,
r2

4ϑ

)
− r

ϑ
exp

(
− r2

4ϑ

)
− 1√

2ϑ
γ

(
1

2
,
r2

2ϑ

)



+ r3

2
√
2ϑ2

exp

(
− r2

4ϑ

)
+

√
2

ϑ
γ

(
3

2
,
r2

4ϑ

)
.

The explicit expressions of ξ and η are given in the “Appendix” for the sake of com-
pleteness.
In Table 1, we have computed the event horizon radius of the NC inspired ABG black
hole for various combinations of the spin (a), charge (Q) and the NC parameter (ϑ).
The Table is later used to determine the allowed values of the NC parameter (ϑ) for
which the black hole shadow exists (Fig. 3).

3 Construction of shadow

In this section, we shall study the shadow of the NC inspired ABG black hole with
the geodesic equations and the conditions for unstable circular orbits in hand. To do
this we are going to work in a new coordinate system (α, β) known as the celestial
coordinates [36]. These coordinates are defined as

α = lim
r0→∞

(
−r20 sin θ0

dφ

dr

)

β = lim
r0→∞

(
r20

dε

dr

)
.

The coordinate α denotes the apparent perpendicular distance of the shadow from the
axis of symmetry, β denotes the apparent perpendicular distance of the shadow from
its projection on the equatorial plane. r0 is the distance of the observer from the black
hole, θ0 is the angle of inclination between the rotation axis of the black hole and
observer’s line of sight. As a consequence of considering only the nearly equatorial
plane photon orbits (θ ≈ �/2 + ε) in the black hole spacetime, the observer should
also be on the equatorial plane, that is, θ0 = π/2 in the celestial coordinates.

Fig. 3 Basic diagram representing Celestial coordinates



Fig. 4 In the above plots, we have shown the shadows under different circumstances. We have set ϑ = 0.1
and presented the shadows for the spin values a = 0.1, 0.74 to point out the deformation appearing in the
silhouette of the shadow

Fig. 5 In these two plots, we have shown the effect of the NC geometry on the silhouette of the shadow for
different spin parameter (a) for a fixed value of the charge Q = 0.1. The plots displayed inside the windows
are the zoomed versions of the plots of the shadows presented here. These are displayed for better visibility
of the deformation

The values of dφ
dr and dε

dr can be obtained by using the geodesic equations which are

dφ

dr
= (Lz − aE) + a

�ϑ
[(r20 + a2)E − aLz]√

[E(r20 + a2) − aLz]2 − �ϑ [K + (Lz − aE)2]
(32)

dε

dr
=

√K√
[E(r20 + a2) − aLz]2 − �ϑ [K + (Lz − aE)2]

. (33)



Substituting these values in the definitions of α and β, and after taking the limit
r0 → ∞ we get

α|θ0=π/2 = −ξ β|θ0=π/2 = ±√
η (34)

where ξ and η are given in Eqs. (52) and (52).
The shadows of the NC inspired ABG black hole metric can be obtained by plotting
α vs β for various values of rotation parameter a and charge Q. These plots depict
the shadows and also captures the effects of spacetime noncommutativity. In order to
make the plots, we have to choose a value of spin (a) and charge (Q) for a fixed value
of ϑ . Since we are interested in the black hole solution of the spacetime, hence the
choices cannot be made arbitrarily as it can lead to shadows of a naked singularity. The
allowed values of ϑ for a fixed value of spin (a) and charge (Q) or any other allowed
combination is given in Table 1. The plots constructed according to the allowed values
given in Table 1 leads to the shadows of the NC inspired ABG spacetime. These plots
are presented in Figs. 4and 5. In all the figures, M = 1.
The effect of the spin parameter (a), charge (Q) and the NC parameter (ϑ) on the
shadow of the NC inspired ABG black hole spacetime have been represented in Figs.
4 and 5. The above plots have been constructed using the values from Table 1, where
we have introduced upper bounds on the value of ϑ for various possible combinations
of the spin and charge of the black hole. Here we have observed that the black hole
shadows appear to be circular in shape when the value of the spin parameter a is
small. For higher spin values, the shape of the black hole shadow begins to loose its
circular shape. This implies the fact that the spin parameter a is mainly responsible for
influencing the shape of the silhouette of the black hole shadow. We further observe
that the charge Q of the black hole influences the size of the shadow of the black hole.

4 Observables

A complete understanding of the shadow can be made by calculating Rs which gives
the approximate size of the shadow and δs which measures the deformation created in
the shadow. To calculate these parameters we will follow [6].
The silhouette of the shadow passes through three points. These are T (αt , βt ) at the
top, B(αb, βb) at the bottom, R(αr , 0) at right. From these points, one can calculate
Rs and δs . These reads

Rs = (αt − αr )
2 + β2

t

2|αt − αr | (35)

δs = ds
Rs

= ᾱp − αp

Rs
(36)

where H(ᾱp, 0) and G(αp, 0) are the points arising due to the cut reference circle and
shadow made to the horizontal axis at the left side of the center (Fig. 6).

As we have seen in Sect. 3 that the silhouette of the shadow gets deformed both in
shape and size for different values of the spin, charge and the NC parameter, hence, in



Fig. 6 Representation of the
shadow of a black hole

Fig. 7 Radius of the black hole shadows (Rs ) versus spin a and NC parameter ϑ . Variation of the radius
(Rs ) of the black hole shadows with the spin parameter a. Variation of the radius (Rs ) of the black hole
shadows with the NC parameter ϑ

Fig. 8 Distortion parameter (δs ) versus spin a and NC parameter ϑ . Variation of distortion parameter (δs )
with the spin parameter (a) when NC parameter ϑ = 0.1. Variation of distortion parameter (δs ) with the
NC parameter (ϑ) when spin parameter a = 0.1

Figs. 7 and 8, we have graphically studied the variations of the radius of the shadow
(Rs) of the black hole and the distortion parameter (δs) with the spin parameter a and
the NC parameter ϑ to have a better understanding about the change in size and shape
of the shadows under different circumstances.



From the Fig. 7, we can infer that the value of the radius (Rs) of the black hole
shadow decreases with increase in the value of the charge Q but it remains unchanged
for different values of the spin a. In case of distortion (δs) of the shadow, it can be
observed from Fig. 8 that the distortion increases abruptly when the spin (a) is higher
than 0.45, that is, (a ≥ 0.45) although the value of the distortion parameter remains
unchanged with increase in the value of the NC parameter (ϑ).

5 Shadow in presence of plasma

In this section, we shall study the effects created by plasma distribution on the shadow
of the NC inspired ABG black hole. The motivation for introducing the plasma back-
ground in this context is to investigate its influence on the optical properties of the
black hole. It is expected that the frequency dependent plasma background shall influ-
ence the photon orbits and therefore will contribute to the shape and size of the black
hole shadow. The refractive index of plasma is n = n(xi , ω), where ω is the photon
frequencymeasured by the observer with velocity uμ. This is in contrast to the vacuum
case (n = 1) since the plasma background introduces extra terms in the equations of
motion of the photons thereby making the ray trajectories frequency dependent. In
this case the effective energy of photon is �ω = −pαuα . The relation between plasma
frequency and the 4-momentum of the photon reads [37]

n2 = 1 + pα pα

(pμuμ)2
. (37)

It is expected that the presence of the plasma changes the shapes of the null-geodesics
and this would in turn lead to a change in the celestial coordinates. The refractive
index of plasma is connected to the plasma frequency as [38]

n2 = 1 − ω2
p

ω2 (38)

where ωp is the plasma frequency given by

ωp = 4πe2N (r)

me

where e andme represents the charge andmass of electron. N (r) represents the number
density of electrons in plasma. Following [37] and [38], we take the variation of N (r)
with r as the power-law, that is, N (r) = N0

rh
, h ≥ 0. After assuming this form of N (r),

we can denote
ω2
p

ω2 as

ω2
p

ω2 = k

rh



where k ≥ 0 is a constant, higher the value of k the more it is deviant from the vacuum
scenario and, k = 0 corresponds to the absence of plasma background. This in turn
leads to

n =
√
1 − k

rh
. (39)

Various values of h can be taken which represents different physical properties about
the nature of the plasma background.Wewill continue our calculation by taking h = 1
so as to keep a minimum dependency on r [38].
The Hamilton–Jacobi equation in the plasma environment takes the form [37]

∂S

∂λ
= −1

2

[
gμν pμ pν − (n2 − 1)(p0

√
−g00)2

]
. (40)

These leads to the new set of null-geodesic equations

r2 ṫ = a(Lz − an2E) + r2 + a2

�ϑ

[
(r2 + a2)n2E − aLz

]
(41)

r2φ̇ = (Lz − aE) + a

�ϑ

[
E(r2 + a2) − aLz

]
(42)

r2ṙ = ±√Rpl (43)

r2ε̇ = ±√
�pl (44)

where

Rpl =
[
E(r2 + a2) − aLz

]2 − �ϑ

[
K + (Lz − aE)2

]
+ (r2 + a2)2E2(n2 − 1)

�pl = K − (n2 − 1)a2E2 .

Hence, in the plasma environment, the effective potential for radial motion of photons
reads

V pl
e f f = [E(r2 + a2) − aLz]2 − �ϑ [K + (Lz − aE)2] + (r2 + a2)2E2(n2 − 1) .

Proceeding as before, the conditions for unstable circular orbits now gives

[
(r2 + a2) − aξ

]2 − �ϑ

[
η + (ξ − a)2

]
+ (r2 + a2)2(n2 − 1) = 0 (45)

4r
[
r2 + a2 − aξ

]
+ 4r(n2 − 1)(r2 + a2) + 2nn′(r2 + a2)2

−�′
ϑ

[
η + (ξ − a)2

]
= 0 . (46)

Combining the above equations to solve for ξ yields

Aξ2 − 2Bξ + C = 0



Fig. 9 In the above plots, we have shown the effect of the plasma background on the black hole shadow for
different combinations of the charge Q, spin a and the NC parameter ϑ . It can be inferred that for higher
values of the plasma parameter k, the shadows are more deformed and smaller in size compared to the
shadows with lower k values

where

A = a2

�ϑ

, B = a

�ϑ

(
r2 + a2 − 2�ϑr

�′
ϑ

)
,

C = n2(r2 + a2)

�ϑ

[
r2 + a2 − 2�ϑ

�′
ϑ

(
2r + n′

n

)]
.



Fig. 10 Radius of the black hole shadows (Rs ) versus plasma parameter k and NC parameter ϑ . Variation
of the radius (Rs ) of the black hole shadows with the plasma parameter k. Variation of the radius (Rs ) of
the black hole shadows with the NC parameter ϑ in the plasma background

Solving the quadratic equation for ξ , we obtain

ξ = B

A
±

√
B2

A2 − C

A
. (47)

Substituting Eq. (47) in Eq. (46) yields

η =
[
r2 + a2 − aξ

]2 + (n2 − 1)(r2 + a2)2

�ϑ

− (ξ − a)2 . (48)

The new set of values for dφ
dr and dε

dr reads

dφ

dr
= (Lz − aE) + a

�ϑ
[(r20 + a2)E − aLz]√

[E(r20 + a2) − aLz]2 − �ϑ [K + (Lz − aE)2] + (r20 + a2)2E2(n2 − 1)

(49)

dε

dr
=

√
K − (n2 − 1)a2E2√

[E(r20 + a2) − aLz]2 − �ϑ [K + (Lz − aE)2] + (r20 + a2)2E2(n2 − 1)

(50)

which leads to

α = −ξ

n
, β =

√
η + a2 − a2n2

n
. (51)

In Fig. 9, we present the shadows of the NC inspired ABG black hole metric in the
plasma background. In all the figures, M = 1.
From Fig. 10, we can infer from the left plot that the value of the radius (Rs) of
the shadow decreases with the increase in charge (Q) and it remains unchanged for
different values of plasma parameter k. In the plot on the right hand side, we have



replaced the plasma parameter k by the NC parameter ϑ and the observation remains
the same.

6 Conclusion

In this paper, we present the shadow of a noncommutative geometry inspired Ayón
Beato García (ABG) black hole, both in the presence and absence of plasma for an
infinitely distant observer on the equatorial plane of the black hole. We first introduce
the noncommutative inspired ABG black hole metric and study its properties briefly
(Table 1). The effect of various parameters, namely, the spin parameter of the black
hole a, the charge Q and the noncommutative (NC) parameter ϑ on the event horizon
are presented graphically in Figs. 1 and 2.We infer that for all values of spin parameter
a and charge Q, there exits a value of noncommutative parameter ϑ (ϑmax) upto which
themetric gives a black hole solutionwith at least one event horizon.We then construct
the shadow of the NC inspired ABG black hole and plot it for different values of the
spin parameter of the black hole a, the charge Q and the noncommutative parameter
ϑ . We infer from the Fig. 7 that a change in the spin parameter a does not affect the
size (radius Rs) of the shadow but increase in the value of the charge (Q) increases the
value of the radius (Rs). However, from Fig. 8 it is observed that an increase in the spin
parameter a influences the distortion (δs) of the shadow. When the value of the spin
a ≥ 0.45 the value of the distortion parameter changes abruptly. In contrast to the spin
parameter, charge Q and the NC parameter ϑ affect both the shape (distortion) and the
size (radius) of the shadow. Higher values of charge Q and the NC parameter ϑ make
the distortion bigger when the spin parameter a is high. Further, the noncommutative
parameter ϑ does not affect the radius of the shadow if the value of ϑ is less than
ϑmax. It should be noted that when ϑ > ϑmax , the event horizon disappears and hence
we do not have a black hole anymore. We then introduce plasma into the NC inspired
ABG metric and carry out our analysis. The results show that in the presence of the
plasma background, from Fig. 10 it can be inferred that the radius of the shadow (Rs)
does not change. We feel that these studies can in principle be relevant to detect the
noncommutativity of spacetime.
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Appendix

In this “Appendix”, we present the explicit expressions for ξ and η. These can be
obtained by substituting Eq. 31 in Eqs. (28) and (29). The expressions read

ξ = X
aD η = G

D (52)



where

X = (r2 + a2)

(
− 2m′(r)r4

(r2 + q(r)2)3/2
− 4m(r)r3

(r2 + q(r)2)3/2
+ 6m(r)r4

(r2 + q(r)2)5/2
(r + q(r)q ′(r))

+ 2q(r)q ′(r)r4

(q(r)2 + r2)2
+ 2q(r)2r3

(q(r)2 + r2)2
− (q(r)q ′(r) + r)

4q(r)2r4

(q(r)2 + r2)3
+ 2r − 4m(r)r3

(r2 + q(r)2)
3
2

+ 2q(r)2r3

(r2 + q(r)2)2

)
− 4r3 + 8m(r)r5

(r2 + q(r)2)
3
2

− 4q(r)2r5

(r2 + q(r)2)2
(53)

D = − 2m′(r)r4

(r2 + q(r)2)3/2
− 4m(r)r3

(r2 + q(r)2)3/2
+ 6m(r)r4

(r2 + q(r)2)5/2
(r + q(r)q ′(r)) + 2q(r)q ′(r)r4

(q(r)2 + r2)2

+ 2q(r)2r3

(q(r)2 + r2)2
− (q(r)q ′(r) + r)

4q(r)2r4

(q(r)2 + r2)3
+ 2r − 4m(r)r3

(r2 + q(r)2)
3
2

+ 2q(r)2r3

(r2 + q(r)2)2

(54)

G = 4r3 + 4a2r + 2aξ

(
− 2m′(r)r4

(r2 + q(r)2)3/2
− 4m(r)r3

(r2 + q(r)2)3/2
+ 6m(r)r4

(r2 + q(r)2)5/2
(r + q(r)q ′(r))

+ 2q(r)q ′(r)r4

(q(r)2 + r2)2
+ 2q(r)2r3

(q(r)2 + r2)2
− (q(r)q ′(r) + r)

4q(r)2r4

(q(r)2 + r2)3
+ 2r − 4m(r)r3

(r2 + q(r)2)
3
2

+ 2q(r)2r3

(r2 + q(r)2)2
− r

)
− (a2 + ξ2)

(
− 2m′(r)r4

(r2 + q(r)2)3/2
− 4m(r)r3

(r2 + q(r)2)3/2

+ 6m(r)r4

(r2 + q(r)2)5/2
(r + q(r)q ′(r)) + 2q(r)q ′(r)r4

(q(r)2 + r2)2
+ 2q(r)2r3

(q(r)2 + r2)2

− (q(r)q ′(r) + r)
4q(r)2r4

(q(r)2 + r2)3
+ 2r − 4m(r)r3

(r2 + q(r)2)
3
2

+ 2q(r)2r3

(r2 + q(r)2)2

)
.

(55)
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