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In the spirit of Gillespie’s stochastic approach we have formulated a theory to explore the advancement of
the interfacial enzyme kinetics at the single enzyme level which is ultimately utilized to obtain the
ensemble average macroscopic feature, lag-burst kinetics. We have provided a theory of the transition
from the lag phase to the burst phase kinetics by considering the gradual development of electrostatic
interaction among the positively charged enzyme and negatively charged product molecules deposited
on the phospholipid surface. It is shown that the different diffusion time scales of the enzyme over the
fluid and product regions are responsible for the memory effect in the correlation of successive turnover
events of the hopping mode in the single trajectory analysis which again is reflected on the non-Gaussian
distribution of turnover times on the macroscopic kinetics in the lag phase unlike the burst phase
kinetics.
1. Introduction

The study of interfacial enzymatic reaction is gaining increasing
importance in biological science as enzyme plays a crucial role as
catalyst of lipid metabolism on the membrane and as mediator
of cell signaling processes [1]. It is a heterogeneous enzymatic
reaction where the rate of the reaction depends on both the
mechanical and chemical steps involved. From the experimental
observation it is well known that the activity of an interfacial en-
zyme is maximum where both the fluid and gel state phospholipid
molecules coexist [2,3]. Due to different packing pattern, gel state
phospholipid molecules are tightly packed than the fluid state
molecules whereby an enzyme adsorbs exclusively in the fluid
region and gradually diffuses to the fluid–gel boundary [2,4]. With
the progress of the reaction the product molecules i.e., lyso-phos-
pholipids and fatty acids are accumulated in the surface and forms
a product domain in between the gel and fluid domain [3,5–10].
Usually the product molecules i.e., fatty acids are negatively
charged and with increase in size of the product domain the elec-
trostatic interaction between the positively charged enzyme and
the negatively charged surface also increases. It is observed that
the formation of an appreciable size of product domain is respon-
sible for the lag-burst kinetics which is characterized by initial
slow hydrolysis in the lag phase followed by a sudden increase in
activity of the enzyme by two or three orders of magnitude, the
burst phase [11–16]. Lag-burst kinetics is the most important
macroscopic features of interfacial enzyme kinetics and previously
various kinetic analysis had been performed by considering the
hyay).
interactions among the enzyme-phospholipid molecules [12,13].
However, no microscopic theoretical study is found in terms of
the dynamical processes by considering the single molecule activ-
ity on the phospholipid monolayer.

In this work we have studied the macroscopic feature of inter-
facial enzyme kinetics starting from the single enzyme activity. At
the single molecule level this reaction kinetics is a stochastic pro-
cess and the analysis involves single molecule trajectory [17–19]. It
is well known that due to thermal hopping an enzyme can come
out from the gel domain or it can also keep on doing hydrolysis
of successive substrate molecules in the scooting mode as well
due to electrostatic binding of the enzyme molecule on the gel sur-
face. We have simulated the stochastic processes for the hopping
and scooting mode of motion as both the modes are operating at
the same time probabilistically depending on the amount of prod-
uct formed in the trajectory of a single enzyme to calculate the suc-
cessive turnover events which on ensemble averaging gives the
macroscopic rate of the reaction by which the lag-burst kinetics
can be described. In the spirit of Gillespie’s method [20,21] we
have studied the stochastic turnover events due to mechanical
and chemical steps of the single enzyme activity. Finally, we have
searched for any dynamic correlation which can develop due to the
motion of enzyme over various time scales of motion in the differ-
ent heterogeneous phases.

In what follows we have introduced a model for the hopping
mode and scooting mode of motion of the interfacial enzyme
kinetics in Section 2. A stochastic formulation and simulation tech-
nique is provided in Section 3. Numerical results are discussed in
Section 4 by first providing single enzyme activity for some exper-
imental parameters and then the ensemble average kinetics in the
bulk. Finally the paper is concluded in Section 5.
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Fig. 1. (a) An enzyme is attached with the fluid state phospholipid molecules on the
Langmuir monolayer. (b) Through the diffusion, the enzyme molecule reaches the
gel–fluid interface. (c) After hydrolysing a phospholipid molecule it predominantly
leaves the surface in the lag phase. (d) The enzyme is strictly attached to the surface
with scooting mode of motion and the burst phase appears.
2. Movement of the enzyme on the interface: hopping and
scooting motion

In this section we have given a probabilistic description of two
familiar interfacial enzymatic reaction schemes, namely hopping
and scooting mode of motion in terms of the desorption and
adsorption probability of a surface bound enzyme as shown in
Fig. 1. The significant difference between these two mechanisms
is that an enzyme moves out from the gel state after completing
a Michaelis–Menten cycle along with the diffusion in fluid and
product region in the hopping mechanism whereas, in scooting
mode an enzyme is strictly attached with the phospholipid mono-
layer and gradually hydrolyzes the phospholipid molecules. There-
fore, the reaction scheme of the hopping mode for one turnover
can be written as

E�f !
Kd1 E�P!

Kd2 E�g þ S �
k1

k�1

E�gS!k2 E�gP!k3 E�0g þ P! EðbulkÞ ð1Þ

Here, E�f and E�P are designated as the conformations of an interfacial
enzyme in the fluid and the product region, respectively. Actually
these two conformations are mainly responsible for the diffusive
motion of the enzyme along the fluid and the product region. To
hydrolyze a substrate molecule i.e., a gel state phospholipid mole-
cule, an enzyme is first converted into the conformation E�g from
the conformation E�P so that a substrate molecule binds to the inter-
facial enzyme. The other conformations, like E�gS, E�gP, and E�0g are
designated as the substrate-bound enzyme, the product-bound en-
zyme, and the enzyme after just releasing a product molecule,
respectively. In the hopping mode an enzyme leaves the surface
of the monolayer and goes to the bulk. The conformation E repre-
sents the free enzyme in the bulk.

Similarly the reaction scheme for the scooting mode can be
written as,

E�g þ S �
k1

k�1

E�gS!k2 E�gP!k3 E�0g þ P ð2Þ
and

E�0g !
d

E�g:

The terms E�g;E
�
gS;E�gP, and E�0g carry similar meaning as described in

the above case. In this mechanism, the conformation E�0g changes
quickly to the conformation E�g and the enzyme starts another turn-
over cycle.

From the above two mechanisms it is observed that a surface
bound enzyme may desorb or reside at the monolayer after com-
pletion of a Michaelis–Menten turnover cycle. Therefore, at any in-
stant these two modes compete each other and this competition
strictly depends on the electrostatic interaction between the posi-
tively charged enzyme and the negatively charged surface. Here,
the desorption probability of an enzyme is designated as pd and
the adsorption probability is pa, where pd = (1 � pa). With increase
in the fraction of negatively charged product molecules, h, the elec-
trostatic energy as well as the adsorption probability, pa, of an en-
zyme increases with time. If we consider that D(h) is the
electrostatic binding energy developed due to the fraction of prod-
uct formed, h at time t, then one can find

dDðhÞ ¼ kDðhÞdh

where k is the proportionality constant and it is unitless. It depends
on the polarity of the substrate molecules. Integrating up to
h = hburst, at which the interaction energy D(h) reaches a saturation
value, D(h)burst, we get

DðhÞ ¼ DðhÞburst ½expð�kðhburst � hÞÞ� ð3Þ
Here hburst is designated as the fraction of product molecules respon-
sible for the burst kinetics. Actually beyond the value of hburst, enzyme
is strictly attached to the gel surface and gradually hydrolyzes the gel
state phospholipid molecules in the so called ‘scooting mode’.

Furthermore, the above equation can be written in terms of the
adsorption probability as,

pa ¼
DðhÞ

DðhÞburst
¼ ½expð�kðhburst � hÞÞ� ð4Þ

In the initial stage, when h is very small, pd dominates over pa

and the enzyme follows the hopping mode motion but when
h� hburst, enzyme strictly follows the scooting mode motion as
pa dominates over pd. However, at any intermediate time both
the hopping and scooting mode mechanism will be operative with
the respective probabilities pd and pa. Basically it is observed that
pd� pa during the lag period and after the burst the reverse phe-
nomenon is occurred. Therefore, the magnitude of the probabilities
pd and pa determine the different enzymatic motion which ulti-
mately dictates the macroscopic lag-burst kinetics.

3. Stochastic formulation of interfacial enzyme kinetics and
simulation technique

In this section we have provided a stochastic simulation kinetics
following the approach of Gillespie for the chemical and mechani-
cal steps of single enzyme activity which upon ensemble averaging
will give the macroscopic rate.

To simulate the stochastic turnover time of a single enzyme, we
have considered the kinetics along its own trajectory. The move-
ment of an enzyme along the fluid region is modelled by a two
dimensional Brownian motion. The Monte–Carlo method has been
used for simulating two-dimensional Brownian motion in a square
plane of side L as a random walk model in which each displace-
ment is of equal length, say l, but in random direction [22]. By this
technique the mean square displacement, hd2i is calculated by the
following relation,

hd2i ¼ 4DMtc ¼ Ml2 ð5Þ



where D is the diffusion coefficient of the particle, M is the suffi-
ciently large Monte–Carlo (MC) steps, l is the length covered by
the particle per MC step and tc is the time interval between two suc-
cessive MC steps. The total diffusion time, t can be calculated by the
relation t = Mtc, where tc ¼ l2

4D.
Here our main interest is to calculate the time, sfluid, required to

cross the fluid region of an arbitrary finite area by an enzyme i.e.,
the residence time of the enzyme in that region. For this purpose
we have considered that nf number of phospholipid molecules are
present in the fluid region. If be the area of the head group of a
phospholipid molecule is a, then the total area of the fluid region
is (a � nf). Here we assume that the distance between two adjacent
molecules is negligible compared to the dimension of the enzyme.
The number of fluid state phospholipid molecules covered by an en-
zyme along its trajectory in a turnover is say, n where n is an integer
random number and that ranges from 1 to nf. Here n is equivalent to
the number of MC steps in Eq. (5). However, to calculate hd2i, the
Monte–Carlo steps, M should be large enough but in our case n can
be small. Therefore, the above relation in Eq. (5) can not be directly
useful in this context. So to calculate the residence time in the fluid
region, sfluid, we have first calculated the area covered by an enzyme,
(n � a) and then divided it by the diffusion coefficient of the enzyme
in the fluid region. Hence sfluid can be written as,

sfluid ¼
ðn� aÞ

Dfluid
: ð6Þ

Similarly, if we consider that at any time t, m number of product
molecules be present in the product region and the area of the
head group of a product molecule, lyso-phospholipid, be b then
the residence time of the enzyme in the product region can be ex-
pressed as

sprod ¼
ðm� bÞ

Dprod
ð7Þ

where Dprod is the diffusion coefficient of the enzyme in the product
region. The above two steps are mechanical in nature but when the
enzyme molecule reaches the gel–fluid boundary it starts perform-
ing chemical reaction which is modelled here as Michaelis–Menten
steps. It is true that ideally the unit of rate constant k1 should be
second order, however, we consider the activities in terms of single
enzyme and when the enzyme molecule reaches the gel–fluid
boundary after crossing the fluid and product regions it starts per-
forming chemical reaction which is modelled here as a Michaelis–
Menten type. During a turnover cycle a surface bound enzyme
can hydrolyze only one substrate molecule among all the substrate
molecules that E�g ‘‘sees’’ on the surface which are closer to its path.
If for an enzyme at time t, S(t) number of substrate molecules are

closer to it’s path, then the rate of the reaction, Eþ S!
k01 ES will be

k1 ¼ k01 � SðtÞ. Therefore, the rate constant of the reaction becomes
second order as the value of S(t) can vary with time but change in
this number is very small compared to the total substrate molecules
present in the surface. Therefore, we have taken this number S(t) as
a constant value. As a result the rate constant k1 of the above reac-
tion is considered as pseudo first order. Except at the very end of the
reaction when the accumulation of the product molecule is very
high and well dispersed, this approximation can be physically ten-
able. In the single enzyme level, the enzyme kinetics becomes sto-
chastic in nature. Hence the rate equation can be written in terms of
the probabilities. To calculate the residence time in the gel state,
sgel, for a single enzyme molecule we have considered the following
probabilistic rate equations [17,19],

dPE�g ðsÞ
ds

¼ �k1PE�g ðsÞ þ k�1PE�gSðsÞ ð8Þ

dPE�gSðsÞ
ds

¼ k1PE�g ðsÞ � ðk�1 þ k2ÞPE�gSðsÞ ð9Þ
and

dPE�gPðsÞ
ds

¼ k2PE�gSðsÞ: ð10Þ

Hence the residence time distribution of an enzyme in the gel state
is,

fgelðsÞ ¼
dPE�PðsÞ

ds
¼ k2PE�SðsÞ ð11Þ

or,

fgelðsÞ ¼
k1k2

2A
e�ðB�AÞs � e�ðBþAÞs� �

ð12Þ

where B = (k1 + k�1 + k2)/2 and A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 þ k�1 þ k2Þ2=4� ðk1k2Þ

q
.

The average value of sgel is,

hsgeli ¼
k1 þ k�1 þ k2

k1k2
¼ 1þ KM

k2
ð13Þ

where KM is the Michaelis–Menten constant of the corresponding
enzyme.

In the next reaction step, E�gP!k3 E�0g , a gel state substrate mole-
cule is converted into a product molecule which is valid both for
the hopping and the scooting modes of motion. The time taken
to complete the reaction is designated here as sconvert, which is a
random quantity at the single enzyme level. As the reaction is
uni-molecular, its probability density function must be an expo-
nential distribution which can be written as

fconvertðsÞ ¼ k3e�ðk3sÞ: ð14Þ

The average time required for an enzyme to complete the reaction
step is

hsconverti ¼
1
k3
: ð15Þ

To get the random time, sgel from the corresponding residence time
distribution, fgel, we use the inversion generating method and calcu-
late the corresponding time in terms of the uniform random num-
ber [23]. The value of sgel is,

sgel ¼
1

ðB� AÞ ln
k1k2

2AðB� AÞr

� �
ð16Þ

and sconvert is,

sconvert ¼
1
k3

ln
1
r

� �
ð17Þ

where r is a uniform random number. (For detailed calculation see
Appendix A.)

From the above discussion, now we can calculate the corre-
sponding turnover time i.e., total time required to hydrolyze a
gel state phospholipid molecule during the hopping or scooting
mode which will obviously be stochastic in nature. The turnover
time in the hopping mode is,

shop ¼ sfluid þ sprod þ sgel þ sconvert: ð18Þ

Similarly for the scooting mode the turnover time can be written as,

sscot ¼ sgel þ sconvert: ð19Þ

As the time required to hydrolyze a phospholipid molecule is
greater in the hopping mode, the product formation rate must be
higher in the scooting mode. After obtaining the corresponding
turnover times for the hopping and scooting modes with their
probabilistic occurrence with pd and pa, respectively, one can get
the average turnover time of a trajectory for a single enzyme. Then
we can easily calculate the ensemble average rate of product
formation corresponding to the bulk kinetics. If X be the number
of enzymes present in the monolayer and in a particular time
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Fig. 2. Schematic representation of the interfacial enzyme kinetics reaction in the
(a) hopping and (b) scooting mode mechanism for a single turnover. Here kd1

and
kd2 are the inverse of sfluid and sprod which represent the diffusion rates in the fluid
and product regions, respectively.
interval, sint the number of product molecules formed by these en-
zymes are Q1,Q2, . . . ,QX, respectively then the average macroscopic
rate of the reaction per unit enzyme is

vnet ¼
hQi
sint

ð20Þ

where hQi ¼
P

i
Q i

X , is the average number of product molecules
formed per unit enzyme over the monolayer.

From the earlier theoretical and experimental [17,18,24–28]
studies on the kinetics of single enzyme molecule due to conforma-
tional fluctuation, the memory effect is explored through auto-cor-
relation function among the random turnover times,

CðmÞ ¼ hDsð0ÞDsðmÞi
hDs2i : ð21Þ

If C(m) = 0 for (m > 0), it is considered that the dynamic correlation
is absent in the reaction system and in the presence of dynamic cor-
relation, C(m) decays from the initial (m = 1) value.

The stochastic analysis of the turnover time can be performed
from the detailed calculation of the correlation function of the
turnover time for the hopping and scooting modes by using the
formula [29],

CðmÞ ¼
n2

n�m

Pn�m
i¼1 sisiþm �

Pn
i¼1si

	 
2

n
Pn

i¼1s2
i �

Pn
i¼1si

	 
2 ð22Þ

where n is the total number of turnovers, si is the time of the ith
turnover and m is the number of turnovers separating si and si+m

in the time sequence.
4. Numerical result: from single enzyme stochastic turnover
time to the bulk interfacial kinetics

In this section we have applied the simulation approach to ob-
tain the stochastic turnover time of a single enzyme activity for
PLA2 enzyme. Then we have calculated the ensemble average rate
profile for the description of the bulk kinetics of lag burst phenom-
enon. We have considered the diffusion parameters of the system
for the stochastic features of the single trajectory of PLA2 enzyme
which is studied recently through wide-field fluorescence micros-
copy [2] whereas the chemical rate parameters are taken from the
experimental papers of Berg et al. [3]. An arbitrary set of reaction
rate parameters of single enzyme activity [17] are also taken to
show the general validity of our theory.
4.1. Description of the single enzyme kinetics

To describe the kinetic schemes in the hopping and scooting
modes, we have shown the various mechanical and chemical reac-
tion steps which is shown in Fig. 2. According to the reaction
scheme in the hopping mode, the steps E�f ! E�p, and E�p ! E�g, are
occurred in the fluid and product region. These two reaction steps
are completely mechanical in nature because in these steps only
the diffusive movement of the enzyme is occurred. The other con-
formational states e.g., E�g; E�gS and E�gP must be in the gel region.
Therefore, the reaction steps E�g ! E�gS;E�gS! E�g, and E�gS! E�gP
are occurred in the gel region. The other more nontrivial reaction
step is, E�g P! E�0g because in this chemical step, a phospholipid
molecule is totally converted into the product molecules, lyso-
phospholipid and fatty acid. Therefore, a turnover time can be writ-
ten as,

shop ¼ smech þ schem ð23Þ

where smech and schem are designated as the time required to com-
plete the mechanical and the chemical steps, respectively.
In the scooting mode, the turnover time can be written as,

sscoot ¼ schem ð24Þ

thereby the time required to hydrolyze a phospholipid molecule is
greater for the hopping mode than the scooting mode. We have
considered the diffusion coefficient values along the fluid region
and product region are 3 and 0.2 lm2/sec, respectively. The exper-
imental values of the average residence time along the fluid and
product region is 30 and 220 ms, respectively. For simulation we
have taken the value of k in Eq. (4) is 300, which is unit less. We
have suitably chosen the distribution of phospholipid molecules
in the fluid region to obtain such average residence times in the
fluid and product regions.

When a PLA2 enzyme molecule starts hydrolyzing a substrate
molecule, it first forms an intermediate complex E�gS followed by
another intermediate complex, E�gP which finally gives a product
molecule. Fig. 3(a) and (b) are displayed by taking the first set of
parameters values, k1 = 1350.0 s�1, k�1 = 35.0 s�1, k2 = 400.0 s�1

and k3 = 450.0 s�1 [3], whereas Fig. 3(c) and (d) are drawn by con-
sidering the second set of rate parameter values, k1 = 120.0 s�1,
k�1 = 30.0 s�1, k2 = 40.0 s�1 and k3 = 50.0 s�1. The first set of param-
eters values are considered experimentally [3] whereas the second
set of parameters are arbitrarily considered which corresponds to
single enzyme processes [17]. From Fig. 3(a) and (c), we observe
that the probability of remaining in the gel phase i.e., fgel(s), first in-
creases then after a certain time interval it decreases which indi-
cates that first an intermediate complex, E�gS is formed and then
it starts to convert into another intermediate complex, E�gP. If the
association rate constant, k1 is large then E�gS complex is formed
quickly and it is converted into E�gP complex very soon which is
shown in the Fig. 3(a) and (c). As the probability density function
of converting a product molecule i.e., fconvert(s), is an exponential
distribution, so fconvert(s), decreases with sconvert exponentially
which indicates that the intermediate state E�gP is converted into
E�0g state exponentially according to the value of k3.

In what follows, we have calculated the correlation coefficient,
C(m) among the turnover times, si and si+m where m is the number
of turnovers separating si and si+m in the time sequence. Fig. 4(a)
and (b) are displayed by taking the first set of parameter values
whereas Fig. 4(c) and (d) are plotted by considering the second
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set of parameter values. From Fig. 4(b) and (d), we have observed
that the correlation coefficient, C(m) among the turnover times in
the scooting mode, sscoot, fluctuates around zero. Therefore, one
can conclude that through this mechanism no memory effect is
developed in the system. In the scooting mode only chemical reac-
tion steps are involved. The chemical reactions are simple Michae-
lis–Menten types in which no conformational fluctuation of the
enzyme is considered. Such reactions are simply a renewal type
of processes in which no memory effect is observed [25,30]. How-
ever, turnover times in hopping mode, shop, are strongly correlated
which is observed in Fig. 4(a) and (c). The correlation indicates that
during the hopping mode mechanism a memory effect is devel-
oped in the system. In the hopping mode both the mechanical
and chemical steps are involved. As we have observed that no
memory effect is developed due to the chemical reactions, we
can conclude that the mechanical movements i.e., variable diffu-
sion coefficients of the enzyme along the fluid and product regions
create this memory effect. Recently, Cao et al. had shown that if a
Brownian particle travels through two distinct diffusive areas of
various sizes and geometrical arrangements i.e., diffusion along
the heterogeneous environments, then a memory effect is devel-
oped for such processes [31]. A similar quantitative model can be
built up here to understand the more detailed statistics of the
memory effect which can in principle be observed on the single en-
zyme trajectory.
4.2. Description of bulk properties of interfacial kinetics

We have calculated the rate of product formation vnet and ob-
serve a certain enhancement of product formation rate after the
burst which is shown in the Fig. 5(a) and (b). As the time required
to hydrolyze a phospholipid molecule is greater during the lag
phase, the product formation rate must be higher at the burst
phase. If the lag phase is absent then the curve of product forma-
tion rate versus time be a traditional hyperbolic one and that is
usually observed from the ensemble average kinetics experiments
carried out by Berg et al. [3].

As the turnover time is random in nature the statistical features
can be understood from its distribution. Here we have calculated
the probability distribution function of such random quantity,
P(sturnover) and this distribution is non-Gaussian in nature which
is expected for general non-Markovian process. From Fig. 6(a)
and (b) we see that with increase in the value of hburst, the maxi-
mum height of the distribution curve decreases which indicates
that more substrate molecules are hydrolyzed by the hopping
mode of motion. From the correlation of successive turnover times
in single trajectory analysis in Fig. 4, it is found that the correlation
arises in the hopping mode which again is predominantly present
in the lag phase in macroscopic reactions. In the lag phase turnover
times are larger and the values of the turnover times are sparsely
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Fig. 6. Probability distribution of sturnover is plotted in Fig. 6(a) for three different
values of hburst with the rate parameters k1 = 1350.0 s�1, k�1 = 35.0 s�1,
k2 = 400.0 s�1 and k3 = 450.0 s�1, respectively. Similar plot is provided by taking
the rate parameters k1 = 120.0 s�1, k�1 = 30.0 s�1, k2 = 40.0 s�1 and k3 = 50.0 s�1,
respectively. The memory effect is reflected on the skewed non-Gaussian distribu-
tion towards the range of larger values of turnover characteristic of the lag-phase.
distributed over a large range and thereby the distribution be-
comes skewed towards the higher values of turnover times. How-
ever, in absence of various diffusion time scales of enzymatic
motion over the fluid and product phase the distribution would
tend to be a Gaussian one.
5. Conclusion

In the spirit of Gillespie’s stochastic approach we have provided
a kinetic Monte Carlo simulation technique for the study of inter-
facial enzyme kinetics which interpolates between the single en-
zyme trajectory to that of bulk surface. This trajectory based
analysis is essential to describe the microscopic details and the sta-
tistical features at the single enzyme level which can in principle
be observed by the single molecule fluorescence techniques. By
averaging over many trajectories we can get the ensemble average
properties like the lag-burst phenomenon for bulk interfacial en-
zyme kinetics.

Our model is based on the experimental observation that the
presence of negatively charged hydrolysis product makes the elec-
trostatic binding between the enzyme and the product molecules.
We have defined the probabilities of occurrence of both the com-
peting processes, namely the thermal hopping and scooting mode
of motion which ultimately dictates the preference of an enzyme to
choose one of them at a time. We have observed that after the for-
mation of some critical number of product molecules, the enzyme
gets strictly attached to the surface of the phospholipid and follows
the scooting mode of motion. We have also applied the simulation
to get the macroscopic results on the overall kinetic rate to show
the burst followed by a lag period.

From the single trajectory analysis it is found that the various
time scales of diffusion of the enzyme over the fluid and product
regions develop a dynamic correlation among the turnover times.
The source of this correlation is very different from the dynamic
correlation usually observed in single molecule enzymology due
to the conformational fluctuations [24,25,30]. However, it corrobo-
rates the fact that if a Brownian particle travels through two dis-
tinct diffusive areas of various sizes i.e., diffusion along the
heterogeneous environments, then a memory effect is developed
[31]. This memory effect is also studied in terms of the distribution
of turnover times over the average of many trajectories to obtain a
macroscopic impact of this correlation. The memory effect is iden-
tified with the range of the lag-phase in the overall rate profile
which can again be characterized by the non-Gaussian distribution
of random time steps in the hopping mode motion. In the lag phase
turnover times are larger than in the burst phase and the values of
the turnover times are distributed over a larger range and thereby
the distribution becomes skewed towards the higher values of
turnover times. However, in the absence of various diffusion time
scales of enzymatic motion over the fluid and product phase the
the distribution would tend to be a Gaussian one characteristic
of chemical steps of the process.

This simulation technique can also be applicable to many com-
plex biological processes where various mechanical steps are in-
volved along with the chemical steps in the overall rate process,
e.g., kinetics of the restriction enzyme on a DNA molecule [32–
34]. By generalizing the model of thermal hopping we can also ob-
tain the effect of temperature and pressure on the turnover rate
and lag-burst feature of interfacial enzyme kinetics which is under
investigation.

Appendix A. Calculation of sgel and sconvert

Here we have calculated sgel and sconvert from the corresponding
probability density function, fgelðsÞ ¼ k1k2

2A ½e�ðB�AÞs � e�ðBþAÞs� and
fconvertðsÞ ¼ k3e�ðk3sÞ by the inversion generating method. In the
inversion generating method the random numbers from the uni-
form distribution in the unit interval is used to construct random
numbers distributed according to any prescribed probability den-
sity function. In this method for generating a random number x,
according to a given density function P(x) is simply to draw a ran-
dom number ‘r’ from the uniform distribution in the unit interval
and take the value x which satisfies F(x) = r, where FðxÞ ¼

R x
�1

Pðx0Þdx0. In other words, we take x = F�1(r), where F(x) is the cumu-
lative distribution function of the given probability density func-
tion. For calculating the reaction time sgel, we consider the
probability density function is, fgel(s). Hence the cumulative
distribution function, Fgel(s) corresponding to the residence time
distribution function fgel(s) is,

FgelðsÞ ¼ �
K

B� A
½e�ðB�AÞsgel � 1� þ K

Bþ A
½e�ðBþAÞsgel � 1� ð25Þ

where K ¼ k1k2
2A .

Now according to the inversion method, one can write Fgel(s) = r
where r is a uniform random number. Substituting the value of r
instead of the term Fgel(s) in the above equation and after simplify-
ing we get,

r
K
� 2A

ðB2 � A2Þ
¼ � e�ðB�AÞsgel

ðB� AÞ 1� B� A
Bþ A

e�2Asgel

� �
: ð26Þ

As the value of ‘A’ is large, therefore one can write e�2Asgel ! 0 and
we get the value of sgel as,

sgel ¼
1

ðB� AÞ ln
k1k2

2AðB� AÞr

� �
ð27Þ

where r is a uniform random number. Similarly, the random time,
sconvert can be calculated from the probability density function
fconvert(s). The residence time distribution, fconvertðsÞ ¼ k3e�ðk3sconvertÞ

of this event gives the cumulative distribution function,

Fconvert ¼ 1� exp½�k3sconvert�: ð28Þ

According to the inversion method, we can write Fconvert = r, where
‘r’ is a uniform random number. Hence r = 1 � exp (�k3sconvert)
gives,

sconvert ¼
1
k3

ln
1
r

� �
: ð29Þ
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