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Abstract
An emergent universe (EU) scenario is proposed to obtain a universe free 
from big-bang singularity. In this framework the present universe emerged 
from a static Einstein universe phase in the infinite past. A flat EU scenario is 
found to exist in Einstein’s gravity with a non-linear equation of state (EoS). 
It has been shown subsequently that a physically realistic EU model can be 
obtained considering cosmic fluid composed of interacting fluids with a non-
linear equation of state. It results a viable cosmological model accommodating 
both early inflation and present accelerating phases. In the present paper, the 
origin of an initial static Einstein universe needed in the EU model is explored 
in a massive gravity theory which subsequently emerged to be a dynamically 
evolving universe. A new gravitational instanton solution in a flat universe is 
obtained in the massive gravity theory which is a dynamical wormhole that 
might play an important role in realizing the origin of the initial state of the 
emergent universe. The emergence of a Lorentzian universe from a Euclidean 
gravity is understood by a Wick rotation τ = it. A universe with radiation at 
the beginning finally transits into the present observed universe with a non-
linear EoS as the interactions among the fluids set in. Thus a viable flat EU 
scenario where the universe stretches back into time infinitely, with no big 
bang is permitted in a massive gravity.
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1. Introduction

Recent astronomical and cosmological observations predict that the present universe is not 
only expanding but also passing through a phase of acceleration. In spite of the overwhelm-
ing success of modern big bang cosmology [1–3], a number of unresolved issues cropped up 
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when the early universe was probed, that find no explanation in Einstein’s general theory of 
relativity with perfect fluid. The physics of the inflation [4–8] and the introduction of a small 
cosmological constant for late acceleration are among the features that are not completely 
understood [9, 10]. Cosmological observations [11–13] have demonstrated that the present 
universe is passing through an accelerating phase. A handful of cosmological models pro-
posed so far to account for these properties are, as yet, not fully distinguished empirically 
from the currently available observational data. This is why there is enough motivation to 
search for an alternative cosmological model.

A modification of the general theory of relativity (GTR) in its gravity or matter sector may 
be important in order to accommodate the recent cosmological observations. A basic question 
that has surfaced for a long time, whether a mass term for the gravitational field should be 
introduced [14]. It has been proposed that the exchange particle for gravitational interaction, 
viz. the graviton may typically manifest its mass [15]. The motivation for introducing mass to 
graviton is to understand the cosmological constant problem [16, 17] as well as dark energy. 
Also it may be important to implement cosmology in gravitational theory that accommodates 
a massive graviton in order to understand the dynamics of the early universe.

In 1930, Fierz and Pauli (FP) [18] first developed a theory of a massive spin-2 field propa-
gating on a flat spacetime background. A ghost free linear theory of massive spin-2 field in FP 
theory is thus possible. But it was later realized that theories of a massive graviton suffered 
from dangerous pathologies, and it is difficult to generalize the theory to the non-linear level. 
The drawback of the linear theory with a FP-mass is that it does not recover Einstein’s general 
theory of relativity in the massless limit (m → 0), a contradiction with the solar system test 
due to the van Dam–Veltman–Zakharov (VDVZ) discontinuity [19, 20]. Later it was demon-
strated that the discontinuity can be removed by introducing nonlinear interactions with the 
Vainshtein mechanism [21]. It is noted further that in a massive theory of gravity, the momen-
tum and the Hamiltonian constraints are lost, resulting in the emergence of Boulware–Deser 
ghosts [22–26]. In the effective field theory approach to massive gravity, the problem mani-
fests itself in the Lagrangian for the helicity-0 component, which contains non-linear terms 
with more than two time derivatives. In order to construct a consistent theory in this case, non-
linear terms are tuned to remove, order by order, the negative energy states in the spectrum. 
A ghost free non-linear theory of massive gravity was constructed recently by de Rham et al 
[14, 27–29]. It is found that such a modified theory of gravity accommodates an accelerating 
universe [30, 31]. Stable static Einstein solutions have also been found to exist in the theory 
[32] accommodating cosmology without big-bang singularity.

It is known that in GTR, a static Einstein universe is permitted in the presence of a cos-
mological constant (Λ) in addition to a suitable perfect fluid [33]. As the present universe 
emerged from an inflationary phase in the early era, and is at present accelerating, the source 
of a cosmological constant required in GTR for concordance with observational cosmology 
remains a big question. A modification of GTR was considered [34] in the context of the early 
universe to obtain early inflation, and a similar modification to the Einstein–Hilbert action 
consistent with the present epoch has been considered to accommodate the accelerating phase 
of the late universe [30, 35, 36] also. A static Einstein universe existing in such modified theo-
ries of gravity with perfect fluid [37] is useful for constructing an alternative cosmological 
model without big-bang singularity. Ellis and Maartens [38] considered the possibility of a 
cosmological model [39] in which there is no big-bang singularity, no beginning of time, and 
the universe effectively avoids a quantum regime for space-time by staying large at all times. 
The universe started out in the infinite past in an almost static Einstein universe, and subse-
quently entered in an expanding phase slowly, eventually evolving into a hot big-bang era. 



Later Ellis, Murugan and Tsagas [37] constructed an emergent universe scenario for a closed 
universe with a minimally coupled scalar field φ, which has a special form for the interaction 
potential V(φ). It was shown [40] later that such a potential is similar to what one obtains from 
a modified gravitational action with a polynomial Lagrangian L = R + αR2 making use of a 
suitable conformal transformation and identification of the field as φ = −

√
3 ln(1 + 2αR) 

with a negative coupling term α. Later Mukherjee et al [41] obtained a static Einstein universe 
in a modified gravity in a spatially flat cosmological model leading to an emergent universe 
scenario. The possibility of emergent cosmology using the effective potential formalism has 
been further explored recently [42] showing that new models of emergent cosmology satisfy 
the constraints imposed by the cosmic microwave background (CMB) radiation. It has also 
been demonstrated that within the framework of modified gravity, the emergent scenario may 
be obtained in a spatially open or closed universe.

The emergent universe (EU) scenario promises to solve several conceptual and technical 
issues of the big-bang model. In recent times cosmological observations predict that the uni-
verse is most likely to be spatially flat. Therefore, it is important to explore a flat EU model. 
In a flat universe Mukherjee et al [43] obtained an EU scenario in GTR with cosmic fluid 
describe by a nonlinear equation of state p = Aρ− B

√
ρ where A and B are arbitrary con-

stants. It is also shown that such an EU scenario can also be realized in a modified theory of 
gravity by including higher order Gauss–Bonnet terms in the presence of a dilaton coupling 
[44]. Subsequently the EU model is explored in various theoretical frameworks, namely the 
Brane world [45–47], Brans–Dicke theory [48], as well as in the context of the non-linear 
sigma model [49]. The EU model also accommodates a late time de Sitter expansion and thus, 
naturally permits late time acceleration of the universe. Such a scenario is promising from the 
perspective of offering unified early as well as late time dynamics of the universe. Note how-
ever, that the focal point of unification in such emergent universe models lies in the choice of 
equation of state for the polytropic fluid, while several other models of unification rely more 
on the scalar field dynamics with suitable field potentials [50–52]. A number of issues pertain-
ing to different models of EU have been discussed in the literature [42, 53].

The EU model with a polytropic non-linear equation of state (EoS) [43] gives rise to a 
flat universe with a composition of three types of fluids determined by the EoS parameters  
(A and B). Assuming no interaction among themselves, one obtains a universe with three fluids 
which, however, separately satisfy conservation equations. Using the observational data of 
WMAP7 [54] and Planck2015 [55] the permitted range of values of the parameters A and B 
are estimated [56–59]. For a viable cosmological scenario, it is further necessary to consider 
a consistent model of the universe which contains successive phases of the universe namely, 
radiation domination, matter domination and subsequently the late acceleration of the uni-
verse. It may be pointed out here that in the original EU model with non-interacting fluids, 
one problem was that the fluid contents of the universe is of definite type once EoS parameter 
A is fixed. The three fluids are identified with exotic matter, dark energy and a barotropic fluid 
satisfying (pi = ωiρi, where i  =  1,2,3). For example, barotropic fluid corresponds to radia-
tion if A = 1

3  . A problem surmounted in this case is that a universe with radiation to begin 
with, never transits to other forms of barotropic fluid. A problem thus circumvents as to how a 
pressureless matter component could be accounted for in the universe at a later epoch within 
such a scenario if the initial universe is dominated by radiation. Recently, it is shown by us 
[60] that allowing interaction among the constituent fluids [61–67] opens up richer physical 
consequences. Using interactive fluid models it has been shown [60] that a viable EU scenario 
can be realized. It is therefore of interest to investigate the origin of an initial static Einstein 
phase of the universe which is essential to realize a EU scenario.



The solutions of Euclidean gravity which are gravitational instantons obtained in a mod-
ified theory of gravity namely, massive gravity to realize the existence of an initial static 
Einstein universe in the asymptotic past. The gravitational instanton solution with ȧ(τ) �= 0 
leads to an expanding universe when ȧ(τ) > 0 and a contracting universe when ȧ(τ) < 0 . 
Both the universes are connected by a throat at ȧ(0) = 0, which is called a dynamical worm-
hole. We note that a massive gravity theory permits a dynamical wormhole which eventually 
leads to an emergent universe scenario. It is important to mention here that in the past the 
role of spacetime wormholes have been used in fixing the observed values of the constants of 
nature and in understanding creation of a baby universe [68–84, 91, 93–95]. In this paper the 
gravitational instantons in the framework of massive gravity will be employed to describe the 
origin of the initial Einstein static universe for an emergent universe scenario.

The paper is organized as follows. In section 2 we set up the relevant field equation start-
ing from a gravitational action for massive gravity theory in the Lorentzian time. In section 3 
we present the field equations in Euclidean time and obtained instanton solutions. The gravi-
tational instanton solutions are discussed in the following models , namely Model-I, gravi-
tational instanton which leads to a de Sitter universe and Model-II, gravitational instanton 
which leads to an EU model. In section 4, an interacting fluid model of the present universe is 
presented. Finally, in section 5, we present a brief discussion.

2. Gravitational action and the field equations

The gravitational action for massive gravity theory [27–29, 32, 85–87] is given by

I = − 1
8πG

∫ (
1
2

R + m2U

)√
−g d4x + Sm (1)

where m = c
�mg in the length scale with mg being the graviton mass, R represents the Ricci 

scalar, Sm represents the action for ordinary matter and the potential term coupled through 
mass term (m) is given by

U = −1
2
(
K2 − Kν

µKµ
ν

)
+

c3

3!
εµνρσε

αβγσKµ
αKν

βKρ
γ

+
c4

4!
εµνρσε

αβγδKµ
αKν

βKρ
γKσ

δ

 

(2)

for generic values of dimensionless constants c3, c4 [87] and Kµ
ν = δµν − γµ

ν  and γµ
σγ

σ
ν = gµσfσν, 

fσν being a symmetric tensor field.
We consider a Robertson–Walker metric for a spatially homogeneous and isotropic space-

time which is given by

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2 + r2 (dθ2 + sin2θ dφ2)
]

 (3)

in the unit c  =  1 and � = 1, where a(t) represents the scale factor of the universe and k  =  0, 
+1, −1 represent flat, close and open universes, respectively. We consider the energy–momen-
tum tensor as Tµ

ν = diagonal (ρ,−p,−p,−p), where ρ is the energy density and p is the pres-
sure. There exist cosmological solutions in massive gravity [87] where the non-zero mass of 
the graviton effectively produces a Friedmann equation with a matter source comprising of 
several different types of matter including a cosmological constant term. The field equation is 
given by



H2 +
k
a2 =

8πGρ

3
+

m2

3

(
4c3 + c4 − 6 + 3C

3 − 3c3 − c4

a

)

+
m2

3

(
3C2 c4 + 2c3 − 1

a2 − C3 c3 + c4

a3

)
 (4)

and the energy conservation equation is given by

ρ′ + 3H(ρ+ p) = 0, (5)

where ()′ denotes differentiation with respect to Lorentzian time (t), H = a′
a  is the Hubble 

parameter, C is an integration constant, and ρ is the energy density of ordinary matter including 
vacuum energy and p is the pressure. The additional terms in the Friedmann equation namely, 
1
a, 1

a2  and 1
a3  can be viewed as quintessence, gas of cosmic strings and non-relativistic cold mat-

ter, respectively. It was shown by Vakili and Khosravi [88] that the big-bang singularity can 
be avoided through a bounce in the framework of massive gravity. The EU scenario in a flat 
universe was obtained by Mukherjee et al [43] which evolves out of a static phase of the uni-
verse in infinitely past time. It is free from big-bang singularity. But it is not clear why such a 
static Einstein phase of the universe exists in that era which eventually becomes an emergent 
universe with all the features of the observed universe. The motivation of the present paper is 
to explain the origin of an initial static Einstein universe from which the emergent universe 
naturally arises making use of a dynamical wormhole.

3. The field equation in Euclidean gravity and gravitational instantons

The Euclidean metric is given by

ds2 = dτ 2 + a2(τ)

[
dr2

1 − kr2 + r2 (dθ2 + sin2θdφ2)
]

 (6)

where τ is the Euclidean time. The gravitational action is

I =
1

8πG

∫ (
1
2

R + m2U

)
√

g d4x + Sm. (7)

The field equation corresponding to the Euclidean action (equation (8)) is given by
(

ȧ2

a2

)
− k

a2 = −8πGρ

3
− m2

3
(4c3 + c4 − 6)

−m2

3

(
3C

3 − 3c3 − c4

a
+ 3C2 c4 + 2c3 − 1

a2 − C3 c3 + c4

a3

)
. (8)

The conservation equation of matter field in Euclidean time is given by

ρ̇+ 3H(ρ+ p) = 0, (9)

where (̇) represents derivative with respect to the Euclidean time (τ) and H = ȧ
a represents the 

Hubble parameter. To investigate the initial state of an EU model obtained by Mukherjee et al 

[43], we assume a flat universe, i.e. k  =  0 and define Λ = 8πGρ
3m2  in the Euclidean gravity. Using 

the rescaling a
C → a, the Friedmann equation can be written as



ȧ2 = V(a) (10)

where the potential term is given by

V(a) = −m2
[

a2(4c3 + c4 − 6 + 3Λ)
3

− c3 + c4

3a
+ X

]
 (11)

with X = (3 − 3c3 − c4)a + (c4 + 2c3 − 1) . It is important to note that the parameter space 
reduces to a subset c3 = −c4, which is the simplest choice that presents a successful Veinshtein 
effect in the weak field limit [89]. In this paper we consider the above case, c3 = −c4 to obtain 
cosmological models.

The gravitational solutions of the field equations permit wormholes where two universes 
are connected by a throat, one of them is with the evolving phase (ȧ > 0) and at the throat 
ȧ = 0. Further by a wick rotation [84] τ = it, it is possible to realize a universe which emerges 
into the present universe with Lorentzian or classical time without singularity at t  =  0.

3.1. Model-I: Gravitational instanton in massive gravity with a cosmological constant

The general solution of the equation (10) is an elliptic integral in the case of vacuum domina-

tion i.e. ρ = −p = 3m2Λ
8πG . Although gravitational instanton [91] solutions are permitted for 

c3 + c4 �= 0 we consider here c3 + c4 = 0. The above choice is to obtain the solution in a 
more convenient form which describes wormholes. In this case equation (10) becomes

ȧ2 = α+ βa + δa2 (12)

where α = (c3 − 1)m2, β = (2c3 − 3)m2, δ = (c3 − 2 + Λ)m2  and we set 8πG = 1. On inte-
grating equation (12) we obtain a simple solution which is given by

a(τ) =
β

2δ
+

(√
β2 − 4αδ

4δ2

)
cos

√
δ τ . (13)

It satisfies the following boundary conditions

a(τ = 0) =

(
β +

√
β2 − 4αδ
2δ

)
, ȧ(τ = 0) = 0. (14)

In the above case physically interesting solutions demand a set of values of Λ satisfying the 
constraints imposed by the co-efficient c3, which is

2 − c3 < Λ �
4c2

3 − 4c3 + 1
4(c3 − 1).

It is evident that a physically relevant gravitational instanton solution may be obtained when 
c3 > 3

2 and Λ < 1
2. A special case with c3 = −c4 = 2, leads to a gravitational instanton given 

by

a(τ) =
1

2Λ
+ a1 cos

(√
Λτ

)
 (15)

where a1 =
√

1
4Λ2 − 1

Λ
. The above solution satisfies the boundary condition



a(τ = 0) =
(

1 +
√

1 − 4Λ
2Λ

)
, ȧ(τ = 0) = 0 (16)

relevant to realize a cosmological model via a wormhole which does not have singularity. It 
is evident from the above that a physically realistic case emerges for Λ < 1

4. The gravitational 
action corresponding to the Euclidean solution is finite which is given by

IE = −
(

3πa2
1

8
√
Λ

+
3a2

1

16
√
Λ3

− a3
1

2
√
Λ

)
. (17)

The above instanton solution when analytically continued to Lorentzian time by a Wick rota-
tion τ = it [84] (in equation (15)) gives

a(t) =
1

2Λ
+ a1cosh

(√
Λt
)

. (18)

The above scale factor corresponds to a de Sitter universe as Λ is a constant parameter. 
Although it admits an initial static Einstein universe, it never goes over to an emergent uni-
verse as it leads to an inflationary universe without matter.

3.2. Model-II: Gravitational instanton in massive gravity with a non-linear equation of state

In a massive gravity theory with a composition of cosmic fluid which is described by a non-
linear equation of state considered by Mukherjee et al [43] namely,

p = Aρ− B
√
ρ (19)

will be considered to explore the origin of the initial static Einstein universe. It is simple to 
note that using the above EoS in the conservation equation given by equation (9), one can 
integrate to obtain energy density which is given by

ρ =
1

(A + 1)2

(
B +

K

a
3(A+1)

2

)2

. (20)

where K is a positive integration constant. Susequently it is possible to identify three fluids 
with the energy densities as follows

ρ1 =
B2

(A + 1)2 , ρ2 =
2KB

(A + 1)2

1

a
3(A+1)

2

,

ρ3 =
K2

(A + 1)2

1
a3(A+1) .

 

(21)

Now, using equation (20) in equation (19) once again, one obtains the corresponding pressure 
terms which are given by

p1 = − B2

(A + 1)2 , p2 =
KB(A − 1)
(A + 1)2

1

a
3(A+1)

2

,

p3 =
AK2

(A + 1)2

1
a3(A+1) .

 

(22)

The equation of state parameter for ρ3 is ω3 = p3
ρ3

= A. Using the energy density (equation 
(20)), the Euclidean field equation can be rewritten as



ȧ2 = (c4 + 2c3 − 1) + (3 − 3c3 − c4)a − Λa2
[

1 +
4c3 + c4 − 6

3Λ

]

−Λa2

[
−c3 + c4

3Λ
1
a3 +

2K
B

1

a
3(A+1)

2

+

(
K
B

)2 1
a3(A+1)

]
 (23)

in the gravitational unit 8πG = 1, one can set m2  =  1, with Λ =
(

B
A+1

)
2.

In the massive gravity theory with a non-linear EoS, new and interesting gravitational 
instanton solutions are permitted. As a special case it is interesting to consider A = 1

3  with 
c3 = −c4 = 3

2 for the new set of dynamical wormholes. In this case the equation (23) can be 
expressed as

ȧ2 = βo − β1a2 − β2

a2 (24)

where βo = 1
2

(
1 − 4K

B Λ
)
, β1 = 1

2 (2Λ− 1), β2 =
(K

B

)
2Λ. In the equation (24), it is evident 

that the terms O(a) and O( 1
a ) are absent in this case. Consequently for c3 = −c4 = 3

2, the 
above differential equation  permits two branches of solutions (i) ȧ(τ) < 0 : an instanton 
accommodating a contracting universe and (ii) ȧ(τ) > 0 : an instanton accommodating an 
expanding universe connected by a wormhole neck at ȧ(τ) = 0 . The instanton solution is 
given by

a2(τ) =
1
4 − K

BΛ

2Λ− 1

+

√( 1
4 − K

BΛ
)2 − 2Λ

(K
B

)2

2Λ− 1
cos

√
2(2Λ− 1) τ . (25)

The condition for the existence of a wormhole solution thus imposes a bound on Λ admitting 
the values as 12 < Λ < B

4K . In this case, the throat radius which is the initial size of the Einstein 
static universe is determined by

a|τ=0 =

1
4 − K

BΛ +

√( 1
4 − K

BΛ
)2 − 2Λ

(K
B

)2

2Λ− 1
 (26)

where Λ =
(

B
A+1

)
2. Thus, the size of the initial static Einstein universe can be determined 

in terms of the EoS state parameters A, B and the integration constant K. In a massive grav-

ity framework with a non-linear EoS, we define βo = (Cm − 2KΛ
B ) where Cm = c3 + c4 − 1 

for A = 1
3  in a flat universe. Consequently, it is evident that without massive gravity Cm  =  0 , 

one ends up with βo < 0, which however does not permit a wormhole solution. However, in 
the framework of massive gravity with a non-linear EoS, wormhole solutions are permitted 

when Cm > 2KΛ
B  ( βo > 0). In this case the duration of the Einstein static phase is determined 

by the value of Λ. An infinite static phase ȧ(τ) = 0 with τ =
√

2π2

2Λ−1  is found to exit when 

Λ → 1
2 . Thus the Einstein static phase is found to exist over a much longer duration. The 

corre sponding size of the static universe that emerges is found large enough as required for an 
emergent universe. Thus if the initial size of the static universe is large it survives over a longer 
duration before it switches over to a dynamically evolving EU scenario. On the other hand, if 



the initial size of the universe is small, the duration over which it exists in the static phase is 
very short compared to a universe with a initial large enough static universe. It is noted that 
the exact value of Λ puts a bound on B for the wormhole solution once A is fixed. The lower 

bound on B thus satisfies a limit B > 2
√

2
3 . A static Einstein universe at τ = 0 evolves into the 

present observed universe when ȧ > 0. Alternatively, a huge universe contracts when ȧ < 0, 
leading to a static universe at the wormhole throat. Thus, two such universes are connected by 
a throat of a dynamical wormhole that can be understood by the parameters of massive gravity 
theory. The Euclidean action is finite and the action is given by

IE = −3πβo

2
IE1 + 6πβ1IE2 (27)

where both IE1 and IE2 are determined by a elliptic function and Hypergeometric function as 
follows

IE1 =
2
√
η2

1 + η1η2E[ 2η2
η1+η2

] + η2F[( 1
4 , 3

4 , 1), ( 3
2 , 3

2 ),
η2

2
η2

1
]

4
√
η1β1

in the above we defined η1 = βo
4β1

 and η2 =

√
β2

o−8β2

4β1
 in terms of the variables given by equa-

tion (24), and

IE2 =

∫ π

4
√

β1

o

(
βo

4β1
+

√
β2

o − 8β2

4β1
cos(

√
4β1)τ

)
. (28)

Analytic continuation of the Euclidean metric given by equation (6) by a Wick rotation 
(t = iτ ) gives

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2 + r2 (dθ2 + sin2θdφ2)
]

 (29)

in Lorentzian time (t). The cosmological solution given by equation (25) becomes

a(t) =
[
ao + β cosh

√
2(2Λ− 1) t

] 1
2

 (30)

we define ao =
1
4 −

K
B Λ

2Λ−1  and β =

√
( 1

4 −
K
B Λ)2−2Λ( K

B )2

2Λ−1
. Thus for 

√
2(2Λ− 1) t > 1, the solution 

becomes

a(t) =

[
ao +

βe
√

2(2Λ−1) τ

2

] 1
2

 (31)

A consistent EU scenario in this framework is permitted. For ω3 = A = 1
3, one of the composi-

tion of fluid in the universe is radiation. The Lorentzian universe thus emerged with radiation 
as one of the component of cosmic fluid composition.

4. Interacting fluid model in massive gravity

The emergent universe to begin with came out with a composition of three non-interacting 
fluids in a massive gravity framework



ρ1 =
B2

(A + 1)2 +
4c3 + c4 − 6

3
, ρ2 =

2KB
(A + 1)2

1

a
3(A+1)

2

,

ρ3 =
K2

(A + 1)2

1
a3(A+1) .

 
(32)

in addition to

ρ4 =
3 − 3c3 − c4

a

ρ5 =
c4 + 2c3 − 1

a2

ρ6 = −c3 + c4

3a3 .

It is evident that for A = 1
3  and c3 = −c4 = 3

2, one obtains a universe composed of three fluids 
only namely, ρ1, ρ2 and ρ3,

Assuming an interaction that began at t � to, among the fluids described by the non-linear 
EoS as

ρ̇1 + 3H(ρ1 + p1) = −Q′ ρ̇2 + 3H(ρ2 + p2) = Q,
ρ̇3 + 3H(ρ3 + p3) = Q′ − Q.

 (33)

where Q and Q′ represents interaction terms. The densities are identified as follows: dark 
energy density (ρ1 ), dark matter (ρ2) and normal matter (ρ3). For (i) Q  <  0 energy transfer 
from dark matter sector to the other two constituents, (ii) Q′ > 0 energy transfer from dark 
energy sector to the other two fluids, (iii) Q′ < Q energy loss from the normal matter sector, 
(iv) Q = Q′ dark energy interacts only with the dark matter. The equivalent effective uncou-
pled model is described by the conservation equations

ρ̇1 + 3H(1 + ωeff
1 )ρ1 = 0 (34)

ρ̇2 + 3H(1 + ωeff
2 )ρ2 = 0 (35)

ρ̇3 + 3H(1 + ωeff
3 )ρ3 = 0 (36)

where the effective equation of state parameters are

ωeff
1 = ω1 +

Q′

3Hρ1
, (37)

ωeff
2 = ω2 −

Q′

3Hρ2
, (38)

ωeff
3 = ω3 +

Q − Q′

3Hρ3
. (39)

Consider Q − Q′ = −ξHρ3 where ξ is a coupling parameter, the effective state parameter for 
the normal fluid becomes



ωeff
3 = ω3 −

ξ

3
. (40)

As the strength of interaction is increased one gets ωeff = 0 which effectively describes a mat-
ter domination. In this case a universe with a non zero A value transits to a matter domination 
phase with the onset of interaction which however is not permitted in the absence of interac-
tion. The observational constraints imposed on the EoS state parameters A, B and the integra-
tion constant K are determined by us in [58] in Einstein gravity, it will be taken up elsewhere 
in the context of massive gravity theory.

5. Summary

In this paper we obtain a new dynamical wormhole solution in the framework of massive 
gravity theory with cosmic fluid described by a non-linear EoS. The gravitational instanton 
solution relevant for the initial Einstein static universe required for an emergent universe is 
identified. We note that in the case of vacuum domination, a de Sitter universe emerges when 
Λ < 1

4. But, the above dynamical solution does not allow for an EU model. However, a new 
and interesting solution is obtained for Λ > 1

2 in the massive gravity with a non-linear EoS, 
a static Einstein universe is permitted with an initial size determined by the throat radius of 
the wormhole. It may be mentioned here that the dynamical wormhole emerges naturally in 
the theory and it permits emergence of an EU model. The initial size of such a static Einstein 
universe is determined by the EoS parameters, namely, A, B and the integration constant K. In 
this case it is evident that a sufficiently large time duration of the initial static Einstein phase 
can be obtained here for Λ → 1

2 . Thus the origin of a static Einstein universe in the infinite past 
needed for an EU model can be described satisfactorily in this case. The late evolution namely, 
Lorentzian emergent universe scenario can be understood from the Euclidean gravity by 
applying Wick rotation t = iτ . It may be emphasized here that the non-linear EoS considered 
here is equivalent to a composition of three types of fluids as given by equation (20) which 
leads to an EU model as was previously obtained in [43]. Finally, it has been shown by us that 
making use of interaction among the three fluids, a physically realistic cosmological model 
with all properties of the observed universe can be realised (for detail [60]) satisfactorily. It 
is noted that the modified gravity namely, massive gravity allows for the wormhole solution 
which, however, cannot be obtained in GTR-framework. The bounce solution obtained with 
the non-linear EoS in GTR, however, permits a singularity free cosmology with a de Sitter 
solution. The combination of massive gravity and the non-linear EoS enables here not only to 
overcome the problems of the early universe but also offers possibility of a viable late universe 
scenario too [60]. Although a number of wormhole solutions are permitted for c3 + c4 = N  
values in massive gravity theory, we consider here N = 0 as it leads to a wormhole solution 
in simple form to realise the physical universe. A detail study on the issue of populating such a 
universe with both N = 0 and N �= 0 [96] will be taken up elsewhere. Thus, a massive gravity 
theory with a non-linear EoS which is equivalent to the composition of three types of cosmic 
fluids, which permits a viable flat EU scenario where the universe stretches back into time 
infinitely, emerges with no big-bang singularity. The relevant dynamical wormhole solution 
obtained here permits a static Einstein universe which exists over a considerably large time 
depending upon Λ which is determined by the EoS parameters namely A and B.
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