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We consider quantum steering by non-Gausssian entangled states. The Reid steering criterion based on 
the Heisenberg uncertainty relation fails to detect steerability for many categories of such states. Here, 
we derive a tighter steering criterion using the Robertson–Schrödinger uncertainty relation. We show 
that our steering condition is able to detect steerability of several classes of non-Gaussian states such 
as entangled eigenstates of the two-dimensional harmonic oscillator, the photon subtracted squeezed 
vacuum state and the NOON state.

a b s t r a c t
1. Introduction

Based on two assumptions, viz., locality and realism, Einstein–
Podolsky–Rosen (EPR) [1] in 1935 argued that the quantum me-
chanical description of a physical system is incomplete. In the 
same year Schrödinger published a work [2] in response to the 
EPR paper, pointing out the fact that an experimenter by a suit-
able choice of measurements on one part of a composite system, 
can control the state of the other spatially separated part without 
directly interfering with that part. The word “steering” was coined 
by Schrödinger to describe this non classical feature of quantum 
mechanics, as well as the word “entanglement” to describe the cor-
relations of such spatially separated systems.

An experimental formulation of the EPR steering was first pro-
posed by Reid [3] and Drummond in the context of continuous 
variable systems using the position-momentum uncertainty rela-
tion, based upon inferred variances of observables and the Heisen-
berg uncertainty Relation. They established [4] the non classi-
cal correlations present in the quadrature amplitudes of the out-
put beams and demonstrated the EPR scenario through violations 
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of the inferred Heisenberg uncertainty principle. Later Ou et al. 
demonstrated the EPR paradox using spatially separated and corre-
lated light modes generated by non-degenerate parametric amplifi-
cation [5]. A stronger violation of the Reid inequality for two-mode 
squeezed vacuum states has been experimentally reported recently 
[6]. However, in systems with correlations having higher than the 
second order moment, e.g., the non-Gaussian states, the Reid cri-
terion for the EPR experiment in the continuous variable scenario 
failed to reveal steerability, even though they exhibit Bell-non lo-
cality [7], [8].

The concept of EPR-Schrödinger steering has been recently fur-
ther developed in the information theoretic context by Wiseman et 
al. [9]. They showed using similar formulations in terms of nonlo-
cal tasks for entanglement as well as Bell non-locality, that a clear 
distinction between these three types of correlation is possible us-
ing joint probability distributions. EPR-steering stems form a corre-
lation that is strictly intermediate between quantum entanglement 
and Bell non-locality [10]. The connection between the concept of 
steering as an information theoretic task formalized by Wiseman 
et al. [9], and the experimental criterion for demonstration of EPR 
introduced by Reid [3], has also been clearly established [11]. Sub-
sequently, Brunner et al. [12] have showed the inequivalence be-
tween entanglement, steering and Bell-nonlocality for the general 
measurement scenario in bipartite qubit systems. The experimen-
tal demonstration of these three types of correlations has been 
obtained, as well [13]. A loop-hole free EPR steering experiment 
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has been also performed [14]. Quantum steering is fundamen-
tally linked with quantum uncertainty, and hence, other versions 
of uncertainty relations have also been employed to obtain corre-
spondingly different steering relations such as the entropic [7] and 
the fine-grained [15] steering inequalities.

Reid’s inequality has been employed to detect EPR steering for 
several continuous variable quantum systems. However, a num-
ber of entangled continuous variable non-Gaussian states do not 
violate the inferred variance inequality proposed by Reid. In re-
cent developments in quantum information theory, non-Gaussian 
states have applications in several protocols [16]. Extensions of the 
entanglement criterion for non-Gaussian states have been devel-
oped [17], [18], and Bell-violations have been studied for such 
states too [19]. It is thus relevant to study steering by non-
Gaussian entangled states. Walborn et al. [7] raised a question as 
to whether such states violate some higher order EPR-steering in-
equality. It was also pointed out that the Reid inequality based 
on the variances is unable to capture the correlations which are 
of higher than second order in the tested observables. The en-
tropic steering inequality [7] is able to reveal the steerability of 
several categories of non-Gaussian states [8]. In the present work 
we ask a somewhat different though related question regarding 
the steerability of pure non-Gaussian entangled states: Is the Rei-
d’s inequality based on variances tight enough to reveal steerability 
for various categories of non-Gaussian states? The steering bound 
proposed by Reid is based on the Heisenberg uncertainty rela-
tion for two conjugate observables. A more generalized form of 
variance based uncertainty relation was derived by Robertson and 
Schrödinger for any two hermitian observables [20]. In order to 
address the question posed above, in this paper we investigate the 
Reid criterion in context of the Robertson–Schrödinger uncertainty 
relation for the purpose of studying steerability of non-Gaussian 
states.

The plan of the paper is as follows. In the section 2, we present 
a brief review of the concepts of the EPR paradox and the demon-
stration of steering through the Reid criterion. The main purpose of 
this section is to discuss the formulation of steering criterion based 
on Heisenberg’s uncertainty relation proposed by Reid and recall 
its applicability for a Gaussian state, e.g., the two-mode squeezed 
vacuum state. We next review briefly the development of the 
Robertson–Schrödinger uncertainty relation. In the section 3, we 
first construct a new steering inequality based on the Robertson–
Schrödinger uncertainty relation. The steerability of several non-
Gaussian states is then studied based upon our proposed condition 
that is tighter than the Reid criterion. Here we consider exam-
ples of experimentally realizable non-Gaussian states such as the 
entangled eigenstates of the two-dimensional harmonic oscillator 
given by Laguerre–Gaussian wave functions, the photon subtracted 
squeezed vacuum state [21], and the NOON state [22]. In section 4, 
we provide a summary of our main results.

2. Preliminaries

2.1. The Einstein–Podolsky–Rosen–Schrödinger argument and the Reid 
criterion

The EPR argument is based on the notion of local realism. The 
sufficient condition of reality defined by EPR [1] states, “If with-
out any way disturbing a system we can predict with certainty 
(with probability equal to unity) the value of a physical quantity, 
then there exists an element of physical reality corresponding to 
this physical quantity”. The locality assumption keeps consistency 
with the idea of the special theory of relativity, i.e., nothing can 
travel faster than light, or, “no action at a distance”. Now, under 
this premise one may consider a pure bipartite entangled state 
|ψ >AB shared by two spatially separated parties, say Alice and 
Bob. This entangled state may be expressed in two different ways, 
as,

|ψ >AB=
∑

pn|an > ⊗|un >=
∑

qn|bn > ⊗|vn > (1)

where, |an > and |bn > are two orthonormal basis of eigenstates 
of operators, say A1 and A2 respectively, of subsystem S A for Al-
ice, and |un > and |vn > are two orthonormal basis eigenstates of 
operators, say B1 and B2 respectively, of subsystem S B for Bob. Af-
ter measurement (A1) on the first system, if the state of the first 
system is left to the corresponding eigenstate state, |ak >, then the 
state of the second system will reduce to be |uk >. Consequently, 
the global state of the joint system is given by |ak > ⊗|uk >. Now, 
if one chooses to measure another non commuting observable, A2, 
on the first system, the state of the first system will be reduced 
to that corresponding eigenstate, |b j >, and the state of the sec-
ond system will be |v j >. The global state is then reduced to 
|b j > ⊗|v j >. Therefore, “as a consequence of two different mea-
surements performed upon the first system, the second system 
may be left in the states with two different wave functions” [1]. 
This ability of Alice to produce different ensembles on Bob’s side, 
due to her choice of measurement basis, was coined ‘steering’ by 
Schrödinger [2].

In the original formulation of the EPR paradox, correlations be-
tween the measurement outcomes of positions and momentum for 
two separated particles were considered [23]. By measurement of 
the position observable of the first particle, one can infer the corre-
lated value of the position observable of the second particle, which 
is spatially separated (say, Xinf ). Now, if the momentum observable 
is considered, in the similar manner, one can infer the outcomes of 
the momentum measurements of the second particle, by perform-
ing measurement on the first particle (say, Pinf ). According to EPR 
argument there exists such correlations so that, one can predict 
the outcomes of the two non-commuting measurements with cer-
tainty without disturbing the system. The original EPR argument 
based on the perfect correlations is impossible to obtain in prac-
tice due to inevitable uncertainty in preparation and measurement 
of real physical systems. This problem was first considered by Fury 
[24] in 1936 but the first formulation of an experimental crite-
rion for EPR paradox had to wait till the work of Reid in 1989 [3]. 
The EPR definition of the sufficient condition of reality needs to be 
modified to [11], “If, without in any way disturbing a system, we 
can predict with some specified uncertainty the value of a physical 
quantity, then there exists a stochastic element of physical reality 
which determines this physical quantity with at most that specific 
uncertainty”. It was Ou et al. [5] who first experimentally demon-
strated the idea formulated by Reid.

Reid considered that EPR’s original example involving the po-
sitions and momenta of two correlated particles can be realized 
by using the quadratures of two correlated and spatially separated 
light fields. Let us consider the correlated and spatially separated 
two single mode fields, Ea and Eb of frequency ωa and ωb at po-
sitions ra and rb in terms of bosonic operators,

Ea = λ(âe−iωat + â†eiωat)

Eb = λ(b̂e−iωbt + b̂†eiωbt) (2)

where λ is a constant incorporating spatial factors taken to be 
equal for each mode. The quadrature phase amplitudes for fields 
Ea and Eb are given by respectively,

Xθ = 1√
2
(âeiθ + â†eiθ ) Yφ = 1√

2
(b̂eiφ + b̂†eiφ) (3)

where,



â = X + i P X√
2

â† = X − i P X√
2

(4)

b̂ = Y + i P Y√
2

b̂† = Y + i P Y√
2

(5)

The commutation relation of the Bosonic Operators are given by,

[â, â†] = 1 = [b̂, b̂†] (6)

The fields are produced in such a way so that the quadrature 
amplitudes of the two modes are correlated i.e. Xθ is correlated 
with Yφ . The correlation between these quadratures can be ob-
tained by the correlation coefficient Cθ,φ defined as,

Cθφ = (Xθ Yφ)

[(Xθ )2(Yφ)2]1/2
(7)

For perfect correlation, |Cmax
θφ | = 1 and for non correlated fields, 

|Cmin
θφ | = 0. Presence of maximum correlation between the quadra-

tures implies that one can infer Xθ with certainty by measuring 
the corresponding correlated amplitude Yφ . The EPR paradox arises 
due to the ability to infer an observable of one system from the 
result of measurement performed on another observable of a spa-
tially separated second system. In reality the observables are not 
perfectly correlated due to interaction with environment or uncer-
tainty in measurements. Hence, one can estimate the amplitudes 
Xθ1 and Xθ2 by measuring the amplitudes Yφ1 and Yφ2 with some 
errors. However, to obtain the paradox the error must be small 
enough compared to the uncertainty proposed by the Heisenberg 
uncertainly principle. Let the inferred estimate of the quadratures 
amplitudes be given by,

Xinf
θ1

= g1Yφ1 Xinf
θ2

= g2Yφ2 (8)

where, g1 and g2 are scaling parameters. g1,g2, φ1, φ2 should 
be adjusted in such a way so that Xθ1 and Xθ2 are inferred with 
the greatest possible accuracy. The deviation of the estimated Xinf

θ

from the true amplitude Xθ is given by (Xθ − Xinf
θ ). The average 

errors (variances) of the inferences are given by,

(�inf Xθ1)
2 = 〈(Xθ1 − Xinf

θ1
)2〉 (9)

(�inf Xθ2)
2 = 〈(Xθ2 − Xinf

θ2
)2〉 (10)

The values of the scaling parameter g1 and g2 are chosen such 
that, (using the condition for extremization)

∂(�inf Xθ1)

∂ g1
= 0 = ∂(�inf Xθ2)

∂ g2
(11)

Therefore,

g1 = 〈 X̂θ1 Ŷφ1〉
Ŷ 2

φ1

and g2 = 〈 X̂θ2 Ŷφ2〉
Ŷ 2

φ2

(12)

The values of φ1 and φ2 can be obtained by maximizing the cor-
relation coefficients Cθ1,φ1 and Cθ2,φ2 . Now, the expression for the 
inferred quadratures can be written as,

(�inf Xθ )
2 = 〈( X̂θ − 〈 X̂θ Ŷφ〉

〈Ŷ 2
φ〉 Ŷφ)2〉 (13)

Due to the commutation relations [X, P X ] = i = [Y , P Y ] and 
Heisenberg’s uncertainty relation, (�Xθ1)

2(�Xθ2)
2 ≥ 1/4, it is re-

quired that the product of the variances of the above inferences 
(�inf Xθ1 )

2(�inf Xθ2 )
2 ≥ 1/4. Hence, the EPR paradox occurs if the 

correlation in the field quadratures lead to the condition,

SEPR ≡ (�inf Xθ1)
2(�inf Xθ2)

2 < 1/4 (14)
2.2. Uncertainty relations

In 1927, Heisenberg first proposed the uncertainty principle 
[20], “The more precisely the position is determined, the less pre-
cisely the momentum is known and conversely”, i.e., we can not 
determine the position and momentum of a particle simultane-
ously. This is a limitation of measurements. Later, Kennard proved 
an inequality [25] in terms of variance, which is a limitations of 
state preparation, meaning that no state can be prepared having 
precise position and momentum. The uncertainty in position and 
momentum is actually the property of the quantum states. Condon 
[26] indicated that the Kennard’s uncertainty relation is only based 
on conjugate variables, i.e., Fourier transform dual of one another. 
Robertson then generalized it in terms of two non-commuting 
arbitrary Hermitian variables and stated that the product of the 
variance of any two non-commuting observables is greater than or 
equal to half the absolute value of the mean of their commuta-
tor [27]. In 1930, Schrödinger generalized the uncertainty relation 
for any two arbitrary observables [28].

Let us consider two arbitrary Hermitian operators Â and B̂ . The 
average error or the mean uncertainty of the value of a operator A
is defined as

�A =
√

Ā2 − ¯(A)2 (15)

The lower bound of the product of the uncertainties of two random 
variables A and B , may be obtained by first writing their product 
as

AB = (AB + B A)/2 + (AB − B A)/2 (16)

and using the Schwarz inequality

(
∑

aia
∗
j )(

∑
bib

∗
j ) ≥| (

∑
aibi) |2 (17)

to get

(�A)2(�B)2 ≥ | 1

2i
〈[A, B]〉|2 + |1

2
〈{A, B}〉 − 〈A〉〈B〉|2 (18)

The above (Robertson–Schrödinger) relation is a generalized uncer-
tainty relation that is tighter than the previously discussed uncer-
tainty relations.

3. Proposed steering criterion and applications on non-Gaussian 
states

We use Robertson–Schrödinger uncertainty relation to obtain 
the lower bound of the average errors of the inferred values of 
the quadrature amplitudes Xθ1 and Xθ2 . Here we consider the co-
herent state to evaluate the RHS of the equation (18) as it gives 
the minimum uncertainty, given by

|α〉 = e− |α|2
2

∑ αn

√
n! |n〉 (19)

For particular θ and φ the quadrature amplitudes can be expressed 
in terms of the Bosonic operators

X̂1 = â + â†
√

2
and X̂2 = −i(â − â†)√

2
(20)

where the commutator [ X̂1, X̂2] = [â†, ̂a] = −1 and the anti-
commutator { X̂1, X̂2} = (â2 − ˆa†2), with

â†|α〉 = e− |α|2
2

∑ αn

√
n!

√
n + 1|n + 1〉

â|α〉 = e− |α|2
2

∑ αn

√
n!

√
n|n − 1〉 (21)



Fig. 1. The product of the inferred uncertainties (�inf Xθ1 )2(�inf Xθ2 )2 for the two-
mode squeezed vacuum state is plotted versus the squeezing parameter r. The 
horizontal line represents the Heisenberg Uncertainty bound below which steer-
ing can be demonstrated. The lower curve represents the product of the inferred 
uncertainties. Clearly, Steering is certified for all values of r through Reid criterion.

Hence, < { X̂1, X̂2} >= 〈α|â2|α〉 −〈α| ˆa†2|α〉 = i2r2sin2θ , where α =
reiθ , Now, taking r = 1, the RHS of the equation (18) is given by

| 1

2i
〈[A, B]〉|2 + |1

2
〈{A, B}〉 − 〈A〉〈B〉|2 = 1

4
+ Sin22θ (22)

Using the upper bound of the RHS of the above equation leads to 
a new steering condition based upon the Robertson–Schrödinger 
uncertainty relation, and is given by

SEPR ≡ (�inf Xθ1)
2(�inf Xθ2)

2 <
5

4
(23)

Let us first apply the above steering inequality on the two mode 
squeezed vacuum state, produced in non-degenerate optical para-
metric amplifier (NOPA) given by

| NOPA >= |ξ〉 = S(ξ)|0,0〉 =
√

1 − λ2
∑

λn | n,n > (24)

where λ = tanh r ∈ [0, 1], the squeezing parameter r > 0, and 
| m,n >=| m >A ⊗ | n >B , where | m > and | n > are Fock 
States. The squeezing operator S(ξ) = e(ξa†b†−ξ∗ab) , with ξ = reiφ . 
The inferred uncertainty is given by (�inf Xθ )

2 = 1
2 cosh [2r] −

1
2 tanh [2r] sinh [2r] cos2 θ + φ where the quadrature amplitude Xθ

is inferred by measuring the corresponding amplitude Yφ .
For two different values of θ (i.e., θ1 = 0 and θ2 = π/2), 

(�inf Xθ1 )
2 = (�inf Xθ2 )

2 = 1
2 cosh [2r] , (with φ1 = 0 and φ2 = π/2

respectively). The product of uncertainties thus asymptotically 
reaches the value 0 for r → ∞ as shown in the Fig. 1. This shows 
that the NOPA state is steerable for all values of r, as also ob-
tained by using the Reid criterion. However, Reid condition fails to 
demonstrate steering by several non-Gaussian states [8], e.g., the 
two-dimensional harmonic oscillator states, and the photon sub-
tracted squeezed vacuum state, that we will consider now.

3.1. Non-Gaussian entangled states of a two-dimensional harmonic 
oscillator

Almost all potentials in nature have small oscillations around 
the minimum, and hence, the importance of the harmonic oscilla-
tor in physics is enormous. Exact solutions of the harmonic oscil-
lator problem have been constructed. The Cartesian eigenfunctions 
of a two dimensional harmonic oscillator of mass μ and frequency 
ω are given by

ψn,m(x, y) =
√

2

π
(

1

2n+mn!m!ω2
)

1
2 Hn(

√
2x

ω
)

Hm(

√
2y

ω
)e

− x2+y2

ω2 , (25)∫
|ψn,m(x, y)|2dxdy = 1 (26)
where Hn(x) are the Hermite polynomials. This eigenfunctions can 
be physically realized in quantum optics in terms of Hermite–
Gaussian and Laguerre–Gaussian (LG) beams. The connection be-
tween the rectangular and cylindrical Gaussian modes of a laser 
beam in quantum optics and the wave functions of the stationary 
states of a two-dimensional quantum mechanical harmonic oscil-
lator has been established [29]. Operator algebra of the quantum 
harmonic oscillator can be successfully applied to describe the 
Gaussian modes of laser beams [30]. As the LG beam carries or-
bital angular momentum [31], it has immense applications such 
as in optical trapping [32], imaging [33], metrology [34], [35], free 
space communications [36]. LG beams can be expressed as [37]

vn,m(ρ, θ) = ei(n−m)θ e
− ρ2

ω2 (−1)min(n,m)(
ρ
√

2

ω
)|n−m|

√
2

πn!m!ω2
L|n−m|

min(n,m)
(

2ρ2

ω2
)(min(n,m))!,

∫∫
|vn,m(ρ, θ)|2dxdy = 1, (27)

where Ll
p(x) is the generalized Laguerre polynomial, ω is the beam 

waist, ρ and θ are the polar coordinates with ρ = √
x2 + y2 and 

tan θ = y
x . Here n + m is called the order of the mode, n − m is az-

imuthal index and min(n, m) is called the radial index. In terms of 
the pair of dimensionless quadratures {X, P X } and {Y , P Y }, given 
by

x(y) → ω√
2

X(Y ), px(p y) →
√

2h̄

ω
P X (P Y ) (28)

with the commutation relations [X, P X ] = i and [Y , P Y ] = i, the 
operators P X , P Y are given by, P X = −i ∂

∂ X and P Y = −i ∂
∂Y . The 

Wigner function corresponding these variables is given by [38]

Wnm(X, Y , P X , P Y ) = (−1)n+m

π2
Ln[X2 + Y 2 + P 2

X + P 2
Y

− 2X P Y − 2Y P X ]Lm[X2 + Y 2 + P 2
X + P 2

Y − 2X P Y

+ 2Y P X ]e−(X2+Y 2+P 2
X +P 2

Y ) (29)

It has been shown earlier that the Reid inequality is unable 
to reveal steering by LG beams [8]. In order to check steering by 
the LG beams using our proposed inequality, we first evaluate the 
inferred observables (�inf Xθ1 )

2(�inf Xθ2 )
2 by maximizing the cor-

relation function Cθ1,φ1 (Cθ2,φ2). Using equation (7), one obtains

(�inf Xθ )
2 = 〈X2

θ 〉[1 − (Cmax
θ,φ )2]. (30)

The maximum correlation strength, | Cmax
θ,φ |= 1

2 occurs for θ − φ =
kπ
2 (where k is an odd integer). Now, without loss of generality we 

can assign θ1, θ2, φ1, φ2 in such a manner, that for arbitrary values 
of n and m the maximum correlation function is given by

Cmax
0, π

2
= 〈X P Y 〉√

〈X2〉〈P 2
Y 〉

, Cmax
π
2 ,π = 〈Y P X 〉√

〈Y 2〉〈P 2
X 〉

(31)

We calculate the product of the uncertainties of the inferred ob-
servables (quadratures) for m = 0 and arbitrary values of n. For 
m = 0 and n = 1, the corresponding Wigner function given by

W10 = 1

π2
[e−(X2+Y 2+P 2

X +P 2
Y )(1 − 2(P Y X − P X Y )

+ (X2 + Y 2 + P 2
X + P 2

Y ))] (32)

In this case the LHS of the equation (23) turns out to be 9
16 , 

which is greater than the Reid bound, but less than the new bound 



Fig. 2. The product of the uncertainties of the LG beams is plotted versus the 
angular momentum n for m = 0. The plot demonstrates that the product of the 
uncertainties are clearly greater than 0.25 for all the considered values of n, thus, 
failed to detect steerability through Reid criterion. It is clearly shown in the graph 
that steering persists for higher value of n through the proposed steering criterion 
as the product of the uncertainties is less than 1.

Fig. 3. The horizontal line represents the uncertainty bound below which Reid steer-
ing can be certified. The curve represents the dependence of the product of the 
inferred uncertainties of the single photon subtracted squeezed vacuum state to the 
squeezing parameter r. for r ≤ 0.53 Reid criterion failed to detect the steering of 
the state whereas the proposed steering criterion can certify the steerability of such 
states.

proposed in equation (23). It is clearly seen that our proposed in-
equality can demonstrate the steerability of such states, whereas 
the Reid criterion fails to do so. In Fig. 2 we plot the product of 
uncertainties for several values of angular momentum n showing 
that the steering persists for higher values of n.

3.2. Photon-subtracted squeezed vacuum state

Non-Gaussian states can be derived from Gaussian states 
by the addition or subtraction of photons. Considering single-
photon reduction from either mode, the state becomes |α > =√

1 − λ2
∑

λn√
n|n − 1,n > + (−1)k|n,n − 1 >. In this case the 

product of uncertainties turns out to be

(�inf Xθ1)
2(�inf Xθ2)

2 = 9

2[3 cosh 4r + 5] (33)

In Fig. 3 we plot we the product of inferred uncertainties obtained 
from single-photon annihilated NOPA state versus the squeezing 
parameter r. It is seen that steering is revealed by our proposed 
steering criterion (23) based on the Robertson–Schrödinger uncer-
tainty relation, though the Reid criterion clearly fails for smaller 
values of r.

3.3. NOON states

The NOON state is an example of a two-mode state such that N
photons can be found either in the mode a or in the mode b [39]. 
The form of this maximally path-entangled number states can be 
written as,

|ψ >= 1√
2
(|N >a |0 >b +eiφ |0 >a |N >b) (34)

NOON states have several applications in Quantum imaging [40]
and metrology [41]. NOON states have been experimentally real-
ized up to N = 5 [42]. The entanglement of NOON states can be 
given in terms of Logarithmic Negativity with E N = 1 which is in-
dependent of the number of photons [37]. The Wigner distribution 
function for the NOON state in terms of dimensionless quadratures 
{X, P X } and {Y , P Y } is given by [8]

W (X, P X , Y , P Y ) = 1

2π2N!e−(X2+Y 2+P 2
X +P 2

Y )

{−2N [(X + i P X )N(Y − i P Y )N + (X − i P X )N(Y + i P Y )N ]
+ (−1)N N!{LN [2(X2 + P 2

X )] + LN [2(Y 2 + P 2
Y )]}} (35)

where LN(x) is Laguerre polynomial. The inferred uncertainties in 
quadratures are given by

(�inf Xθ1)
2 =< X2 > −< X P Y >2

P 2
Y

(�inf Xθ2)
2 =< P 2

X > −< P X Y >2

Y 2
(36)

Using the equation (23) we can check the steerability for NOON 
states for different photon numbers. For N = 1 we obtain the prod-
uct of uncertainty to be 1 which is clearly less than the RHS of 
the equation (23), thus revealing steering through the Robertson–
Schrödinger uncertainty relation. So, the state with N = 1 is 
steerable according to our proposed inequality but not steerable 
through Reid’s criterion. However, for higher values of N , the pro-
posed steering criterion fails. For example, for N = 2, the product 
of the inferred uncertainty becomes 9

4 which is greater than the 
lower bound in equation (23).

4. Conclusions

In the present work we have proposed a new steering cri-
terion based on the Robertson–Schrödinger uncertainty relation. 
Our steering condition is tighter than the Reid criterion based 
on the Heisenberg uncertainty relation. We have studied EPR-
Schrödinger steering by several examples of non-Gaussian entan-
gled pure states, such as the two-dimensional harmonic oscillator 
states (LG beams), the photon subtracted squeezed vacuum state 
and the NOON state which do not demonstrate steering through 
the Reid criterion. Our proposed steering condition reveals the 
steerability of the first two classes of the above non-Gaussian 
states for a wide range of parameters. Also, steerability of NOON 
state is certified for N = 1 using the proposed steering criterion. 
Here it may also be noted that the classes of states considered 
in the present study are also steerable according to the entropic 
steering criterion [7]. Thus, it might be interesting to investigate 
the comparative robustness between the entropic steering crite-
rion and the Robertson–Schrödinger steering condition in terms 
of the respective magnitudes of violation obtained through them 
as well as their respective tightness in certifying steering. Finally, 
the utility of the variance based tighter steering criterion consid-
ered in the present work may also be checked for discrete variable 
systems to investigate its effectiveness compared to the existing 
steering conditions for the latter systems.
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