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We apply the Dirac-Bergmann algorithm for the analysis of constraints to gauge theories defined on
spherically symmetric black hole backgrounds. We find that the constraints for a given theory are modified
on such spacetimes through the presence of additional contributions from the horizon. As a concrete
example, we consider the Maxwell field on a black hole background, and determine the role of the horizon
contributions on the dynamics of the theory.

I. INTRODUCTION

Black holes are perhaps the most curious objects
described by physics. Their construction requires only
our concepts of space and time [1], and they are completely
described by only a few parameters, such as their mass,
charge, and spin. In this, black holes are exactly like
elementary particles. Another property that black holes
share with fundamental particles is our complete lack of
knowledge about their internal structure, including whether
any such structure exists. But the source of this ignorance
appears to be different for the two kinds of objects.
Elementary particles are point objects which cannot be
probed further, since that would require infinite energy of
the probe. A black hole on the other hand presents to the
Universe a closed surface of finite size, but it is impossible
to observe anything about its internal structure, as no
information passes from the inside of this surface to the
outside, at least classically.
The startling discovery by Hawking that stationary black

holes radiate like a black body with a finite surface
temperature [2], following Bekenstein’s suggestion that
standard laws of thermodynamics applied to a black hole
provided we assume that its entropy is proportional to the
surface area of its horizon [3], implies the possibility that a
black hole has associated with it a very large number of
microscopic states. It is natural to think that these states are
in some way related to the degrees of freedom of the
horizon. In the membrane paradigm, one replaces the black
hole by a membrane with certain classical properties at the
stretched horizon, i.e., a small distance outside the event
horizon (an excellent overview is provided by the collection
of articles in [4]). This is a sensible description from the

perspective of an external stationary observer, who finds
that particles cannot classically leave the interior of the
black hole or reach the horizon from the outside in
finite time.
Thus it seems that the classical or semi-classical dynam-

ics of fields, or gravity, on a spacetime which includes a
horizon, may be studied by looking at the bulk and the
horizon, and completely ignoring what happens in the
interior of horizon. It has been suggested that in this view it
should be sufficient to consider fields on a manifold with
boundary. For gravity, this approach leads to a quantum
description in which an infinite set of observables are
localized on the boundary [5–8]. Recently, there has been a
resurgence of interest in studying the behavior of quantum
fields near black hole horizons, motivated by various
paradoxes and puzzles [9,10]. The near horizon behavior
of fields have also been investigated in the spacetime of
isolated horizons [11–16].
Boundary conditions on the classical fields play a crucial

role in all these investigations. In most of these papers,
though not in all of them, Dirichlet (or Neumann) con-
ditions are imposed on the boundary, i.e., fields (or their
derivatives) are set to vanish on the (stretched) horizon.
This is a convenient choice for most calculations, but
somewhat of an overkill, since the (stretched) horizon is not
a physical boundary of spacetime. In particular, fields need
not vanish on the horizon—only invariants constructed out
of the stress energy tensor need to remain finite. For that, it
is sufficient for invariants made out of the physical fields to
remain finite on the horizon. Gauge theories are even more
special in this regard, since components of gauge fields are
not physical, but defined up to gauge transformations. So
strictly speaking it is not necessary to impose finiteness on
components of gauge fields on the horizon.
Gauge theories are characterized by the presence of

redundant degrees of freedom, which leads to the presence
of constraints, usually relations among the corresponding
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momenta. The formalism for studying the dynamics of
constrained systems was discovered by Dirac [17] and
independently by Bergmann et al. [18,19], and has been
applied to numerous theories of interest over the years
[20,21]. In this paper, wewill be concerned with the classical
dynamics of gauge theories defined on spherically symmet-
ric curved backgrounds, with horizons for boundaries.
While the formalism for constrained field theories set up

by Dirac generalizes to curved backgrounds [22], the more
general formulation in terms of shift and lapse variables
was introduced by Arnowitt, Deser and Misner (ADM)
[23]. Apart from the gravitational field itself, the ADM
decomposition has been used to determine aspects of the
Maxwell field on curved backgrounds, which includes the
electromagnetic self-energy problem of a point charge [24],
the behavior of the fields near the horizons of stationary
black hole spacetimes [25], and its quantization [26].
Through the works of Isenberg and Nester, the ADM
decomposition has been subsequently used to better under-
stand the initial value problem of fields theories [27] and
the description of derivative coupled theories [28]. While
the relevance of boundary terms in the description of the
gravitational field has also been considered in [29], the
general formulation of constrained theories with bounda-
ries has not been provided in these works.
Boundaries lead to the inclusion of surface terms which

are essential in the formulation of the action in gravity
[30–32] and other field theories [33–38]. The generalization
to cases where the boundaries are null [16,39] as well as
nonorthogonal [40], have also been considered in the
literature. There is also a lot of recent activity regarding
the asymptotic symmetries of gauge theories and gravity
[41–46], which can be formulated in terms of fields localized
on the null boundary of a conformally compactified asymp-
totically flat spacetime [47]. While surface terms in these
contexts provide an important topic of investigation in its
own right [48], it is not what our paper seeks to address.
We will be largely concerned in the role boundaries play

in the classical and quantum descriptions of constrained
field theories. There has been some consideration of these
in the literature. The modifications of constraints through
the presence of boundaries, close to the spirit in which we
will carry out our work, has been investigated in [49,50]. In
[51,52], by studying the quantization of the Chern-Simons
theory on a disk, the role of boundaries on the vacuum
structure of the theory has been covered in detail. While
these works have made some ground in addressing how
boundaries affect constraints, many questions still remain
open. As far as we are aware, there appears to be no general
prescription on how boundaries are to be considered in the
case of constrained theories, and a formulation on curved
backgrounds with horizons is completely lacking. The
present work is an attempt to address this issue.
The organization of our paper is as follows. In Sec. II, we

describe the foliation which will be implemented to carry

out the 3þ 1 decomposition of the spherically symmetric
spacetime, as well as the form of the matter action defined on
it. In Sec. III, we consider the specific example of Maxwell’s
electrodynamics as a constrained theory, for which the
concrete manifestation of horizons in the description of
the dynamics of the fields are pointed out as they arise.
Finally, in Sec. IV we discuss some unexpected results and
possible applications of our findings.

II. GENERAL ALGORITHM

We will work on a static, spherically symmetric space-
time endowed with at least one horizon. In other words, we
assume that there is a timelike Killing vector field ξa with
norm given by ξaξa ¼ −λ2, satisfying

ξ½a∇bξc� ¼ 0: ð2:1Þ

The horizon is defined by ξa becoming null, λ ¼ 0. It
follows that there is a spacelike hypersurface Σ which is
everywhere orthogonal to ξa. The situation we have in mind
is that of fields living on the background of a static black
hole. For an asymptotically flat or anti-de Sitter space, Σ is
the region “outside the horizon”, while for a positive
cosmological constant, we may have a static de Sitter
black hole spacetime, in which case Σ is the region
“between the horizons”.
The induced metric on Σ is given by

hab ¼ gab þ λ−2ξaξb; ð2:2Þ

leading to the following expression for the determinant of
spacetime metric

ffiffiffiffiffiffi
−g

p ¼ λ
ffiffiffi
h

p
: ð2:3Þ

The action functional for N fields ΦA; A ¼ 1;…; N, is
given by the time integral of the Lagrangian L, or
equivalently the integral of the Lagrangian density L over
the four volume,

S½ΦA� ¼
Z

dtL ¼
Z

dt
Z
Σ

λdVxLðΦAðxÞ;∇aΦAðxÞÞ;

ð2:4Þ

where dVx is the volume element on Σ, and
LðΦAðxÞ;∇aΦAðxÞÞ is the Lagrangian density. The
Lagrangian density can be written in terms of the “spatial”
and “temporal” derivatives of the fields,

L≡ LðΦAðxÞ;DaΦAðxÞ; _ΦAðxÞÞ; ð2:5Þ

where DaΦA ¼ hba∇bΦA are the Σ-projected derivatives of
the fields ΦA, and _ΦA are their time derivatives, defined as
their Lie derivatives with respect to ξ,



_ΦA ≔ £ξΦA: ð2:6Þ

The momenta ΠA canonically conjugate to the fields ΦA
are defined as

ΠA ¼ δL

δ _ΦA

¼ −λ−1ξa
∂L

∂ð∇aΦAÞ
; ð2:7Þ

where the functional derivative in this definition is taken on
the hypersurface Σ, i.e., it is an “equal-time” functional
derivative, defined as

δΦAð~x; tÞ
δΦBð~y; tÞ

¼ δBAδðx; yÞ ¼
δ _ΦAð~x; tÞ
δ _ΦBð~y; tÞ

: ð2:8Þ

The δðx; yÞ in Eq. (2.8) is the three-dimensional covariant
delta function defined on Σ,

Z
Σ
dVyδðx; yÞfð~y; tÞ ¼ fð~x; tÞ: ð2:9Þ

Given a Lagrangian L we can construct the canonical
Hamiltonian through the Legendre transform

HC ¼
Z
Σ

dVxðΠA _ΦAÞ − L: ð2:10Þ

Dynamics in the Hamiltonian formalism is determined
using the Poisson bracket, which for two functionals
FðΦAðxÞ;ΠAðxÞÞ and GðΦAðxÞ;ΠAðxÞÞ of the fields and
their momenta is defined as

½F;G�P ¼
Z

dVz

�
δF

δΦAðzÞ
δG

δΠAðzÞ −
δG

δΦAðzÞ
δF

δΠAðzÞ
�
:

ð2:11Þ

The canonical Poisson brackets between the fields and their
momenta follows from setting FðxÞ ¼ ΦAð~x; tÞ and
GðyÞ ¼ ΠBð~y; tÞ

½ΦAð~x; tÞ;ΠBð~y; tÞ�P ¼ δBAδðx; yÞ: ð2:12Þ

The time evolution of any functional of the fields and
momenta is determined from its Poisson bracket with the
Hamiltonian

_FðxÞ ¼ ½FðxÞ; HC�P: ð2:13Þ

The Hamiltonian, obtained by a Legendre transform
from the Lagrangian, provides a complete description of
the dynamics of the system only if all velocities of the
theory uniquely map into momenta by Eq. (2.7). In the case
of constrained theories, such a mapping is not possible due
to the presence of constraints. In these theories, the

Hamiltonian must be constructed by determining all the
constraints of the theory via the Dirac-Bergmann algo-
rithm. The usual Poisson brackets of these theories are
modified in the presence of constraints, and as we will
argue below, the constraints of the theory are modified in
the presence of horizons.

III. THE MAXWELL FIELD

For the sake of concreteness, we will consider the
specific example of electromagnetism as a constrained
theory on spherically symmetric spacetimes with horizon
(s). The action is

SEM ¼
Z

dV4

�
−
1

4
FabFcdgacgbd

�
; ð3:1Þ

where dV4 ¼ λdVx is the four-dimensional volume form
on the manifold Σ ×R, and Fab ¼ 2∂ ½aAb�. Defining
ea ¼ −λ−1ξcFcd and fab ¼ Fcdhcahdb, we can rewrite this
action as

SEM ¼ −
Z

dt
Z
Σ

dVx
λ

4
½fabfab − 2eaea�; ð3:2Þ

Recalling Eq. (2.6), we write

_Ab ≡ £ξAb ¼ ξa∇aAb þ Aa∇aξ
a

¼ ξaFab þ∇aðAbξ
bÞ; ð3:3Þ

and defining ϕ ¼ Aaξ
a, we have for the projection ab,

_ab ¼ −λeb þDbϕ: ð3:4Þ
Since the velocity term £ξϕ does not appear in the
electromagnetic Lagrangian Eq. (3.2), it implies that the
momentum conjugate to ϕ vanishes,

∂LEM

∂ _ϕ ¼ πϕ ¼ 0; ð3:5Þ

thus producing the only constraint following from the
Lagrangian. The momenta corresponding to the ab are
given by

πb ¼ ∂LEM

∂ _ab ¼ −eb: ð3:6Þ

The canonical Hamiltonian is then

HC ¼
Z
Σ

dVxðπb _abÞ − L

¼
Z
Σ

dVx

�
λ

�
1

2
πbπb þ

1

4
fabfab

�
þ πbDbϕ

�
: ð3:7Þ



The constraint of Eq. (3.5) is now added to this and a new
Hamiltonian is defined,

H0 ¼
Z
Σ

dVx

�
λ

�
1

2
πbπb þ

1

4
fabfab

�
þ πbDbϕþ vϕπϕ

�
;

ð3:8Þ

where vϕ is an undetermined multiplier. The canonical
Poisson brackets of Eq. (2.12) are in this case

½ϕðxÞ; πϕðyÞ�P ¼ δðx; yÞ
½aaðxÞ; πbðyÞ�P ¼ δbaδðx; yÞ: ð3:9Þ

A. The Dirac-Bergmann algorithm

We will now apply the Dirac-Bergman algorithm
to determine all the constraints of the theory and construct
the unconstrained Hamiltonian. For that, we need to
check that the constraint is obeyed at all times, or in other
words, _πϕ ≈ 0. The Poisson bracket between πϕ and the
Hamiltonian is calculated with the help of a smearing
function ϵ as follows,

Z
Σ

dVyϵðyÞ _πϕðyÞ

¼
Z
Σ

dVyϵðyÞ½πϕðyÞ; H0�P

¼
Z
Σ

dVyϵðyÞ
�
πϕðyÞ;

Z
Σ
dVxπ

bðxÞDx
bϕðxÞ

�
P

¼ −
I

∂
Σ
dayϵðyÞnybπbðyÞ þ

Z
Σ

dVyϵðyÞðDy
bπ

bðyÞÞ:

ð3:10Þ

Here, we have used the canonical Poisson brackets given in
Eq. (3.9) and an integration by parts. The smearing function
ϵ is assumed to be well behaved, but we make no further
assumption regarding its properties. In particular, we do not
assume that ϵ vanishes on the horizon (or horizons, if Σ is
the region between the horizons in a de Sitter black hole
spacetime).
The surface integral is finite, since using Schwarz

inequality we get

jnbπbj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jnbnbjjπbπbj

q
: ð3:11Þ

In this, nbnb ¼ 1 by definition since n is the “unit normal”
to the horizon, and πbπ

b ¼ ebeb appears in the energy
momentum tensor (more precisely in invariant scalars such
as TabTab), and therefore may not diverge at the horizon.

So the integral over ∂Σ is finite and, in general, different
from zero. Thus the boundary integral is finite at the
horizon and we have a nonvanishing contribution from ∂Σ,
which was one of the things we wanted to show.
We note that since the smearing function ϵ is present in

the integrand, specific assumptions about the class of
allowed smearing functions may be required to produce
physically sensible results. For the Maxwell case, the
assumption that ϵ is regular at the horizon (with no
dependence on λ) is sufficient.
The right-hand side of Eq. (3.10), comprising of a bulk

and a surface term, must vanish weakly, giving a constraint.
Since we are working on a spherically symmetric back-
ground, we can use a radial delta function to convert the
surface integral to a volume integral,

I
∂Σ
dayKðyÞ ¼

Z
Σ

dVyλðyÞKðyÞδðrðyÞ − rHÞ; ð3:12Þ

where K is any well-behaved function, rH is the radius of
the sphere corresponding to ∂Σ, δ is the usual Dirac delta,
defined by

R
drδðr − RÞfðrÞ ¼ fðRÞ for any well-behaved

function fðrÞ, and we have assumed that hrr ¼ λ for the
spherically symmetric metrics that we consider. (This is
solely for notational convenience, and hrr should replace λ
in this formula if there is any confusion.) If we have a de
Sitter black hole spacetime, we will need to consider a sum
over two spheres, corresponding to inner and outer hori-
zons. Thus, we can rewrite the last equality in Eq. (3.10) as

Z
Σ

dVyϵðyÞ _πϕðyÞ

¼
Z
Σ

dVyϵðyÞ½−λðyÞnybπbðyÞδðrðyÞ − rHÞ þDy
bπ

bðyÞ�;

ð3:13Þ

which produces the constraint

Ω2 ¼ −λnbπbδðr − rHÞ þDbπ
b ≈ 0: ð3:14Þ

We now need to check if there are any further constraints
resulting from _Ω2 ≈ 0. We first include the new constraint
with a multiplier into the existing Hamiltonian given in
Eq. (3.8), which gives us

HT ¼ H0 þ
Z
Σ

dVxv1½Dbπ
b − λnbπbδðr − rHÞ�; ð3:15Þ

and consider the time evolution to be governed by this
Hamiltonian,



Z
Σ

dVyϵðyÞ _Ω2ðyÞ

¼
Z
Σ

dVyϵðyÞ½Ω2ðyÞ; HT �P

¼ −
Z
Σ

dVyD
y
bðϵðyÞÞ

Z
Σ

dVx½πbðyÞ;Dx
aacðxÞ�PfacðxÞ

¼
Z
Σ

dVyD
y
bðϵðyÞÞ

Z
Σ

dVxDx
aðδðx; yÞÞfabðxÞ

¼
Z
Σ

dVxDx
a

�Z
Σ

dVyD
y
bðϵðyÞÞδðx; yÞ

�
fabðxÞ

¼
Z
Σ

dVyD
y
aD

y
bϵðyÞfabðyÞ

¼ 0: ð3:16Þ
The last equality follows from the antisymmetry of fac in
its indices, and we have used the fact that D is torsion-free.
Since these constraints commute with one another, they are
also first class. Thus the full Hamiltonian is the HT defined
earlier,

HT ¼
Z
Σ
dVx

�
λ

�
1

4
fabfab þ

1

2
πaπ

a

�

þ v1ðDbπ
b − λnbπbδðr − rHÞÞ þ πbDbϕþ vϕπϕ

�

ð3:17Þ

The multipliers v1 and vϕ may be determined by
examining the equations of motion. The evolution of ϕ
is given by

Z
Σ

dVyϵðyÞ _ϕðyÞ ¼
Z
Σ

dVyϵðyÞ½ϕðyÞ; HT �P

¼
Z
Σ

dVyϵðyÞ
Z
Σ

dVxvϕðxÞ½ϕðyÞ; πϕðxÞ�P

¼
Z
Σ

dVyϵðyÞvϕðyÞ; ð3:18Þ

which tells us that we can set _ϕ ¼ vϕ. The evolution of ab
can also be determined in the same manner,
Z
Σ

dVyϵðyÞ _abðyÞ

¼
Z
Σ

dVy½ϵðyÞabðyÞ; HT �P

¼
Z
Σ

dVyϵðyÞ
Z
Σ

dVx½abðyÞ; πcðxÞ�PðλðxÞπcðxÞ þDx
cϕðxÞ

−Dx
cv1ðxÞÞ

¼
Z
Σ

dVyϵðyÞ½λðyÞπbðyÞ þDy
bϕðyÞ −Dy

bv1ðyÞ�: ð3:19Þ

Comparing this with Eq. (3.4), we deduce that we can set
Dbv1 ¼ 0. There may be many ways in which this
condition could be satisfied, but for simplicity, we will
assume that v1 ¼ 0. Then Eq. (3.19) produces

_ab ¼ λπb þDbϕ; ð3:20Þ
and we thus find that the total Hamiltonian takes the form

HT ¼
Z
Σ
dVx

�
λ

�
1

4
fabfab þ

1

2
πaπ

a

�
þ πbDbϕþ _ϕπϕ

�
:

ð3:21Þ

B. Gauge transformations and Gauge fixing

We have found two constraints, both first class, which
depend on the momenta in the theory. These on account of
being first class will generate gauge transformations, i.e.,
they transform the fields while not transforming the
Hamiltonian (or the Lagrangian).
For the constraint Ω1 ¼ πϕ, the only nonvanishing

Poisson bracket with the fields is

δ1ϕðyÞ ¼
�
ϕðyÞ;

Z
Σ
dVxϵ1ðxÞπϕðxÞ

�
P

¼ ϵ1ðyÞ: ð3:22Þ
For the other first class constraint Ω2 of the theory, we have
the following nonvanishing Poisson bracket with the fields

δ2abðyÞ ¼
�
abðyÞ;

Z
Σ
dVxϵ2ðxÞðDx

cπ
cðxÞ − λðxÞnxcπcðxÞδðrðxÞ − rHÞÞ

�
P

¼
�
abðyÞ;

Z
Σ
dVxπ

cðxÞDx
cϵ2ðxÞ

�
P

¼ Dy
bϵ2ðyÞ: ð3:23Þ



These transformations can be identified with the usual
gauge transformations Aμ → Aμ þ ∂μψ if we write ϵ2ðyÞ ¼
ψ and ϵ1ðyÞ ¼ £ξψ . This can be seen by simply projecting
the gauge transformation one finds from the Lagrangian

AaðxÞ þ∇x
aψðxÞ ¼ δbaðAbðxÞ þ∇x

bψðxÞÞ
¼ aa þDx

aψðxÞ
− λ−2ðxÞξaðϕðxÞ þ £ξψðxÞÞ: ð3:24Þ

We note that the gauge transformations for this background
are the same as in the absence of horizons. The boundary
terms which arise in the constraints are such that the gauge
transformations remain unaltered.
To proceed further, we take the approach of converting the

gauge constraints into second class ones by fixing the gauge.
Let us choose a “radiation-like” gauge, in which the gauge-
fixing condition or constraint is analogous to the usual
radiation gauge, with an additional boundary contribution
motivated by the surface term in Eq. (3.14). This choice
considers how the horizon could affect the dynamics of the
theory, which was our original motivation for this work.
Thus, we now have a total of four constraints given by

Ω1 ¼ πϕ

Ω2 ¼ Daπ
a − λnaπaδðr − rHÞ

Ω3 ¼ ϕ

Ω4 ¼ Dbab − λnbabδðr − rHÞ: ð3:25Þ

We note that ab is not a physical observable since it changes
under a gauge transformation. In particular, the near horizon
behavior of the coefficient of the δ-function in the last term
of the gauge-fixing constraintΩ4 cannot be fixed from any
physical consideration. The Poisson brackets of these con-
straints are easily calculated,

½Ω1ðxÞ;Ω3ðyÞ�P ¼ −δðx; yÞ;
½Ω2ðxÞ;Ω4ðyÞ�P ¼ DaDaδðx; yÞ; ð3:26Þ

with all other Poisson brackets vanishing. The first Poisson
bracket in Eq. (3.26) follows directly from the canonical
relations. The second Poisson bracket gives

�Z
dVxηðxÞΩ2ðxÞ;

Z
dVyϵðyÞΩ4ðyÞ

�
P

¼
�Z

dVxðDx
aηðxÞÞπaðxÞ;

Z
dVyðDb

yϵðyÞÞabðyÞ
�
P

¼ −
Z

dVyðDy
aηðyÞÞðDa

yϵðyÞÞ

¼ −
I

dayϵðyÞnayðDy
aηðyÞÞ þ

Z
dVyϵðyÞDa

yD
y
aηðyÞ;

ð3:27Þ

where we have used integration by parts in deriving the
equalities. The surface integral in the last equality of
Eq. (3.27) vanishes, which can be seen by using
Schwarz’s inequality

jnaDaðηÞj2 ≤ jnanajjhabðDaηÞðDbηÞj
¼ habðDaηÞðDbηÞ: ð3:28Þ

The smearing function and its derivatives are regular on the
horizon, while hrr ∼ λ2 on spherically symmetric back-
grounds. Hence, the surface integral in the last equality of
Eq. (3.27) vanishes, and only the volume term contributes.
Thus the Poisson brackets between the constraints are those
given in Eq. (3.26). The matrix of the Poisson brackets
between these constraints have a nonvanishing determinant
and is invertible. This matrix, Cαβðx; yÞ ¼ ½ΩαðxÞ;ΩβðyÞ�P,
is given by

Cðx; yÞ

¼

0
BBB@

0 0 −δðx; yÞ 0

0 0 0 DaDaδðx; yÞ
δðx; yÞ 0 0 0

0 −DaDaδðx; yÞ 0 0

1
CCCA:

ð3:29Þ

The Dirac bracket for any two dynamical entities F and G
(which may be functions on the phase space, or functionals,
the duals of functions) is defined as

½F;G�D ¼ ½F;G�P −
Z

dVw

×
Z

dVz½F;ΩαðwÞ�PC−1
αβ ðw; zÞ½ΩβðzÞ; G�P:

ð3:30Þ

Thus we need to find the inverse of the operator DaDa. Let
us formally write the inverse as ~Gðx; yÞ, i.e.,

DaDa ~Gðx; yÞ ¼ −δðx; yÞ: ð3:31Þ

This ~Gðx; yÞ is the Green’s function for the spatial Laplacian
operator DaDa, but not of the wave operator, which is the
spacetime Laplacian.With the help of this, the inverse matrix
C−1
αβ ðx; yÞ can be written as

C−1ðx; yÞ ¼

0
BBB@

0 0 δðx; yÞ 0

0 0 0 ~Gðx; yÞ
−δðx; yÞ 0 0 0

0 − ~Gðx; yÞ 0 0

1
CCCA:

ð3:32Þ



We can now substitute Eq. (3.32) in Eq. (3.30) to find the
following Dirac brackets for the fields,

½aaðxÞ; πbðyÞ�D ¼ δðx; yÞδba −Dx
aDb

y
~Gðx; yÞ; ð3:33Þ

all other Dirac brackets being zero.
We could choose to fix the gauge so that the resulting

Dirac brackets would involve the (static) Green’s function
for the spacetime Laplacian. The corresponding gauge-
fixing constraints are

Ω3 ¼ ϕ;

Ω4 ¼ DbðλabÞ: ð3:34Þ

In this gauge the Dirac brackets are given by

½aaðxÞ; πbðyÞ�D ¼ δðx; yÞδba −Dx
aðλðyÞDb

yGðx; yÞÞ;
ð3:35Þ

all other Dirac brackets being zero. Here Gðx; yÞ is the
time-independent Green’s function for the spacetime
Laplacian,

Dx
aðλðxÞDa

xGðx; yÞÞ ¼ δðx; yÞ: ð3:36Þ

Although the choice of gauge-fixing functions determine
the form of Dirac brackets, we know that physical observ-
ables and measurable quantities must be independent of
that choice. However, the choice of Green’s function is
determined by the boundary conditions we wish to impose
on the fields at the horizon. We have mentioned earlier that
the horizon is not a boundary of the spacetime, in particular
it is not necessary to impose boundary conditions which
force the respective fields to vanish on the horizon, or even
remain finite on the horizon if we are considering gauge
fields. We expect that the utility of our choice of gauge-
fixing in Eq. (3.25) could lie in its allowance for more
general boundary conditions for gauge fields at the horizon,
and in its ability to describe the dynamics of fields at the
horizon. We will leave a detailed investigation for later
work, but discuss one interesting result, as well as some
open questions, in the next section.
We note in passing that explicit forms of both kinds of

Green’s functions considered in this section are known for
the Schwarzschild black hole as well as for the static de
Sitter backgrounds [53–61].

IV. DISCUSSION

In this work, we have argued that horizons affect the
constraints of gauge theories, and will in turn affect their
dynamics in ways that spatial boundaries cannot. In the
previous section, we demonstrated that the Gauss law
constraint of the Maxwell field receives a surface contri-
bution on spherically symmetric backgrounds with

horizons. This however, will not typically happen for
backgrounds with spatial boundaries. While the behavior
of gauge fields at spatial boundaries cannot be determined
by physical considerations alone, they must nevertheless,
be continuous across them. When surface terms occur, they
are present on either side of the spatial boundary and cancel
out. When the boundary corresponds to the physical end of
the manifold, regularity of the fields require that they
vanish there. The surface terms of the previous section exist
because the horizon hides the “other” side of the horizon
from observations. The only requirement are that physical
fields, more precisely gauge-invariant (and local Lorentz-
invariant) scalars constructed out of the fields, must be
finite at the horizon. Horizons thus lead to a richer set of
possibilities for field theories, and in particular, for gauge
theories.
We have also considered the gauge fixing of the Maxwell

field as a specific example to test our claim. We can get
some insight into the role played by the horizon in the
choice of boundary conditions by comparing the two gauge
fixing constraints of Eq. (3.25) and Eq. (3.34). These gauge
choices led to Dirac brackets, which involve the Green’s
functions for the spatial Laplacian and the spacetime
Laplacian, respectively. The difference in the actions of
the two Laplacian operators on a time-independent scalar
field F is seen in the following identity,

∇a∇aF −DaDaF ¼ ðλ−1DaλÞDaF: ð4:1Þ

When λ ¼ λðrÞ, as is the case for spherically symmetric
backgrounds, the limit of Eq. (4.1) as r → rH is

½∇a∇aF −DaDaF�r¼rH ¼ κHð∂rFÞr¼rH : ð4:2Þ

Thus, the action of the spacetime and spatial Laplacians
differ at the horizon by a term which depends on the surface
gravity κH of the background. Eq. (4.2) also indicates how
boundary conditions affect the behavior of the operators on
the left-hand side. For instance, the operators disagree on
the horizon when either Dirichlet or Robin boundary
conditions are assumed. This suggests that the eigenvalues,
and thus the description of the horizon states, may be
different for the two gauge choices. That is an investigation
we leave for another occasion.
The modified Gauss law constraint in Eq. (3.14) has

further implications on the quantization of this theory,
including horizon states and the charge. By integrating this
constraint over a bounded volume whose radius is greater
than the event horizon of the black hole (and less than the
cosmological horizon, should it exist), we can derive the
expression for the charge contained within it. In consid-
ering the Reissner-Nordström solution for simplicity, the
electric field given in Eq. (3.4) reduces to λπb ¼ −Dbϕ.
Integrating up to a spatial boundary of radius rB, where
rB > rH, we have



Q ¼
Z
ΣB

Ω2

¼ −
I
∂Σ
½r2∂rϕðrÞ�r¼rB

þ
I
∂Σ
½r2∂rϕðrÞ�r¼rH

−
I
∂Σ
½r2∂rϕðrÞ�r¼rH

¼ −
I
∂Σ
½r2∂rϕðrÞ�r¼rB : ð4:3Þ

In Eq. (4.3), ‘ΣB’ indicates that the volume integral on the
hypersurface is evaluated from the horizon up to a sphere of
constant radius rB. The usual spherically symmetric sol-
ution, ϕ ¼ Q

4πr, satisfies this equation. A crucial difference
occurs if the above integral is performed exactly at the black
hole horizon, in which case we have

QH ¼
Z
ΣH

½Daπ
a − λnaπaδðr − rHÞ�

¼ 0: ð4:4Þ

Note that Eq. (4.4) is the charge at the horizon(s) and holds
regardless of the solution for the charge outside the horizon.
Equations (4.3) and (4.4) suggest that the horizon may be
viewed as a dipole layer, with the charge on one side of the
horizon being screened from observation. For an observer
outside the horizon, the black hole is a charged body which
follows from the bulk contribution to the constraint. When
the observer is at the horizon, the cancellation of “positive”
and “negative” charges leads to the result in Eq. (4.4).
The constraint in Eq. (3.14) will also necessarily affect

the quantization of the Maxwell field on such backgrounds.
Quantization of gauge fields is most effectively carried out
within the Becchi-Rouet-Stora-Tyutin (BRST) formalism,
where the first class constraints of the theory and the

inclusion of additional ghost fields leads to the construction
of the BRST charge operator. Within the Hamiltonian
BRST formalism, this operator leads to the derivation of
the gauge fixing and ghost actions at tree level, both of
which are BRST invariant [21,62]. On backgrounds with
boundaries, the requirement of BRST invariance imposes
certain restrictions on the allowed boundary values of the
fields involved. Such considerations have been made on
curved backgrounds with spatial boundaries in [63–66],
and more recently in [67–69] in relation to edge state
entanglement entropy calculations. These investigations
however, did not consider the modification of the Gauss
law constraint. That the constraint derived in Eq. (3.14)
does contain a nonvanishing contribution at the horizon
should lead to the derivation of “horizon terms” for the
action, which are guaranteed to be BRST invariant. Further,
it is clear that when Eq. (3.14) is imposed as an operator on
physical states, it will relate the bulk and horizon states in a
nontrivial way. To our knowledge, such considerations
have not been made in the literature, and could be
particularly relevant in describing the behavior of horizon
states of gauge fields.
To summarize, we have presented a covariant formalism

for describing constrained field theories in the presence of
an event horizon of spherically symmetric black hole
spacetimes, which are either asymptotically flat or have
an outer cosmological horizon. In the process we also
determined that the presence of horizons lead to nontrivial
surface contributions to the constraints, in general, and
demonstrated this explicitly in the Maxwell case. We have
argued that surface contributions to the constraints will
modify both the quantization of these theories and the
description of states at the horizon. We leave further
investigation of these topics to future work.
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