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We show that the rare events present in dissipated work that enters Jarzynski equality, when mapped
appropriately to the phenomenon of large deviations found in a biased coin toss, are enough to yield a quantitative
work probability distribution for the Jarzynski equality. This allows us to propose a recipe for constructing work
probability distribution independent of the details of any relevant system. The underlying framework, developed
herein, is expected to be of use in modeling other physical phenomena where rare events play an important role.

I. INTRODUCTION

Large deviations play a significant role in nonequilibrium
statistical physics [1–6]. They are difficult to handle because
their effects, though small, are not amenable to perturbation
theory. All the conventional perturbation theories in statistical
physics are fashioned about a Gaussian distribution. This
can be seen in static critical phenomena, critical dynamics,
dynamics of interfacial growth, statistics of polymer chain,
and myriad other problems [7]. All these problems exhibit
a high degree of universality as displayed by the critical
exponents characterizing a particular universality class that
can include apparently different transitions (e.g., liquid-gas
transition and paramagnetic-ferromagnetic transition). Due to
this universality that emerges out of very generic consider-
ations, such as symmetries of the system or dimensionality
of the order parameter related to the concerned transition, it
is often possible to set up a phenomenological model (e.g.,
a Landau-Ginzburg model in critical phenomena [7]) which,
though blind to the details of the particular system, can provide
us with a systematic approach to calculate exponents close
enough to their experimentally obtained values. In a similar
spirit, we will address here the systems which are far from
equilibrium and consequently characterized by rare events.
The universality here will be typified by the behavior of the
tail of distributions. In the large deviation theory [8–11],
an important paradigm is the distribution associated with
the tossing of a coin. Here we will show how successfully
the distribution can handle large deviations present in work
distributions in the context of the Jarzynski equality for a wide
class of systems.

Fluctuation theorems form a very important part of
nonequilibrium statistical mechanics [12–19]. There has been
a lot of activity in the last decade or so and various forms of
such theorems have been established. One particular form is
the Jarzynski equality [14,15]. If W is the work done during
a period of duration τ , during which an external force acts on
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the system and does work, then Jarzynski established that in
units of KBT

〈e−W 〉 = e−�F , (1)

where the angular brackets denote the ensemble average and
�F is the free energy difference for the equilibrium free
energies corresponding to the initial and final states. Here
KB is the Boltzmann constant and T is the temperature
of the concerned system in the initial equilibrium state or,
equivalently, the temperature of the heat reservoir with which
the system was thermalized before the process took place. It
is important to note that here W is a path (trajectory followed
by the system during τ ) dependent variable. So, if we consider
the ensemble of all possible paths (each path originating from
one of the several microstates corresponding to the initial
equilibrium macrostate), different values of W along different
paths can be identified with a set of random variables. Now, if
we define another random variable—dissipative work along a
path—as

WD ≡ W − �F, (2)

Jarzynski equality (1) shows that

〈e−WD 〉 = 1. (3)

Clearly, to satisfy the above equality, WD should take both
positive and negative values. Again, we know that since 〈W 〉 is
the thermodynamic work done in going from the initial state to
the final state, the second law of thermodynamics would assert
that 〈W 〉 � �F (i.e., 〈WD〉 � 0), with the equality holding for
the reversible process where the system remains always in the
equilibrium with its surroundings. So, negative values of WD

are relatively rare events, yet important enough to make the
equality of Eq. (3) hold.

II. STRATEGY

The strategy for demonstrating the validity of our approach
will be as follows. As the paradigm for the distribution of
rare events we will take, as mentioned earlier, the distribution
associated with tossing a coin. The random variable associated
with a coin toss can range between two finite numbers, which
we will take to be 0 and 1 (this is explained in detail in the next
section). The mean value p of the variable for an unbiased
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FIG. 1. Convergence of 〈exp(−WD)〉 with respect to N for
different values of α. The thick-dotted, dot-dashed, and dashed lines
are, respectively, for α = 0.17,0.57,0.96. The curves in the figure are
obtained by numerically integrating Eq. (16) by employing Simpson’s
one-third rule.

coin is 1/2 and for a biased coin it lies between 0 and 1,

but p �= 1/2. Dissipative work along a path WD ranges from
−∞ to +∞ and we will first carry out a transformation that
maps it onto the range 0–1. Further, according to the second
law of thermodynamics, the events corresponding to W > �F

(or WD > 0) are more likely than the ones corresponding to
W < �F (or WD < 0) and hence there will be an asymmetry
or bias about the events corresponding to W = �F (or
WD = 0). The amount of bias in the statistics of W due to
irreversibility is clearly 〈W 〉 − �F . The corresponding coin
has to be biased as well and hence we shall take the asymmetric
situation of p �= 1/2. Needless to say that for a reversible
process, since 〈W 〉 = �F , this bias is zero. Having defined
the mapping—which, of course, is not unique—the first check
would be to verify if the Jarzynski equality in the form of
(3) is satisfied. This can be tested since we have an explicit
distribution—namely, the one associated with the biased coin
toss. Such a check is depicted in Fig. 1, details of which follow
later in this paper. From the distribution for WD one can also
have the distribution for W . The distributions of work and
dissipative work have drawn a lot of attention. For various
systems these distributions are now known from experiments
as well as numerical studies (e.g., [20–27]). Here we obtain
these distributions from very general requirements, which are
independent of the dynamics (that usually varies from system
to system) followed by the systems. Hence it is important to
ask whether the experiments on the systems obeying widely
different dynamics really exhibit similar distributions. We find
the answer here by comparing our results with actual experi-
mental results, results from numerical simulations, and results
from an exactly solvable case. The probability distribution
for WD , P (WD), was obtained experimentally by Liphardt
et al. [24], and P (W ) has been obtained by Blickle et al.
[25] for a different system. We have also used an anharmonic
oscillator driven by a linear time-dependent force to simulate
the dynamics and numerically construct P (W ) [26]. A similar
system has also been studied in [27]. Finally we compare our
results with an exactly solvable case given in [19]. Then we
conclude, followed by a brief discussion.

In this work, we calculate P (W ) from the biased coin toss
distribution, which we have taken as a starting ansatz based on
the principle of large deviations. The only connection between
the experiments and the method we use is the fact that the
experiment is carried out far from equilibrium and hence must
feature negative values of WD (large deviations), and we have
started with a distribution which has large deviations built in
it. As will turn out, our method will have three parameters
which we fix by comparing with the distribution obtained
from the experiment. The appropriateness of P (W ), which we
calculate employing the theory of large deviations, is borne
out by comparison, as demonstrated below. The point we want
to stress here is that the present theory, which explicitly takes
care of large deviations, does not require explicit knowledge of
dynamics. Consequently, it has a wide range of applicability.
The parameters of the distribution need to be fixed in each case
from the scales of measured distribution—e.g., peak position
and peak magnitude.

III. COIN TOSS

We begin by recalling the situation of the coin tossing
experiment. If we assign a value 1 to the outcome “heads”
and 0 to the outcome “tails,” then the mean after N trials is

MN = 1

N

N∑
i

Xi. (4)

This is an experimental mean which belongs to a set of
independent and identically distributed (iid) random numbers
lying between 0 and 1, since each individual Xi is either 0
or 1. For an unbiased coin where heads and tails are equally
probable, this mean goes toward 1/2 as N → ∞. However,
for a biased coin where the probability of obtaining heads is
p( �=1/2), the mean will converge toward p as N → ∞. If in
N trials heads appears X times, then the probability of finding
a mean MN = X/N is

P

(
X

N

)
= NCXpX(1 − p)(N−X). (5)

This is the binomial distribution, which is the most commonly
used example of a theory exhibiting large deviations, i.e., even
when N � 1, we find a P which falls off slower than Gaussian,
P (X/N ) ∼ exp[−N (X/N − p)2/σ 2]. Taking the log of both
sides of Eq. (5), we arrive at

ln P

(
X

N

)
= X ln p + (N − X) ln(1 − p) + ln N !

− ln X! − ln(N − X)!. (6)

We know from Stirling’s formula that for large N , N ! 

NNe−N

√
2πN . Applying Stirling’s approximation for large

N , X, (N − X), the above relation becomes

ln P (x) = −NJ (x), (7)

where

J (x) ≡ x ln
x

p
+ (1 − x) ln

(
1 − x

1 − p

)
+ 1

2N
ln x(1 − x)

+ 1

2N
ln 2πN (8)



and x ≡ X/N . This leads to

P (x) ∼ 1√
2πNx(1 − x)

exp[−NI (x)], (9)

where

I (x) ≡ x ln
x

p
+ (1 − x) ln

1 − x

1 − p
. (10)

For large enough N the prefactor changes slowly compared
to the exponential term and we get Chernoff’s formula where
I (x) is the rate function.

IV. MAPPING

In order to appreciate the analogy between the large
deviation theory and the Jarzynski equality, we need to
consider evolution of a relevant system to have a stochastic
component, i.e., there is a regular time-dependent force acting
on the system from t = 0 to t = τ as it proceeds from an
initial equilibrium state to a final state, and in addition there is
a random component. Langevin dynamics of a particle of mass
m can be considered as a simple example of such a stochastic
dynamics:

mẍ = −∂V

∂x
− λẋ + f (t) + η(t), (11)

where V is a potential function, f (t) is a regular time-
dependent force, λ is the damping coefficient, and η(t)
is random noise. Here dots represent the time derivative.
Fluctuation theorems were proved for such a system by
Kurchan [28] and subsequently by several authors [29–32].
The time-dependent force is switched on at t = 0 and switched
off at t = τ . At t = 0 the system resides in a macroscopic
equilibrium state, corresponding to which there exist a large
number of microstates. Since we are considering stochastic
evolution, we can start from the same microstate and do the
experiment N times, each time getting a different value of
the dissipative work. If wi

D is the dissipative work for the ith
realization then we can define WD [the analog of MN is Eq. (4)]
as

WD = 1

N

N∑
i=1

wi
D. (12)

The distribution of WD is sought from the large deviation
principle.

We now note that 〈W 〉 � �F (or 〈WD〉 � 0), according
to the second law of thermodynamics—the equality holds for
reversible processes. To implement our scheme, we need to
define a transformation which maps WD to another variable
Z such that 0 � Z � 1, in accordance with the experimental
mean in the coin toss scenario given in Eq. (4). We consider
the variable WD + c, where c is a quantity that we shall fix
later. The class of transformation we consider here is

Z(WD) = 1
2 [1 − tanh α(WD + c)], (13)

where α is a parameter which eventually will have to be fixed
using experimental results. Actually, only the positive constant
α defines this class of transformations because a constraining
relation for c will be established. Our ansatz is that Z, like
WD , satisfies a large deviation principle and the rate function

for the coin toss problem is the rate function for Z. So, the rate
function for Z is

I (Z) = Z ln
Z

p
+ (1 − Z) ln

1 − Z

1 − p
. (14)

The probability distribution for Z is simply

P (Z) ∼ 1√
2πNZ(1 − Z)

e−NI (Z), (15)

where N is the number of trajectories used in constructing
the experimental mean of the iid variables. In our case, Xi

in the coin tossing experiment and dissipative work wi
D in

Eq. (12) are iid variables. We note that I (Z = 1) = ln(1/p),
while I (Z = 0) = ln[1/(1 − p)]. For p < 1/2, I (Z = 0) <

I (Z = 1). The function I (Z) has a minimum at Z = p. Thus
the probability P (Z) has a peak at Z = p and is exponentially
small at Z = 0 and Z = 1, but with P (Z = 0) > P (Z = 1),
because of the inequality in I (Z). From the second law
of thermodynamics, we need 〈WD〉 > 0 for the irreversible
process, i.e., realizations with the outcome WD > 0 are more
probable than those of WD < 0. All the above constraints
are met since Z → 0 as WD → ∞ and Z → 1 as WD →
−∞. We now return to Eq. (13); noting that e−WD =
ec[Z/(1 − Z)]1/2α , we have

〈e−WD 〉 = ec
∫ 1

0 [Z/(1 − Z)]1/2αP (Z)dZ∫ 1
0 P (Z)dZ

. (16)

The right-hand side of Eq. (16) is plotted as a function of N

in Fig. 1 for different values of α. As N → ∞, we find that
〈e−WD 〉 converges to unity for all α, as it should according
to the Jarzynski equality. From Fig. 1 one can see that as α

decreases, a lesser number of trajectories (or realizations) is
required for the convergence. The convergence is verified for
various values of p. The result shown in Fig. 1 is for p = 0.25.

A similar analysis can also be done if WD has finite
bounds [19], as W1 � WD � W2. It should be noted here that
as {WD} contains zero for positive as well as negative values
(though rare), W1 � 0 � W2. In this case the transformation
will be Z(WD) = 1 − tanh α(WD−W2

W1−WD
). Here, as WD → W1,

Z → 0 and as WD → W2, Z → 1. Invoking the same ansatz
as before we can have P (Z = 0) > P (Z = 1), which ensures
that [0,W1] is a thermodynamically more probable branch than
(0,W2]. Now, one can check the convergence of the left-hand
side of Eq. (16) to unity by calculating e−WD in terms of Z,W1,
W2, and then using P (Z), as before.

V. COMPARISON WITH EXPERIMENTS

We will now obtain P (W ) from P (WD) following the
theoretical technique discussed above and compare with
the work distribution function obtained experimentally and
numerically. From Eq. (13) we write

W = �F − c + 1

2α
ln

1 − Z

Z
. (17)

We fix c = �F to get the following simple form:

W = 1

2α
ln

1 − Z

Z
. (18)



We can now find P (W ) by noting the normalization condition:∫ 1

0
P (Z)dZ =

∫ ∞

−∞
P [Z = f (W )]

∣∣∣∣ dZ

dW

∣∣∣∣ dW = 1, (19)

where P (Z) is given in Eq. (15). The work distribution is then
found as

P (W ) = P [Z = f (W )]

∣∣∣∣ dZ

dW

∣∣∣∣ (20)

with f (W ) = (1 − tanh αW )/2 and P (Z), as given by
Eq. (15). The parameter N in Eq. (15) can be linked to the
width σ of the distribution by appealing to the Gaussian limit
which shows that σ 2 = 2p(1 − p)/N . In principle, we need
to fix three unknown parameters in Eq. (20), viz., σ , α, and p.
To reduce the task of parameter adjustments, we pre-assign a
value of p and then we adjust α and σ . The value of p has been
checked self-consistently from P (W ) that we have obtained.

We now show the comparison between our assertion of the
form of P (WD) [and hence P (W )] and different experimental
and numerical results.

A. Experiment by Liphardt et al.

This experiment tests the Jarzynski equality by stretching
a single RNA molecule between two conformations—both
reversibly and irreversibly. The experiment has been done for
three different molecular end-to-end extensions and for each
extension three different stretching rates are considered. For all
combinations of extensions and pulling rates, the experiment
provides P (WD). For the present purpose, we consider the
distribution corresponding to the extension of 15 nm and a
pulling rate of 34 pN/sec, shown in Fig. 2. Other distributions
can also be taken care of similarly. In this work, the P (WD)
we compute depends on two parameters, viz., α and σ . We
determine these two parameters by comparing with P (0) and
Pmax(WD) [the maximum value of P (WD)] the corresponding
distribution given by Liphardt et al. After fixing these two
parameters as (α,σ ) 
 (0.12,0.09), we arrive at the full
distribution. This is also shown in Fig. 2. We fix p = 0.48 here.

B. Experiment by Blickle et al.

This experiment deals with the thermodynamics of an over-
damped colloidal particle in a time-dependent nonharmonic
potential. Blickle et al. have not only measured P (W ), they
have also computed P (W ) from the relevant Fokker-Planck
dynamics. Our explanation of their P (W ) is dependent on
the choice of the two parameters α and σ . We determine
these parameters by comparing P (0) and Pmax(W ). This fixes
α 
 0.13 and σ 
 0.22. This comparison is shown in Fig. 3.
We fix p = 0.25 here. The moments found by Blickle et al.
and by us compare as shown in Table I.

Since we use only two parameters (α and σ ) to get the
distribution, it implies that only 〈W 〉 and 〈W 2〉 have been used.
This leaves the 〈W 3〉 as a prediction which can be compared
with the experimental data. A more sensitive quantity to
measure asymmetry of a distribution is 〈�W 3〉, where �W =
W − 〈W 〉. Our distribution shows that this moment is nonzero.
When p �= 1/2, we calculate |〈�W 3〉|/(σ |1 − 2p|〈�W 2〉3/2),
both from experiment and theory. Results in both cases turn
out to be approximately 14. It implies nonzero 〈�W 3〉 that
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FIG. 2. (Color online) The histograms of dissipated work proba-
bility distribution, experimentally obtained for a particular end-to-end
extension (=15 nm) of P5abc RNA molecule and for a particular
pulling rate (34 pN/sec), taken from [24]. The black solid line
represents P (WD), obtained by fixing α and σ , as required by the
theory presented here.
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FIG. 3. (Color online) The experimental work distribution in
histograms of the main figure, obtained by dragging an overdamped
colloidal particle in a time-dependent nonharmonic potential, is taken
from [25], and the work distribution (black solid line) is from the
theory presented here. In insets A and B we show the same for positive
and negative work values, respectively, but in logarithmic scale, to
point out the accuracy of the theoretical result in comparison to the
experiment. In the insets the hollow squares are the experimental
points and the black solid line is from the theoretical analysis
presented here.

TABLE I. Comparison between theoretically predicted and ex-
perimentally measured moments of the work probability distribution.

Values from experiment Values from
Moments by Blickle et al. theory presented here

〈W 〉 2.4 2.40
〈W 2〉 11.6 11.74
〈W 3〉 63.7 64.11
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FIG. 4. (Color online) In this figure we show how P (W ),
calculated by simulating the dynamics of a driven Brownian particle
obeying Eq. (21) (hollow squares), collapses to the P (W ) calculated
from the distribution for tossing a biased coin (black solid line),
as it is prescribed here. For simulating the dynamics we take
k = 1,T = 1, λ = 1, and γ = 0.1. In the insets we compare
theoretically obtained probabilities for both positive and negative
values of work (black solid line) with the corresponding numerical
data (hollow squares) in logarithmic scale.

corresponds to the asymmetry of P (W ), observed whenever
the dynamics has been nonlinear [26,27]. In those cases the
cause of the asymmetry is the strength of the nonlinear term.
Here the role is played by (1 − 2p) (though no particular
dynamics is explicitly involved here) and it can be considered
as a measure of asymmetry.

C. Driven anharmonic oscillator

We consider here a Brownian particle, trapped by the
potential V (x) = kx2 + γ x4 (where k and γ are constants) and
driven by a linearly time-dependent force f (t). The evolution
is taken to be governed by following overdamped Langevin
dynamics,

λẋ + ∂V

∂x
= f (t) + η(t). (21)

Here η(t) is the random noise coming from the heat bath.
We assume 〈η(t)〉 = 0 and 〈η(t)η(t ′)〉 = 2T λδ(t − t ′), where
T is the temperature of the bath. The force f (t) acts from
t = 0 to t = τ and P (W ) (where W = − ∫ τ

0 ḟ (t)x(t)dt) is
numerically obtained. The comparison between numerically
obtained P (W ) and that obtained from Eq. (20) with α 
 0.14
and σ 
 0.075 is shown in Fig. 4. We fix p = 0.28 here.

VI. COMPARISON WITH AN EXACT RESULT

The system with a particle in an externally tunable optical
trap is used to demonstrate the salient features of fluctuation
theorems [33–35]. In [19], a particularly simpler, analytically
solvable model of this category is discussed. In this model
a particle was equilibrated in a stationary trap of strength
k0. Initially the trap strength is increased discontinuously
from k0 to k1. The particle position was recorded after
equilibration. The work distribution could easily be calculated
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FIG. 5. In the main figure, we plot P (W ) from Eq. (22) taking
k0/(k1 − k0) = 1 in dashed line and the same from Eq. (20), taking
(p,α) as (0.46,0.29), in the solid line. In the inset we plot the same
in logarithimic scale and for W � 0.5.

since the strength of the trap was altered instantaneously. The
distribution is given by

P (W ) =
√

k0

π (k1 − k0)W
exp

( −k0W

k1 − k0

)
. (22)

This is an exact result. The singularity at W = 0 is a con-
sequence of the instantaneous switching. A gradual change,
as was the case in the previous example of an anharmonic
oscillator, leads to a finite P (W ) as W → 0. We calculate
P (W ) from our prescription, described before. Comparison
between the above result and the result derived here can be
valid for W significantly larger than zero. It can easily be seen
from Fig. 5 that Eq. (20) is a reasonable description as we go
beyond W ∼ 0.5.

VII. DISCUSSIONS AND CONCLUSION

Here we have attempted to have a common phenomenolog-
ical description of some entirely different nonequilibrium pro-
cesses, viewed from a common platform—“large deviations.”
The philosophy behind this is similar to the Ginzburg-Landau
description of second order phase transition. In that case,
completely different transitions, such as a liquid-gas transi-
tion, binary liquid consolute point, paramagnet-ferromagnet
transition, onset of superfluidity, or superconducting onset
point, can be treated on the same footing through a common
Ginzburg-Landau free energy functional [7]. The details of the
system are not relevant here. For a given spatial dimension,
all that matters is the dimensionality of the order parameter,
which defines universality classes. In a similar spirit, we
are suggesting here that the work probability distribution is
independent of the details of the dynamics. We need not
consider whether it is the dynamics of a biological molecule
or a colloidal particle or an anharmonic oscillator in contact
with a thermal bath. We need to focus only on a feature which
is common to all. In the phase transition problem the feature
is the existence of a symmetry which is broken or reduced
at the transition point; in nonequilibrium processes it is the



rare events. Rare events are characterized by large deviations
and that is what we use to formulate the phenomenological
description. The “universality class” would be determined by
the tail of the distribution.

It is important to note that the asymptotic form of Eq. (20)
for large W is e−|W |, which is a special case of a γ distribution.
The γ distribution has the form �ν,γ ∼ Wν−1e−γW , where
W � 0 and ν > 0 [36]. Though the distribution is restricted
to W � 0, one can shift the distribution by W0 and write it
as (W + W0)νe−γ (W+W0), where (W + W0) � 0. This falls off
for negative values of W and cuts off sharply at W = −W0.
It is the similarity between the shapes of the γ distribution
and the distributions shown here for which one may argue
that the γ distribution is an equally good alternative to what
we have here. In fact, it is possible to adjust W0,ν, and γ to
get reasonable fits to the different data sets shown. However, it
should be noted here that as the γ distribution cuts off sharply at
W = −W0, the sample space {W } will not include a work value
W ′, say, where −∞ < W ′ < −W0, even if W ′ → −W−

0 . But
the sample space related to the distribution in Eq. (20) covers
the entire span (i.e., −∞ to +∞). So, any work value, even if it
is very rare or largely deviated from the mean, is included in the
sample space related to the distribution in Eq. (20). Further, the
Gaussian limit is more natural in the form we have rather than
the γ distribution. In fact, the asymmetry in the distribution
given in Eq. (20) is related to p differing from 1/2 and this is
linked to the physical picture of WD > 0 being more probable
than WD < 0. The third moment evaluated in Sec. V B, being
proportional to 1 − 2p, establishes our point. At the same
time, we need to take note of the fact that in Sec. VI, where
the distribution has a singularity at W = 0, our proposal fails.
It is not clear to us what brings about the singularity at W = 0
in [19]. The instantaneous change of the state opposed to the
gradual change in the other cases, might be the cause.

In conclusion, we re-stress that the discussed framework
is very general and simple because we require only few
parameters from experiments and elementary results from a
large deviation theory to construct a full work probability
distribution, bypassing the “nitty gritty” of dynamics. We
believe that it is possible to make better contact with
experiments by constructing a more appropriate form for
the function Z. Readers would also appreciate that we

could derive results concerning the Jarzynski equality merely
by focusing on the rare events—rare negative dissipation—that
enter into the Jarzynski equality and mapping them onto
the biased coin-toss experiments. Here we have discussed
situations where the evolution had a stochastic component
in addition to the regular time-dependent force. We hope to
extend it to the deterministic situations. In the deterministic
case, we envisage the following picture. The evolution of a
nonlinear system under time-dependent drive is intrinsically
chaotic and we can exploit that to define an “experimental
mean” for wi

D . In this case, we need to consider the different
initial conditions around an ε neighborhood (ε → 0) of a given
microstate, and since the evolution of each initial microstate
(from the same initial macrostate) will be different from each
other due to the chaotic flow, we can define WD as in Eq. (12).
Therefore, in accordance with our contention that the simple
coin toss is the “Gaussian model” for the problems where
rare events play a significant role, one might speculate that
the phenomenon of intermittency (and hence multifractality)
in fluid turbulence can be obtained by treating rare events
in the energy dissipation rate in a similar fashion to that
outlined in this paper. As we have reported elsewhere [37],
for fluid turbulence, the rare events present in the distribution
of energy in the real space, when mapped appropriately on
the phenomenon of large deviations found in the simple
coin toss, are enough to yield anomalous exponents which
are known to be the signatures of multifractality in fluid
turbulence. Within this very framework, we hope to model
various other physical phenomena where rare events play a
significant role; after all, now we have a working approach to
arrive at quantitative results for such processes that cannot be
usually solved otherwise.
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