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The heat flux in rotating Rayleigh-Bénard convection in a fluid of Prandtl number Pr = 0.1 enclosed between
free-slip top and bottom boundaries is investigated using direct numerical simulation in a wide range of Rayleigh
numbers (104 � Ra � 108) and Taylor numbers (0 � Ta � 108). The Nusselt number Nu scales with the Rayleigh
number Ra as Raβ with β = 2/7 for values of Nu greater than a critical value Nuc, which occurs for Ta/Ra ∼ 1.
The exponent β is not universal for Nu < Nuc (for Ta/Ra > 1) but a function of Ta showing a minimum for
some intermediate value of Ta. The critical Nusselt number Nuc and the corresponding critical Rossby number
Roc scale with Ta as Ta0.277±0.001 and Ta−0.015±0.003, respectively.

Turbulence in a thin layer of fluid enclosed between two flat
boundaries and subjected to an adverse temperature gradient,
also known as Rayleigh-Bénard convection (RBC), is a topic
of current research [1–18]. They are relevant in geophysical
[1–4], astrophysical [5–7], atmospheric [8,9], and industrial
problems. Experiments [11–16,19] on the scaling of Nusselt
number Nu with Rayleigh number Ra, i.e., Nu ∼ Raβ , in
turbulent flows in RBC give a possible value of β in a
range (1/4 � β � 1/3). Theoretical investigations [17,18,20]
suggest 1/2 � β � 1/3. The variation in the exponent β

depends upon the values of the Prandtl number Pr, the
Rayleigh number Ra, and the boundary conditions on the flat
surfaces. Similar investigations to determine the exponent β

in the presence of uniform rotation [21–29] are not many.
The uniform rotation introduces the Coriolis force [30],
which affects the convective flow. The recent experimental
investigations [24–26] show β ≈ 2/7 for turbulent flows in
rotating RBC in fluids with Pr � 1 for the Rayleigh number
Ra � 1010. The numerical studies of scaling law for turbulent
flows in rotating convection is limited to the fluids with
Pr � 1. The results of numerical studies agree well with
the experimental finding of β ≈ 2/7 for no-slip boundary
conditions on the horizontal surfaces. However, numerical
studies with free-slip boundary conditions show that β may
be either 1/3 [22,23] or 2/7 [26].

We present here results of our numerical investigation
on scaling laws in turbulent flows in low-Prandtl-number
(Pr = 0.1) fluids in rotating RBC with free-slip (i.e., shear-
stress-free) and thermally conducting boundary conditions.
We find that Nusselt number Nu scales with Rayleigh number
Ra as Nu ∼ Raβ with β = 2/7 (104 � Ra � 108), if Nu is
greater than a critical value Nuc, which occurs for Ta/Ra � 1.
The value of 2/7 for the exponent β is the same as that
observed in the recent experiments as well as the numerical
simulations by King et al. [26] in rotating RBC for Pr > 1
with free-slip and no-slip boundary conditions. The critical
Nusselt number Nuc and the corresponding critical Rossby
number Roc = √

Rac/(TaPr) scale with Taylor number Ta
as Nuc ∼ Ta0.277±0.001 and Roc ∼ Ta−0.015±0.003, respectively.
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The exponent β is not universal for Nusselt number Nu < Nuc

(i.e., for Ta/Ra > 1). It varies in a range 0.5 < β < 0.7 for
Pr = 0.1 with Ta, and it shows a minimum for some interme-
diate value of Ta. We also give some intuitive arguments to
explain the exponent β in the scaling law Nu ∼ Raβ .

We consider a thin horizontal layer of the Boussinesq
fluid of thickness d, kinematic viscosity ν, thermal diffusivity
κ , thermal expansion coefficient α, and density ρ confined
between two conducting horizontal plates subjected to an
adverse temperature gradient β = �T/d across it, where �T

is the temperature difference between the plates. The system
rotates rigidly with uniform angular velocity � about a vertical
axis in counterclockwise direction. The convective dynamics
of the fluid in rotating RBC is governed by the dimensionless
equations given below:

∂tv + (v · ∇)v = −∇p + Prθe3 +
√

Pr/Ra∇2v

−
√

TaPr/Ra(e3×v), (1)

Pr (∂tθ + v · ∇θ ) =
√

Pr/Ra∇2θ + v3, (2)

∇ · v = 0, (3)

where v(x,y,z,t) = (v1,v2,v3) is the velocity field and e3 is a
unit vector directed vertically upward. The deviations in the
pressure and the temperature fields from stationary conduction
state due to convection are denoted as p and θ , respectively.
Rayleigh number Ra = gαβd4/κν, Prandtl number Pr = ν/κ ,
and Taylor number Ta = 4�2d4/ν2 are three dimensionless
numbers characterizing convective states. In the above, lengths
are made dimensionless by the thickness d of the fluid layer,
velocity components by

√
αβgd2, and temperature field by

βdν/κ . The thermally conducting and free-slip boundaries are
located at z = 0 and z = 1. That is,

∂zv1 = ∂zv2 = v3 = θ = 0. (4)

All the fields are considered periodic in horizontal plane.
We numerically integrate the hydrodynamic system

Eqs. (1)–(3) with the boundary conditions Eq. (4) using
TARANG [31], an open-source code based on the pseudospectral
method. The fourth order Runge-Kutta (RK4) scheme is
used for time advancement. The integration time step �t

has been monitored by fixing the Courant-Friedrichs-Lewy
number, CFL = (Vrms �t/�l) = 1/

√
10, where Vrms and
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TABLE I. Comparison of estimated and numerically computed values of dissipation rates. The rates of dissipation of kinetic energy and
“thermal energy” are computed in DNS using the relations εu = 〈ν[∂ivj (x,y,z,t)]2〉 and εθ = 〈κ[∂iθ (x,y,z,t)]2〉, respectively. For estimation,
we used formulas εu = (Nu − 1)/

√
RaPr and εθ = Nu/

√
RaPr.

Ta Ra Nu εu (est.) εu (comp.) εθ (est.) εθ (comp.)

1.0 × 103 1.48 × 106 11.04 0.0260 0.0256 0.0286 0.0260
3.0 × 104 2.24 × 106 13.11 0.0255 0.0254 0.0276 0.0257
1.0 × 106 1.07 × 107 18.03 0.0164 0.0168 0.0174 0.0167
1.0 × 108 8.97 × 107 28.05 0.0090 0.0092 0.0093 0.0091
1.0 × 1010 6.0 × 107 5.52 0.0018 0.0018 0.0022 0.0019

�l = (�x �y �z)1/3 are respectively the rms velocity and
the average grid size. The grid size is chosen such that
the smallest dissipative (Kolmogorov) scale is resolved. The
product kmaxηmin � 1, where kmax is the cutoff wave number
due to the truncation of the Fourier series expansion and ηmin is
the minimum dissipative scale. The minimum dissipative scale
for the kinetic energy is ηu

min = (ν3/εmax)1/4, where εu
max =

{ν[∂ivj (x,y,z,t)]2}max is the dissipation rate of kinetic energy.
Similarly, the minimum dissipative scale for “thermal energy”
is ηθ

min = (κ3/εmax)1/4, where εθ
max = {κ[∂iθ (x,y,z,t)]2}max is

the dissipation rate of “thermal energy.” The three dimensional
simulation box has resolution of 256 × 256 × 256. The small-
est dissipative scales (both thermal and viscous) are resolved
throughout the simulation for the values of Ta and Ra presented
here. We have carried out the simulation for many different
values of Ta (0 � Ta � 108) and Ra (104 � Ra � 108). Table I
displays the comparison of various time averaged energy
dissipation rates computed numerically with estimated values
using analytic formulas. The comparison validates the results
of the numerical simulation.

Figure 1 displays the variation of Nu with Ra on log-log
scale for two fluids of Prandtl number Pr = 0.1 and Pr = 1.0

FIG. 1. Plot of Nusselt number Nu versus Rayleigh number Ra
on log-log scale for fixed Prandtl number Pr = 0.1 and 1.0 at different
values of Taylor number Ta. The plot shows scaling law Nu ∼ Raβ .
The exponent β = 2/7 is universal for Ta/Ra < 1. For Ta/Ra > 1,
the exponent β is not a universal number and ranges between
0.5 and 0.7.

for different values of Ta. The figure clearly shows the scaling
law Nu ∼ Raβ with β = 2/7 for both the values of Pr over
many decades, if Nu is larger than some critical value Nuc,
which itself depends on the Taylor number Ta for a given
Prandtl number Pr. This is in total agreement with recent
results of King et al. [26]. They showed that Nu ∼ Ra2/7

for fluids of larger Prandtl numbers (1 � Pr � 100) at higher
values of Ra. They observed this scaling in their experiments
as well as in simulations with no-slip and free-slip conditions
on the boundaries. Our simulation with Pr = 1.0 with free-slip
boundary conditions reproduces the exponet β with that of
King et al. [26]. This also suggests that the scaling with β =
2/7 may be universal for Nu > Nuc and independent of Pr, Ta,
and velocity boundary conditions for a wide range of Ra.

We also note that the Nusselt number Nu reaches its critical
value Nuc when Ta ∼ Ra. The slope of the Nu-Ra plot changes
(see Fig. 1) when Nu exceeds a critical value Nuc for a given
value of Ta and Pr. The exponent β = 2/7 indicates universal
scaling for Nu > Nuc or Ta/Ra < 1. The role of rotation rate
becomes insignificant once Nu � Nuc. However, the role of
Ta is significant for Nu < Nuc or Ta/Ra > 1. The exponent β

of the scaling law Nu ∼ Raβ is not universal for Ta/Ra > 1.
Figure 2 shows the variation of the exponent β as a function of

FIG. 2. Variation of the exponent β of the scaling law Nu ∼ Raβ

for Prandtl number Pr = 0.1 as a function of Taylor number Ta when
the Nusselt number Nu is less than its critical value Nuc (i.e., Ta/
Ra > 1). The exponent β varies between 0.5 and 0.7.



FIG. 3. Plot of the critical Nusselt number Nuc as a function of
Taylor number Ta for Pr = 0.1 on log-log scale. Nuc scales with Ta
as Nuc ∼ Ta0.277±0.001.

Taylor number Ta for Ta/Ra > 1 in a fluid with Pr = 0.1. The
value of β varies from 0.5 to 0.7 as a function of Ta showing
a minimum at some intermediate value of Ta.

Figure 3 displays the plot of the critical Nusselt number
Nuc as a function of Taylor number Ta for Pr = 0.1. We
observe that Nuc scales with Ta as Nuc ∼ Ta0.277±0.001 for
Pr = 0.1. Another interesting dimensionless number is Rossby
number Ro = √

Ra/(TaPr). The dependence of the critical
value Roc = √

Rac/(TaPr) of Rossby number Ro with Taylor
number Ta is shown in Fig. 4 for Pr = 0.1. Here Rac is the
value of Rayleigh number Ra corresponding to the critical
Nusselt number Nuc. The critical Rossby number Roc also
displays scaling and scales with Taylor number Ta as Roc ∼
Ta−0.015±0.003.

FIG. 4. Plot of the critical Rossby number Roc = √
Rac/(TaPr)

as a function of Taylor number Ta for Pr = 0.1. The critical Rossby
number Roc scales with Ta as Roc ∼ Ta−0.015±0.003.

It is known from the linear theory [30] that the critical
value RacL of the Rayleigh number Ra for the onset of thermal
convection is proportional to the Taylor number Ta. We assume
the critical Rayleigh number Rac for turbulent convective flows
corresponding to Nuc is proportional to Ta1+δ , where δ is
the correction due to fluctuations in the turbulent state. This
leads to Nuc ∼ Ra2/7

c ∼ Ta2(1+δ)/7 ∼ Ta0.277, which yields
δ ≈ −0.030. This leads to Roc = √

Rac/(TaPr) ∼ Taδ/2 ∼
Ta−0.015, which matches well with the exponent measured
directly from the results of direct numerical simulation (DNS)
in Fig. 4.

We now try to explain the possible values of the exponent β

in the scaling law Nu ∼ Raβ in different regimes. In a thermal
boundary layer of thickness b, the temperature decrement is
maximum and nearly equal to �T/2. This is followed by a
bulk region where the temperature is nearly constant at Tm.
The fluctuation δTm about this mean is supposed to scale
as (δTm/�T ) ∼ Raγ . At the center of the cell, the nonlinear
velocity gradient term balances the buoyancy giving (v2

3/d) ∼
αgδTm ∼ Ra(1+γ ), which yeilds v3 ∼ Ra(1+γ )/2. Continuity of
mean heat flux demands that the amount of heat conducted
to the top of the boundary layer is convected away. Thus the
amount of heat conducted to the top of the boundary layer
(∝ �T/b) gets convected away by the term (v · ∇)δTm ∼
(v3δTm/d). For continuity, (�T/b) ∼ (v3δTm/d). Since Nus-
selt number Nu ∼ b−1 ∼ Raβ , we get Ra1+β ∼ Ra(3/2)(1+γ )

leading to 1 + β = 3
2 (1 + γ ). This relation is independent of

rotation rate.
The other relation between β and γ is obtained by looking at

the force balance either in the thermal boundary layer (for low
rotation rate) or in the Ekman layer (for the high rotation rate).
If the thermal boundary layer is thinner then the balance is
viscous force against buoyancy and hence (νv3/b

2) ∼ αg(�T )
leading to (1 + γ )/2 = 1 − 2β. We immediately have the
standard result β = 2/7. We observe this universal scaling
law in all the simulations with Ta/Ra < 1.

As the rotation rate becomes relatively higher (Ta/Ra � 1),
the Ekman layer thickness ξ (∼ 1/

√
�) decreases and

for a critical Taylor number Tac, ξ ∼ b, which occurs if
Ta1/4

c ∼ b−1 ∼ Nu. For higher Taylor number (Ta > Ra), the
Ekman layer determines the force balance. Depending on
Taylor number, the balance can occur in different ways. If we
consider very high speeds then the Ekman layer is very thin
and the vertical velocity is not appreciable at the top of this
layer. The derivative ∂zzv3 is then estimated as v3/b

2 while the
temperature drop across the Ekman layer is �T ′ ≈ (�T )ξ/b.
Thus v3/b

2 ∼ αg(�T )ξ/b. This leads to (1 + γ )/2 = 1 − β.
Combining this with the relation independent of rotation rate
yields β = 1/2. All the simulations for Ta/Ra > 1 in fluids
with Pr = 0.1 (see Fig. 2) and Pr = 1.0 show that the exponent
β varies from 0.5 to 0.7.

We have presented detailed results for turbulent flow in a
fluid of Prandtl number Pr = 0.1. The exponent β of the scaling
Nu ∼ Raβ with β = 2/7 for Nu > Nuc (i.e., Ta/Ra < 1). The
exponent β varies between 0.5 and 0.7 for Nu < Nuc (i.e.,
Ta/Ra > 1). Our results along with that of King et al. [26]
suggest that the universal value of β for Ta/Ra < 1 does
not depend on the Prandtl number Pr, the velocity boundary
conditions, or the rotation rates Ta, and is the same as its value



in the absence of rotation (Ta = 0). In addition, the critical
Nusselt number Nuc and the critical Rossby number Roc

scale with Ta as Nuc ∼ Ta0.277±0.001 and Roc ∼ Ta−0.015±0.003

respectively for Pr = 0.1.
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