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Distinct from the type of local realist inequality (known as the Collins–Gisin–Linden–Massar–Popescu 
or CGLMP inequality) usually used for bipartite qutrit systems, we formulate a new set of local realist 
inequalities for bipartite qutrits by generalizing Wigner’s argument that was originally formulated for the 
bipartite qubit singlet state. This treatment assumes existence of the overall joint probability distributions 
in the underlying stochastic hidden variable space for the measurement outcomes pertaining to the 
relevant trichotomic observables, satisfying the locality condition and yielding the measurable marginal 
probabilities. Such generalized Wigner inequalities (GWI) do not reduce to Bell–CHSH type inequalities 
by clubbing any two outcomes, and are violated by quantum mechanics (QM) for both the bipartite 
qutrit isotropic and singlet states using trichotomic observables defined by six-port beam splitter as 
well as by the spin-1 component observables. The efficacy of GWI is then probed in these cases by 
comparing the QM violation of GWI with that obtained for the CGLMP inequality. This comparison is 
done by incorporating white noise in the singlet and isotropic qutrit states. It is found that for the six-
port beam splitter observables, QM violation of GWI is more robust than that of the CGLMP inequality 
for singlet qutrit states, while for isotropic qutrit states, QM violation of the CGLMP inequality is more 
robust. On the other hand, for the spin-1 component observables, QM violation of GWI is more robust 
for both the types of states considered.

a b s t r a c t
1. Introduction

The foundational tenets and concepts of quantum mechanics 
(QM) significantly differ from classical ideas and intuitions. A sem-
inal contribution to quantum concepts was provided by demon-
strating quantum nonlocality through Bell’s inequality [1,2] used 
for showing an incompatibility between quantum mechanics (QM) 
and the notion of local realism underpinning Bell’s inequality. Soon 
after the discovery of Bell’s inequality, a different formulation of 
local realist inequality was provided by Wigner [3]. This was based 
upon the assumption of the existence of joint probability distri-
butions in the underlying stochastic hidden variable (HV) space 
pertaining to the occurrence of different possible combinations of 
outcomes for the measurements of the relevant observables, and 
these joint probability distributions are taken to yield all the ob-
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servable marginal probabilities by satisfying the locality condition. 
However, Wigner’s original formulation was restricted in showing 
the QM incompatibility with local realism for the bipartite qubit 
singlet states.

Subsequently, among the few studies using Wigner’s approach 
are its use in the case of entangled neutral kaons [4,5], and a study 
of its implication for quantum key distribution [6]. Only recently, 
Wigner’s formalism has been generalized for N-partite qubit states 
by deriving generalized Wigner inequalities (GWI) [7], and in an-
other recent work, the temporal version of GWI, namely, Wigner’s 
form of the Leggett–Garg inequality has been derived [8]. Apart 
from these investigations, surprisingly, Wigner’s approach has re-
mained largely unexplored.

Against this backdrop, the motivation underlying the present 
paper is to extend the significance of Wigner’s approach in the 
context of bipartite qutrit systems by developing a framework for 
local realist inequalities based on the assumption of the existence 
of joint probability distributions. Here it needs to be mentioned 
that investigations related to QM violations of local realist inequali-
ties for arbitrary dimensional systems have steadily acquired much 
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interest over the years [9–20]. In this context, we should also recall 
that qutrit systems are of special interest due to their experimen-
tal relevance in the areas of atomic and laser physics, as well as 
because of a number of foundational and information theoretic ap-
plications of qutrit systems [21–31].

For the purpose of probing quantum nonlocality of bipartite 
qutrit systems, particularly noteworthy is the QM incompatibility 
with local realism for bipartite qutrit isotropic states as studied by 
Collins et al. [32] using the local realist inequality derived by them 
(known as the Collins–Gisin–Linden–Massar–Popescu inequality or 
CGLMP inequality). While experimental violation of the CGLMP 
inequality has been demonstrated for non-maximally entangled 
states of bipartite qutrits [33], here it needs to be mentioned that 
isotropic and singlet qutrit states are regarded to be particularly 
relevant in quantum information processing [34]. Hence in this 
paper, these states are used for studying the QM violation of the 
derived forms of GWI in the context of the six-port beam splitter 
and spin-1 component observables. Note that the forms of GWI for 
bipartite qutrits derived in this paper do not reduce to Bell–CHSH 
(Bell–Clauser–Horne–Shimony–Holt) type inequalities by clubbing 
any two outcomes.

An important point to stress is that the efficacy of any lo-
cal realist inequality for demonstrating its incompatibility with 
QM is restricted in practical situations that are usually far from 
ideal. Hence the robustness of the QM violation of any local real-
ist inequality in the presence of white noise in a given state is a 
key issue. The present paper provides a comparative study of the 
robustness of the QM violation of both the GWI and CGLMP in-
equality in the presence of white noise incorporated in the qutrit 
states considered. Results obtained in this paper demonstrate that 
for six-port beam splitter observables, the QM violation of CGLMP 
inequality is more robust against white noise for bipartite qutrit 
isotropic states than that obtained by using GWI. On the other 
hand, for bipartite qutrit singlet states, the QM violation of GWI is 
more robust against white noise than that pertinent to the CGLMP 
inequality. The corresponding calculations are also done for the 
spin-1 component observables. It is found that for both these types 
of states, the QM violation of GWI is more robust against white 
noise than that of the CGLMP inequality.

Interestingly, it may happen that the maximum QM violation of 
a local realist inequality is not obtained for maximally entangled 
qutrit state. In order to probe this, the maximum QM violation of 
GWI and the corresponding robustness against white noise present 
in the state has been calculated. It has been found that the max-
imum QM violation of GWI occurs for non-maximally asymmetric 
entangled qutrit state if one uses six-port beam splitter or spin-1
component observables. The maximum robustness of the QM vio-
lation of GWI against white noise present in a state is also com-
pared with that of CGLMP inequality [32].

Since all pure bipartite entangled states violate Bell-type local 
realist inequalities [35], it was believed that entanglement is equiv-
alent to such violation. After the work of Werner [36], it turned out 
that all mixed entangled states do not violate Bell-type local real-
ist inequalities. Thus the issue of QM violations of local realism by 
mixed states is worth to be investigated. Motivated by this fact, 
we have also discussed the QM violation of GWI for some spe-
cific classes of mixed bipartite qutrit states contingent upon using 
six-port beam splitter as well as spin-1 component observables.

The plan of this paper is as follows. In the next Section 2 we 
briefly outline the original derivation by Wigner applicable for 
bipartite qubit singlet state. Then, in Section 3, we present the 
derivation of GWI for bipartite qutrit systems, followed by Sec-
tions 4 and 5 where it is shown that the derived GWI is violated by 
isotropic and singlet qutrit states using six-port beam splitter and 
spin-1 component observables respectively. In Sections 6 and 8, 
contingent upon using six-port beam splitter and spin-1 observ-
ables respectively, we compare the robustness of QM violations of 
GWI with that of CGLMP inequality for the case of isotropic and 
singlet qutrit states. We consider the introduction of white noise 
to the pure states considered in order to perform the comparative 
study of robustness of GWI and CGLMP inequality corresponding 
to the above mentioned two categories of entangled qutrit states. 
In Sections 7 and 9 we have shown the maximum QM violations 
of GWI using six-port beam splitter and spin-1 component observ-
ables respectively, and the corresponding maximum robustness of 
the QM violations of GWI against white noise present in the states. 
QM violations of GWI for mixed bipartite qutrits have been dis-
cussed in Section 10. Section 11 contains a summary of the results 
obtained in this paper and we make some concluding remarks.

2. Recapitulating Wigner’s original derivation

In the scenario considered by Wigner [3], two spin-1/2 parti-
cles are prepared in a singlet state and are then spatially separated. 
The spin components of the particles, respectively, are measured 
along three directions, say, a, b and c. Then, in this context, con-
sidering the individual outcomes (±1) of nine possible pairs of 
measurements, Wigner’s original inequality can be derived as fol-
lows.

Assuming the locality condition and an underlying stochastic 
HV distribution corresponding to a quantum state specified by a 
wave function, one can infer in the HV space, according to the 
reality condition, the existence of overall joint probabilities for 
the individual outcomes of measuring the pertinent observables, 
from which the observable marginal probabilities can be obtained. 
Thus, corresponding to an underlying stochastic HV, say λ, one 
can define pλ(v1(a), v1(b), v1(c); v2(a), v2(b), v2(c)) as the overall 
joint probability of occurrence of the outcomes, where v1(a) rep-
resents an outcome (±1) of the measurement of the observable a
for the first particle, and so on. For example, pλ(−, +, −; +, +, −)

expresses the overall joint probability of occurrence of the out-
comes v1(a) = −1, v1(b) = +1, v1(c) = −1 for the first particle, 
and v2(a) = +1, v2(b) = +1, v2(c) = −1 for the second particle. 
Then, the joint probability, say, v1(a) = +1 and v2(b) = +1 for 
the first and the second particle respectively can be written, us-
ing the perfect anti-correlation property of the singlet state, as 
pλ(a+, b+) = pλ(+, −, +; −, +, −) + pλ(+, −, −; −, +, +). Simi-
larly, writing pλ(c+, b+) and pλ(a+, c+) as marginals, and assum-
ing non-negativity of the overall joint probability distributions in 
the HV space, it can be shown that

pλ(a+,b+) ≤ pλ(a+, c+) + pλ(c+,b+) (1)

Subsequently, by integrating over the hidden variable space for an 
arbitrary distribution, one can obtain the original form of Wigner’s 
inequality

p(a+,b+) ≤ p(a+, c+) + p(c+,b+), (2)

where p(a+, b+) is the observable joint probability of getting +1
for both the outcomes if the observables a and b are measured on 
the first and the second particle respectively, and so on.

If the respective angles between a and b, a and c, b and c
are θ12, θ13 and θ23, then substituting the QM expressions for the 
relevant joint probabilities in the inequality given by Eq. (2) one 
obtains 1

2 sin2(θ12/2) ≤ 1
2 sin2(θ13/2) + 1

2 sin2(θ23/2) – a relation 
which is not valid for arbitrary values of θ12, θ13, θ23. This shows 
an incompatibility between QM and Wigner’s form of inequality 
given by Eq. (2), restricted for the singlet state in the bipartite case. 
Note that, the above argument is within the framework of stochas-
tic HV theory, subject to the locality condition, and the notion of 
determinism has not been used here.



3. Generalized Wigner inequalities for bipartite qutrit systems

Now, in order to generalize the above argument for deriving 
GWI for arbitrary bipartite qutrit systems, we proceed as follows. 
Note that in the following derivation we are not using the as-
sumption of perfect anti-correlation embodied in the singlet states 
that was used in Wigner’s original derivation. Let us consider that 
pairs of trichotomic observables a1 or a2 and b1 or b2 are mea-
sured on the first and the second particle respectively. We as-
sume an underlying HV distribution given by ρ(λ) such that for 
34 possible combinations of pairs of outcomes, each such pair of 
outcomes occur with a certain probability in the HV space. Thus, 
corresponding to an underlying stochastic HV, say λ, one can de-
fine pλ(v1(a1), v1(a2); v2(b1), v2(b2)) as overall joint probability 
of occurrence of the outcomes, where v1(a1) represents an out-
come (+1, or 0, or −1) of the measurement of the observable a1

for the first particle, and so on. For example, pλ(+, 0; −, +) ex-
presses the overall joint probability of occurrence of the outcomes 
v1(a1) = +1 and v1(a2) = 0 for the first particle and v2(b1) = −1
and v2(b2) = +1 for the second particle. Then, consistent with 
the locality condition, the joint probability of, say v1(a1) = 0 and 
v2(b1) = − for the first and second particle, respectively, can be 
obtained as a marginal of the overall joint probabilities in the HV 
space, given by the following expression

pλ(a
10,b1−) =

∑

v1(a2)=+,0,−

∑

v2(b2)=+,0,−
pλ(0, v1(a

2);−, v2(b
2))

Similarly, writing pλ(a1−, b1−), pλ(a20, b1−), pλ(a2−, b1−),
pλ(a10, b2−), pλ(a1−, b2−), pλ(a2+, b2+) and pλ(a2+, b20) as 
marginals, and assuming non-negativity of the overall joint proba-
bility distributions in the HV space, it can be shown that

pλ(a
10,b1−) − pλ(a

20,b1−) − pλ(a
2−,b1−) − pλ(a

10,b2−)

− pλ(a
1−,b2−) − pλ(a

2+,b2+) − pλ(a
2+,b20)

+ pλ(a
1−,b1−) ≤ 0

Subsequently, integrating over the HV space for an arbitrary dis-
tribution, one can obtain the following form of GWI for bipartite 
qutrit systems:

p(a10,b1−) − p(a20,b1−) − p(a2−,b1−) − p(a10,b2−)

− p(a1−,b2−) − p(a2+,b2+) − p(a2+,b20)

+ p(a1−,b1−) ≤ 0 (3)

Similarly, other forms of 8-term GWI can be derived by using vari-
ous combinations of the observable joint probabilities. Such forms 
of GWI (including the above form mentioned in Eq. (3)) can be 
expressed by the following two inequalities:

p(a1 = m1,b1 = m2) − p(a2 = m1,b1 = m2)

− p(a2 = m1,b1 = m1) − p(a1 = m1,b2 = m2)

− p(a1 = m1,b2 = m1) − p(a2 = m3,b2 = m3)

− p(a2 = m2,b2 = m3) + p(a1 = m1,b1 = m1) ≤ 0 (4)

and

p(a1 = m1,b1 = m2) − p(a2 = m1,b1 = m2)

− p(a2 = m2,b1 = m2) − p(a1 = m1,b2 = m2)

− p(a1 = m2,b2 = m2) − p(a2 = m3,b2 = m3)

− p(a2 = m3,b2 = m1) + p(a1 = m2,b1 = m2) ≤ 0 (5)

There are six permutations of the set {m1, m2, m3}, namely: 
(+1, 0, −1), (+1, −1, 0), (0, +1, −1), (0, −1, +1), (−1, +1, 0) and 
(−1, 0, +1), which produce twelve GWI from the inequalities (4)
and (5) (including the GWI mentioned in Eq. (3)). Now, interchang-
ing a ↔ a′ , or b ↔ b′ , or interchanging both other three sets of 
twelve such 8-term GWI can be obtained for the bipartite qutrit 
system. QM violations of all the aforementioned GWIs for bipartite 
qutrit system are quantified by the positive value of the left hand 
side of each inequality.

Here it needs to be stressed that this set of inequalities is such 
that none of these inequalities can be reduced to equivalent classes 
of Bell–CHSH inequalities by grouping any two outcomes (for de-
tails, see Appendix A).

4. QM violations of GWI by bipartite qutrit isotropic and singlet 
states using six-port beam splitter

The phenomenon of spontaneous parametric down-conversion 
can be used to obtain an optical analog of the maximally entangled 
state for two correlated spins of arbitrary magnitudes [37]. Next, 
to make measurements of nondichotomic observables, it is exper-
imentally more convenient to use six-port (or, multi port) beam 
splitters than spin component observables.

The properties of the unbiased six-port beam splitter (three 
input and three output ports) have been demonstrated in de-
tail in several works [32,38–43]. One considers the following set-
tings: first the two parties apply unitary operations on each sub-
system with non-zero diagonal terms equal to eiφa( j) and eiϕb( j)

for the first and second particle respectively, and all off-diagonal 
terms being equal to zero. These unitary operations are denoted 
by U ( �φa), where �φa ≡ [φa(0), φa(1), φa(2)] for the first particle 
and U ( �ϕb), where �ϕb ≡ [ϕb(0), ϕb(1),ϕb(2)] for the second par-
ticle. The freedom of choice of the measurement of both the 
particles is given by this unitary transformation. Then, a dis-
crete Fourier transformation U F T is carried out on the first par-
ticle and U∗

F T is carried out on the second particle. The ma-
trix element of the discrete Fourier transformation is given by
(U F T ) jk = exp[( j − 1)(k − 1)i2π/3] and finally measurement is 
done in the basis in which the initial shared state is prepared. 
Here the observables a1, a2, b1 and b2 denote unitary transfor-
mations U ( �φa1 ), U ( �φa2 ), U ( �ϕb1 ) and U ( �ϕb2 ) respectively, where 
�φa1 ≡ [φa1 (0), φa1 (1), φa1 (2)], �φa2 ≡ [φa2 (0), φa2 (1), φa2 (2)], �ϕb1 ≡

[ϕb1(0), ϕb1 (1),ϕb1 (2)] and �ϕb2 ≡ [ϕb2(0), ϕb2 (1),ϕb2 (2)].

4.1. QM violation of GWI for bipartite qutrit isotropic state using 
six-port beam splitter

Let us consider the pure isotropic qutrit state given by

|ψ1〉 = |00〉 + |11〉 + |22〉√
3

(6)

where |0〉, |1〉 and |2〉 are three mutually orthonormal states. In 
the case of six-port beam splitter, each of these states defines the 
state of photon passing through one of the three input ports or 
one of the three output ports of the six-port beam splitter. On the 
other hand, in the case of spin-1 component observables, |0〉, |1〉
and |2〉 are the eigenstates of spin angular momentum operator 
along z-direction corresponding to the eigenvalues +1, 0 and −1
respectively (assuming h̄ = 1).

If measurements defined by the six-port beam splitter are per-
formed on two particles of the state given by Eq. (6), the left hand 
side of the GWI given by Eq. (3) becomes

W = 1

27
[−12 − 2(

2∑
i=1

2∑
j=1

2∑
k=0

(−1)δi+ j,2
[
sin(

π

6
− αik − β jk)

]

(7)



where δi+ j,2 is the Kronecker delta function; αik = [
φai (k) −φai (k +

1 mod 3)
]
; β jk = [

ϕb j (k) − ϕb j (k + 1 mod 3)
]
. In order to obtain 

the maximum QM violation of GWI given by Eq. (3) for pure 
isotropic qutrit state, we have to maximize the right hand side of 
Eq. (7), where 0 ≤ φai ( j) ≤ 2π and 0 ≤ ϕbi ( j) ≤ 2π (i = 1, 2; and 
j = 0, 1, 2). For this maximization we have used a numerical pro-
cedure (analytical maximization is too difficult, because one has to 
find the global maximum of a twelve-variable function defined on 
some bounded twelve-dimensional domain) based on the down-
hill simplex method (so-called Nelder–Mead method or amoeba 
method) [44]. If the dimension of the domain of a function is D
(in our case D = 12), the procedure first randomly generates D + 1
points. In this way it creates the vertices of a starting the sim-
plex. Next it calculates the value of the function at the vertices 
and starts exploring the space by stretching and contracting the 
simplex. In every step, when it finds vertices where the value 
of the function is higher than in others, it goes in this direction 
[44]. Following this numerical procedure we observe that for the 
set of measurement settings (φa1 (0), φa1 (1), φa1 (2), φa2 (0), φa2 (1),

φa2 (2), ϕb1 (0), ϕb1 (1), ϕb1 (2), ϕb2 (0), ϕb2 (1), ϕb2 (1)) = (4.62, 3.02,

3.93, 2.46, 1.80, 0.81, 0.43, 4.80, 4.64, 4.01, 3.04, 0.98) in radians, 
the maximum QM violation of the GWI (3) occurs, and the magni-
tude of this maximum violation is found to be 0.12949.

4.2. QM violation of GWI for bipartite qutrit singlet state using six port 
beam splitter

Let us consider that the trichotomic measurements labeled by 
(a1; a2; b1; b2) denoting observables using six-port beam splitter 
are performed on the 3 ⊗ 3-dimensional pure singlet state given 
by

|ψ2〉 = |02〉 − |11〉 + |20〉√
3

(8)

Following the numerical procedure based on the downhill sim-
plex method [44] as described earlier, we obtain that the left hand 
side of the GWI given by Eq. (3) has the maximum value 0.12949 
for the measurement settings (φa1 (0), φa1 (1), φa1 (2), φa2 (0), φa2 (1),

φa2 (2), ϕb1 (0), ϕb1 (1), ϕb1 (2), ϕb2 (0), ϕb2 (1), ϕb2 (1)) = (4.05, 0.11,

4.45, 3.02, 0.03, 2.47, 3.53, 1.87, 2.50, 6.20, 0.17, 6.13) (in radian) 
corresponding to the maximum QM violation of the GWI. Numer-
ical calculations show that GWI mentioned in Eq. (3) gives the 
maximum QM violation for both bipartite qutrit isotropic state and 
bipartite qutrit singlet state among all the GWIs derived in this pa-
per. Henceforth, we would, therefore, consider only the GWI given 
by Eq. (3) in case of observables using six-port beam splitters.

5. QM violations of GWI by bipartite qutrit isotropic and singlet 
states using spin-1 component observables

Let us assume, ai denotes measurements of spin component of 
the first particle in the directions n̂a

i = sinθa
i cosφa

i x̂+ sinθa
i sinφa

i ŷ +
cosθa

i ẑ (i = 1, 2). Similarly, b j denotes measurements of spin com-

ponent of the second particle in the directions n̂b
j = sinθb

j cosφb
j x̂ +

sinθb
j sinφb

j ŷ + cosθb
j ẑ ( j = 1, 2), where θa

i , θb
j (i, j = 1, 2) are the 

polar angle; φa
i , φb

j (i, j = 1, 2) are the azimuthal angle; x̂, ŷ, and 
ẑ are the unit vectors in Cartesian coordinates.

5.1. QM violation of GWI for bipartite qutrit isotropic state using spin-1
component observables

If the measurements of spin-1 components in arbitrary direc-
tions are performed on the isotropic state (6), the left hand side of 
the GWI given by Eq. (3) becomes
W =
2∑

i=1

2∑
j=1

(−1)

12
(−1)δi+ j,2

[
sin2(θa

i + θb
j )

+ 2(1 − sinθa
i sinθb

j )cosθa
i cosθb

j

+ 2(1 − cosθa
i cosθb

j )cos(φa
i + φb

j )sinθa
i sinθb

j

+ sin2(φa
i + φb

j )sin2θa
i sin2θb

j + 2
]

(9)

Here, δi+ j,2 is the Kronecker delta function; 0 ≤ θa
i ≤ π , 0 ≤ θb

j ≤
π , 0 ≤ φa

i ≤ 2π and 0 ≤ φb
j ≤ 2π (i, j = 1, 2). Following the nu-

merical procedure based on the downhill simplex method [44]
as described earlier, it has been observed that for the set of 
measurement settings (θa

1 , φa
1; θa

2 , φa
2; θb

1 , φb
1; θb

2 , φb
2) = (1.52, 3.88;

2.60, 3.84; 0.03, 0.76; 1.08, 5.56) in radians, the maximum QM vi-
olation of the GWI (3) occurs, and the magnitude of this maximum 
violation is found to be 0.12077.

5.2. QM violation of GWI for bipartite qutrit singlet state using spin-1
component observables

Similar to the way discussed above, using the numerical proce-
dure based on the downhill simplex method [44], it can be shown 
that if the trichotomic measurements using spin-1 component ob-
servables are performed on the 3 ⊗ 3-dimensional pure singlet 
state given by Eq. (8), the left hand side of the GWI given by Eq. (3)
has the maximum value 0.12077 for the measurement settings 
(θa

1 , φa
1; θa

2 , φa
2; θb

1 , φb
1; θb

2 , φb
2) = (1.09, 0.05; 0.02, 0.01; 0.52, 3.19;

0.56, 0.05) (in radian) corresponding to the maximum QM vio-
lation of the GWI. Numerical calculations based on the downhill 
simplex method [44] show that GWI mentioned in Eq. (3) gives 
the maximum QM violation for both bipartite qutrit isotropic state 
and bipartite qutrit singlet state among all the GWIs derived in 
this paper. Henceforth, we would, therefore, consider only the GWI 
given by Eq. (3) in case of spin-1 component observables.

6. Comparison of GWI with the CGLMP inequality for bipartite 
qutrits contingent upon using six-port beam splitter

In order to show the efficacy of GWI derived here, we will now 
make a comparative analysis of the QM violation obtained through 
GWI with that obtained by using the CGLMP inequality for bipar-
tite qutrits using six-port beam splitters.

The CGLMP inequality [32] is derived based on a constraint that 
the correlations exhibited by a local realist theory must satisfy. 
This inequality has not been derived from the assumption of ex-
istence of a joint probability distribution (JPD) in the HV space. 
The CGLMP inequality for bipartite 3-dimensional system has the 
following form

I3 = P (a1 = b1) + P (b1 = a2 + 1) + P (a2 = b2) + P (b2 = a1)

− P (a1 = b1 − 1) − P (b1 = a2) − P (a2 = b2 − 1)

− P (b2 = a1 − 1) ≤ 2 (10)

where P (ai = b j + k) denotes the probability that the measure-
ments Ai and B j have outcomes that differ, modulo 3, by k. The 
QM violation of the CGLMP inequality is quantified by (I3 − 2).

Here it may be noted that Wu et al. had suggested another local 
realist inequality [45] which is derived based on the assumption of 
a local HV model satisfying the factorizability condition, using a 
few algebraic theorems and basic concepts of probability theory. 
This inequality has the following form

S = P (a1+,b1+) − P (a1+,b2+) + P (a2+,b2+) + P (a20,b10)

+ P (a20,b1−) + P (a2−,b10) + P (a2−,b1−) ≤ 1 (11)



However, an important point is that this inequality (11) reduces to 
just a version of CHSH (Clauser–Horne–Shimony–Holt) inequality 
[2] after one has grouped the outcomes “0” and “−” so that the 
inequality becomes a two outcome (“+” and “not +”) inequality. 
Now, it is well known that in a 2 × 2 × 2 experiment (2 parties, 
2 measurement settings per party, 2 outcomes per settings), all 
generalized Bell inequalities are simply re-writings of the CHSH 
inequality, obtained by linear combinations of the CHSH inequality 
with the appropriate normalization conditions. Thus, the inequal-
ity (11) is equivalent to CHSH inequality. We will, therefore, not 
consider this inequality for probing efficacy of GWI for bipartite 
qutrits.

Before computing the effects of white noise incorporated in the 
states considered to GWI and CGLMP inequality, let us first obtain 
the maximum QM violations of CGLMP inequality for the bipartite 
qutrit isotropic and singlet states respectively using six-port beam 
splitter. If the left hand side of CGLMP inequality (10) is evalu-
ated for isotropic state in terms of the four aforementioned tri-
chotomic observables a1, a2, b1, b2 denoting observables using six-
port beam splitters, then the inequality is maximally violated for 
the choice of measurement settings (φa1 (0), φa1 (1), φa1 (2), φa2 (0),

φa2 (1), φa2 (2), ϕb1 (0), ϕb1 (1), ϕb1 (2), ϕb2 (0), ϕb2 (1), ϕb2 (1)) = (0,

3.13, 2.64, 2.51, 4.60, 6.19, 3.73, 0.07, 1.62, 2.14, 5.81, 5.26) (in ra-
dian), and the magnitude of the maximum violation is given by 
0.87293 [32,39] (following the numerical procedure based on the 
downhill simplex method [44]). On the other hand, for singlet 
states given by Eq. (8), CGLMP inequality (10) is not violated for 
arbitrary choice of measurement settings.

In order to probe the efficacy of the derived GWI, we now com-
pare the tolerances of GWI and CGLMP inequality against white 
noise present in a state pertaining to measurement of observables 
using six-port beam splitters. For this, let us consider the bipartite 
qutrit mixed state given by

ρ = p|ψ〉〈ψ | + (1 − p)
I3 ⊗ I3

32
(12)

where p is the visibility parameter which changes the pure state 
|ψ〉 into a mixed state ρ and (1 − p) denotes the amount of white 
noise present in the state |ψ〉 (here we take |ψ〉 to be either the 
isotropic state (6) or the singlet state (8)). p = 0 denotes the max-
imally mixed separable state.

Now, we first consider Eq. (12) by taking |ψ〉 as the isotropic 
state given by Eq. (6), and compute respectively the left hand 
side of the various local realist inequalities for the pure state |ψ〉
pertaining to measurement using six-port beam splitters. Subse-
quently, we repeat the computation by only taking the white noise 
part of Eq. (12). After applying appropriate weightage using the 
visibility parameter, we obtain the various expressions of the left 
hand sides of the local realist inequalities corresponding to the 
mixed state ρ mentioned in Eq. (12) in terms of the parameter p. 
The same procedure is followed for the case of the singlet state 
(8). The minimum values of p for which QM violates local real-
ist inequalities signify the maximum amounts of white noise that 
can be present in the given state for the persistence of the QM vi-
olation of the relevant local realist inequality, and this value of p
is known as the threshold visibility pertaining to the given local 
realist inequality. In Table 1, the threshold visibilities of GWI and 
CGLMP inequality pertaining to the bipartite qutrit isotropic and 
singlet states, using six-port beam splitters, are shown.

The above mentioned Table clearly shows that for the six-port 
beam splitter case, the CGLMP inequality given by Eq. (10) is more 
robust than GWI for the persistence of the QM violation in the 
presence of white noise incorporated in qutrit isotropic states. On 
the other hand, GWI given by Eq. (3) is more robust than the 
CGLMP inequality given by Eq. (10) for the persistence of the QM 
Table 1
Threshold visibilities of GWI and CGLMP inequality for the 
bipartite qutrit isotropic state and singlet state using six-port 
beam splitter.

State Threshold visibility of

GWI given by Eq. (3) CGLMP inequality

Isotropic 0.774 0.696
Singlet 0.774 –

violation in the presence of white noise incorporated in qutrit sin-
glet states. Moreover, CGLMP inequality is not violated at all by 
QM for qutrit singlet states using six-port beam splitter.

7. Maximal violations of GWI and CGLMP inequality contingent 
upon using six-port beam splitter

It may happen that the maximum violation of a local realist in-
equality is not obtained for maximally entangled states, like singlet 
states or isotropic states, but is obtained rather for non-maximally 
entangled states. One can derive the Bell operator correspond-
ing to a local realist inequality, when observables using six-port 
beam splitters are measured. Any typical joint probability, say, 
P (a1 = +, b1 = −) of obtaining outcomes + and − respectively, 
when the observable a1 is measured on the first particle and the 
observable b1 in measured on the second particle, and the initial 
state is |ψ〉 ∈ C

n , is given by

P (a1 = +,b1 = −)

= 〈ψ |({V ( �φa1) † ⊗V ( �ϕb1)†}{|+〉〈+| ⊗ |−〉〈−|}{V ( �φa1)

⊗ V ( �ϕb1)})|ψ〉 (13)

where V ( �φa1 ) = U F T U ( �φa1 ) and V ( �ϕb1 ) = U∗
F T U ( �ϕb1 ). Similarly, 

evaluating other joint probabilities, the left hand side of any lo-
cal realist inequality can be expressed for the initial state |ψ〉 ∈ C

n

as 〈ψ |B|ψ〉, where B is the Bell operator associated with the re-
spective local realist inequality for bipartite qutrits corresponding 
to using six-port beam splitter. B is a 3 ⊗ 3 Hermitian Matrix. 
Now, for the purpose of finding the maximum eigenvalue of the 
Bell operator associated with a particular local realist inequality, 
we use the Min–Max Theorem of functional analysis and linear 
algebra. According to Min–Max theorem, the largest and small-
est eigenvalues of a Hermitian matrix Â ∈ C

n⊗n can be found as

λmax = max∀x∈Cn,x�=0
〈x| Â|x〉
〈x|x〉 and λmin = min∀x∈Cn,x�=0

〈x| Â|x〉
〈x|x〉 respec-

tively.
Using the above mentioned procedure it is found that, contin-

gent upon using six-port beam splitter, the maximum QM violation 
of GWI given by Eq. (3) is 0.20711, which is larger than the max-
imum QM violations of GWI given by Eq. (3) for bipartite qutrit 
isotropic and singlet states. Its corresponding eigenvector is a non-
maximally entangled state of two qutrits, which has the following 
form

|ψg wi〉 = −0.35|00〉 + 0.35|01〉 + 0.09|02〉 + 0.35|10〉
− 0.35|11〉 − 0.09|12〉 + 0.09|20〉 − 0.09|21〉
+ 0.70|22〉 (14)

Therefore, the threshold visibility of GWI given by Eq. (3) for the 
state given by Eq. (14) is 0.682.

The maximum QM violation of CGLMP inequality given by 
Eq. (10) is 0.9149 [39], which is a bit larger than the maximum 
QM violations of CGLMP inequality for bipartite qutrit isotropic 
and much larger than that of qutrit singlet states. Its correspond-
ing eigenvector is a non-maximally entangled state of two qutrits, 
which has the following form



Table 2
Threshold visibilities of GWI and CGLMP inequality for the 
bipartite qutrit isotropic state and singlet state using spin-1
component observables.

State Threshold visibility of

GWI given by Eq. (3) CGLMP inequality

Isotropic 0.786 0.791
Singlet 0.786 0.791

|ψc〉 = 1√
2 + (0.792)2

(|00〉 + (0.792)|11〉 + |22〉) (15)

The threshold visibility of CGLMP inequality given by Eq. (10) for 
the state given by Eq. (15) is 0.686.

Hence the maximum threshold visibility, contingent upon using 
six-port beam splitter, of GWI given by Eq. (3) corresponding to 
a non-maximally entangled state is smaller than that of CGLMP 
inequality.

8. Comparison of GWI with the CGLMP inequality for bipartite 
qutrits contingent upon using spin-1 component observables

Now, again in order to show the efficacy of the derived GWI, 
contingent upon using spin-1 component observables, we will now 
make a comparative analysis of the QM violation obtained through 
GWI with that obtained by CGLMP inequality. We perform the re-
quired comparison by inserting white noise to the pure isotropic 
(mentioned in Eq. (6)) and singlet (mentioned in Eq. (8)) states.

Before computing the effect of white noise incorporated in 
the states considered, let us first obtain the maximum QM vio-
lations of CGLMP inequality for the bipartite qutrit isotropic and 
singlet states respectively contingent upon using spin-1 compo-
nent observables. If LHS of the CGLMP inequality (10) is evaluated 
in terms of the four trichotomic observables a1, a2, b1, b2 de-
noting spin-1 components in arbitrary directions for the isotropic 
state, then (from numerical procedure based on the downhill sim-
plex method [44]) it can be shown that for the choice of mea-
surement settings (θa

1 , φa
1; θa

2 , φa
2; θb

1 , φb
1; θb

2 , φb
2) = (0.45, 6.28; 1.35,

6.28; 0, 1.07; 0.90, 6.28) (in radian), CGLMP inequality is maxi-
mally violated and the magnitude of the maximum violation is 
given by 0.52951. On the other hand, it can be shown that if 
the measurements of trichotomic observables a1, a2, b1, b2 de-
noting spin-1 components in arbitrary directions are performed on 
3 ⊗3-dimensional singlet state given by Eq. (8), then (from numer-
ical procedure based on the downhill simplex method [44]) it can 
be shown that the maximum QM violation of the CGLMP inequal-
ity is 0.52951. This occurs for the choice of measurement settings 
(θa

1 , φa
1; θa

2 , φa
2; θb

1 , φb
1; θb

2 , φb
2) = (0.78, 5.72; 0.88, 4.47; 2.12, 3.08;

2.41, 1.92) (in radian).
In order to probe the efficacy of the derived GWI, we now com-

pare the tolerances of GWI against white noise present in a state 
with that of CGLMP inequality, contingent upon using spin-1 com-
ponent observables, in a similar way described in Section 6. In 
Table 2, the threshold visibilities of GWI and CGLMP inequality 
pertaining to the bipartite qutrit isotropic and singlet states re-
spectively are shown.

The above mentioned Table clearly shows that the GWI given 
by Eq. (3) is more robust than the CGLMP inequality for the per-
sistence of the QM violation in the presence of white noise incor-
porated in both the qutrit isotropic and singlet states.

9. Maximal violations of GWI and CGLMP inequality contingent 
upon using spin-1 component observables

As discussed in Section 7, the maximum QM violations of GWI 
and CGLMP inequality using spin-1 component observables can be 
evaluated using the Min–Max theorem as stated before. Here any 
typical joint probability, say, P (a1 = +, b1 = −) of obtaining out-
comes + and − respectively, when the observable a1 is measured 
on the first particle and the observable b1 in measured on the sec-
ond particle, and the initial state is |ψ ′〉 ∈C

n , is given by

P (a1 = +,b1 = −)

= 〈ψ ′|(|+〉(θ1,φ1)〈+| ⊗ |−〉(θ3,φ3)〈−|)|ψ ′〉 (16)

Similarly, evaluating other joint probabilities, the LHS of any local 
realist inequality can be expressed for the initial state |ψ ′〉 ∈C

n as 
〈ψ ′|B ′|ψ ′〉, where B ′ is the Bell operator associated with the re-
spective local realist inequality for bipartite qutrits corresponding 
to using spin-1 component observables. B ′ is a 3 ⊗ 3 Hermitian 
Matrix. The largest eigenvalue of B ′ will be the maximum QM vi-
olation of the corresponding local realist inequality using spin-1
component observables and using the aforementioned Min–Max 
theorem, one can find the largest eigenvalues of the Bell opera-
tors associated with different local realist inequalities for bipartite 
qutrits.

We have found that the maximum QM violation of GWI given 
by Eq. (3) using spin-1 component observables is 0.20711, which 
is larger than the maximum QM violations of GWI given by Eq. (3)
for bipartite qutrit isotropic and singlet states. Its corresponding 
eigenvector is a non-maximally entangled state of two qutrits, 
which has the following form

|ψ ′
g wi〉 = −0.01|00〉 − 0.01|01〉 + 0.67|02〉 − 0.18|10〉

− 0.40|11〉 − 0.19|12〉 + 0.23|20〉 + 0.51|21〉
− 0.13|22〉 (17)

Therefore, the threshold visibility of GWI given by Eq. (3) for the 
state given by Eq. (17) is 0.682.

The maximum QM violation of CGLMP inequality given by 
Eq. (10) using spin-1 component observables is 0.62877, which is 
a bit larger than the maximum QM violations of CGLMP inequal-
ity for bipartite qutrit isotropic and singlet states. Its correspond-
ing eigenvector is a non-maximally entangled state of two qutrits, 
which has the following form

|ψ ′
c〉 = (0.51 − 0.15i)|00〉 − (0.22 + 0.28i)|01〉

+ (0.05 + 0.13i)|02〉 − (0.28 + 0.12i)|10〉
− (0.11 + 0.31i)|11〉 − (0.12 − 0.23i)|12〉
+ 0.21i|20〉 − (0.17 − 0.22i)|21〉 − 0.42|22〉 (18)

The threshold visibility of CGLMP inequality given by Eq. (10) for 
the state given by Eq. (18) is 0.761.

Hence the maximum threshold visibility, contingent upon us-
ing spin-1 component observables, of GWI given by Eq. (3) corre-
sponding to a non-maximally entangled state is much smaller than 
that of CGLMP inequality.

To summarize, while the maximum QM violation of GWI occurs 
for the state given by Eq. (17), maximum QM violation of CGLMP 
inequality occurs for the state given by Eq. (18) when one uses 
spin-1 component observables. Note that none of the states is a 
maximally entangled state. Interestingly, the maximum QM vio-
lations of GWI given by Eq. (3) are the same whether one uses 
spin-1 component observables or six-port beam splitter. But the 
maximum QM violations of CGLMP inequality given by Eq. (10)
differ for the two different types of observables stated above.

10. QM violation of GWI by mixed bipartite qutrit states

It is well known that all pure bipartite entangled states vio-
late local realist inequalities [35]. This is, however, not true for 



mixed states. Hence, the relation between entanglement and QM 
violations of local realist inequalities for mixed states is not clear. 
The connection between entanglement and mixedness of the state, 
and the amount of QM violation of different local realist inequali-
ties by that state is another area of interest. There are instances 
demonstrating that to produce an equal amount of Bell–CHSH 
(Bell–Clauser–Horne–Shimony–Holt) violation some states require 
more entanglement than others. In Ref. [46], it was suggested that 
with the increase in mixedness of bipartite qubit state, higher de-
gree of entanglement is required for it to violate the Bell–CHSH 
inequality. However, there are counter-examples showing the ex-
istence of states with equal amount of Bell–CHSH violation and 
entanglement, but one of them is more mixed than the other. The 
reason as to why equal amount of Bell–CHSH violation requires dif-
ferent amounts of entanglement cannot be explained by mixedness 
alone [47]. For a class of bipartite qubit mixed states it has been 
shown that it is not possible to discriminate between states vio-
lating or not violating Bell–CHSH inequalities, knowing only their 
entanglement and mixedness [48].

In this Section we have investigated the QM violations of GWI 
by four different classes of mixed bipartite qutrit states which are 
given by

ρ1 = p|ψ1〉〈ψ1| + (1 − p)
I3 ⊗ I3

32
(19)

where |ψ1〉 = |00〉+|11〉+|22〉√
3

is the bipartite qutrit pure isotropic 
states; 0 ≤ p ≤ 1.

ρ2 = p|ψ2〉〈ψ2| + (1 − p)
I3 ⊗ I3

32
(20)

where |ψ2〉 = |02〉−|11〉+|20〉√
3

is the bipartite qutrit pure singlet 
states; 0 ≤ p ≤ 1.

ρ3 = p|ψ1〉〈ψ1| + (1 − p)|ψ2〉〈ψ2| (21)

where |ψ1〉 and |ψ2〉 are the bipartite qutrit pure isotropic state 
and singlet state respectively; 0 ≤ p ≤ 1.

ρ4 = p
(

q|ψ1〉〈ψ1| + (1 − q)|ψ2〉〈ψ2|
)

+ (1 − p)
I3 ⊗ I3

32
(22)

where |ψ1〉 and |ψ2〉 are the bipartite qutrit pure isotropic state 
and singlet state respectively; 0 ≤ p ≤ 1; 0 ≤ q ≤ 1.

Varying over measurement settings, we have calculated numer-
ically (based on the downhill simplex method [44]) the maximum 
QM violations of GWI given by Eq. (3) using six-port beam splitter 
and by using spin-1 component observables for different values of 
the state parameters. In Fig. 1 and Fig. 2 we have plotted the max-
imum values of the left hand side of GWI given by Eq. (3) (W max

Q ) 
for the states ρ1, ρ2 and ρ3 for different values of the state param-
eter p using six-port beam splitter and using spin-1 component 
observables respectively. In Fig. 3 and Fig. 4 we have plotted the 
maximum values of the left hand side of GWI given by Eq. (3)
(W max

Q ) for the states ρ4 for q = 0.3 and q = 0.7 for different val-
ues of the state parameter p using six-port beam splitter and using 
spin-1 component observables respectively. For other values of q
the plot is similar, but we have not shown them in the Figures.

Fig. 1, Fig. 2, Fig. 3 and Fig. 4 show that each of ρ1, ρ2 and ρ4
(with q = 0.3 and q = 0.7) violates the GWI given by Eq. (3) above 
a particular value of p using six-port beam splitter as well as using 
spin-1 component observable. Above this particular value of p, the 
magnitude of QM violation of GWI by each of these states increases 
linearly with increasing values of p. Moreover, the magnitudes of 
QM violations of GWI for ρ1 and ρ2 are the same for any value 
of p.

Fig. 1 indicates that the state ρ3 violates the GWI given by 
Eq. (3) using six-port beam splitter for any values of p. However, 
Fig. 1. Red plot represents the W max
Q versus p for ρ1 and ρ2 using six-port beam 

splitter. Blue plot represents the W max
Q versus p for ρ3 using six-port beam splitter. 

(For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)

Fig. 2. Red plot represents the W max
Q versus p for ρ1 and ρ2 using spin-1 com-

ponent observables. Blue plot represents the W max
Q versus p for ρ3 using spin-1

component observables. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

Fig. 3. Red and blue plots represent the W max
Q versus p for ρ4 with q = 0.7 and 

with q = 0.3, respectively, using six-port beam splitter. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of 
this article.)

the magnitude of the QM violation of GWI by the state ρ3 is not a 
linear function of p. Fig. 2 indicates that the state ρ3 violates the 
GWI given by Eq. (3) using spin-1 component observable in some 



Fig. 4. Red and blue plots represent the W max
Q versus p for ρ4 with q = 0.7 and 

with q = 0.3, respectively, using spin-1 component observables. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web 
version of this article.)

particular range of p. In this case, the magnitude of the QM viola-
tion of GWI by the state ρ3 is not a linear function of p.

11. Conclusion

In this work we have extended Wigner’s approach [3] by deriv-
ing generalized Wigner type local realist inequalities (GWI) for bi-
partite qutrit systems based on the assumption of the existence of 
the overall joint probability distributions in the underlying stochas-
tic HV space for the measurement outcomes pertaining to the 
relevant trichotomic observables, that satisfy the locality condi-
tion, and yield the measurable marginal probabilities. An important 
point to stress here is that the expressions of GWIs that have been 
derived here do not reduce to that of Bell–CHSH inequalities by 
grouping any two outcomes. This feature distinguishes GWIs con-
sidered here from the other local realist inequalities for bipartite 
qutrits; for example, the one suggested by Wu et al. [45]. Also, 
note that the factorizability condition for hidden variables used in 
deriving Bell–CHSH inequalities is not required for deriving GWI. 
In this context, it should be mentioned that the role of factoriz-
ability condition for stochastic hidden variables has been subjected 
to a critical examination [49]. Our work based on GWI serves to 
validate the notion that assuming the existence of overall joint 
probabilities in any stochastic HV theory yielding the measurable 
marginal probabilities is sufficient to demonstrate for the bipar-
tite qutrit systems an incompatibility between QM and a class of 
stochastic HV theories satisfying the locality condition.

Efficacy of the derived GWI for the bipartite qutrit systems 
has been probed by analyzing the robustness of its QM violation 
against white noise incorporated in the states considered. A com-
parative study of GWI in these contexts has been performed with 
respect to CGLMP inequality [32], using the two widely used maxi-
mally entangled states, viz. the singlet state, and the isotropic state 
which are also considered to be relevant in quantum informa-
tion processing. Using six-port beam splitter, we have found that 
CGLMP inequality has lower threshold visibility compared to GWI 
when white noise is incorporated in the qutrit isotropic states. On 
the other hand, GWI has lower threshold visibility compared to 
CGLMP inequality when white noise is introduced in qutrit sin-
glet states. In fact, CGLMP inequality is not violated by QM for 
qutrit singlet states when six-port beam splitter is used. It is also 
found that, contingent upon using spin-1 component observables, 
GWI has a lower threshold visibility than CGLMP inequality when 
white noise is introduced in both isotropic and singlet states. We 
can, therefore, state that for showing QM incompatibility of qutrit 
isotropic states with local realism using six-port beam splitter, the 
CGLMP inequality is more efficient in terms of the robustness of 
its QM violation against white noise than GWI; whereas, for qutrit 
singlet states, GWI is more efficient than the CGLMP inequality 
in showing QM incompatibility with local realism using six-port 
beam splitter. On the other hand, if one uses spin-1 component 
observables, GWI is more efficient in showing QM incompatibility 
with local realism for both qutrit isotropic and singlet states in the 
presence of white noise in these states, compared to the CGLMP 
inequality.

Another significant result obtained in this paper is that, for 
both six-port beam splitter and spin-1 component observables, the 
maximum QM violations of GWI and the CGLMP inequality oc-
cur for non-maximally entangled states. Further, it is found that 
the maximum QM violation of GWI is the same whether one uses 
spin-1 component observables or the observables pertaining to the 
six-port beam splitter. On the other hand, the maximum QM vio-
lation of the CGLMP inequality differs for the two different types 
of observables stated above.

QM violations of GWI for different classes of mixed bipartite 
qutrit states using the two aforementioned types of observables 
have also been addressed.

It requires to be studied what interesting results such compari-
son between GWI and the CGLMP inequality would yield when ex-
tended in the context of non-maximally entangled bipartite qutrit 
pure and mixed states. Finally, it should be worth probing the pos-
sibility of any information theoretic application of GWI similar to 
that of the more familiar Bell–CHSH inequalities, for example, in 
the context of device independent quantum key generation [50], 
and for developing robust multipartite multilevel quantum proto-
cols [51].
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Appendix A. Impossibility to reduce the GWI for bipartite qutrits 
to equivalent classes of Bell–CHSH inequalities

In this section, we are going to justify that the GWI for bipar-
tite qutrits derived in this paper cannot be reduced to equivalent 
classes of Bell–CHSH inequalities.

The left hand sides of the GWI given by (4) and (5) are linear 
combinations of joint probabilities of the form p(ak = mi, bl = m j)

(k, l = 1, 2; i, j = 1, 2, 3). If the GWI given by (4) and (5) can be 
reduced to local realist inequalities in the 2 × 2 × 2 experimen-
tal scenario (2 parties, 2 measurement settings per party, 2 out-
comes per measurement setting) by grouping the outcomes “m2” 
and “m3”, then the left hand side of each GWI would have to 
be necessarily a linear combination of the probability distribu-
tions p(ai = m1, b j = m1), p(ak = m1, bl = m1), p(aq = m1, br =
m1) and p(as = m1, bt = m1) (i, j, k, l, q, r, s, t = 1, 2; “m1” implies 
“Not m1”) in the following form,

2∑
i=1

2∑
j=1

[
qij p(ai = m1,b j = m1) + ri j p(ai = m1,b j = m1)

+ si j p(ai = m1,b j = m1) + ti j p(ai = m1,b j = m1)
]

(A.1)

where qij , ri j , si j , ti j (i, j = 1, 2) are constants and

p(ak = m1,bl = m1) =
∑

p(ak = m1,bl = mx) (A.2)

x=2,3



p(aq = m1,br = m1) =
∑

x=2,3

p(aq = mx,br = m1) (A.3)

p(as = m1,bt = m1) =
∑

x=2,3

∑
y=2,3

p(as = mx,bt = my) (A.4)

Hence, to make the grouping of the outcomes “m2” and “m3” 
possible, the left hand side of each GWI should have the form

2∑
i=1

2∑
j=1

[
qij p(ai = m1,b j = m1) + ri j

∑
x=2,3

p(ai = m1,b j = mx)

+ si j

∑
x=2,3

p(ai = mx,b j = m1)

+ ti j

∑
x=2,3

∑
y=2,3

p(ai = mx,b j = my)
]

(A.5)

Now, note the following salient points:

• In the left hand side of the GWI given by (4) the coefficients 
of p(a1 = m1, b1 = m2) and p(a1 = m1, b1 = m3) are 1 and 0
respectively. On the other hand, both the coefficients of p(a1 =
m1, b1 = m2) and p(a1 = m1, b1 = m3) in Eq. (A.5) are equal 
to r11.

• Again, the coefficients of p(a2 = m1, b1 = m2) and p(a2 =
m1, b1 = m3) in the left hand side of the GWI (4) are −1
and 0 respectively. On the other hand, both the coefficients 
of p(a2 = m1, b1 = m2) and p(a2 = m1, b1 = m3) in Eq. (A.5)
are equal to r21.

• The coefficients of p(a1 = m1, b2 = m2) and p(a1 = m1, b2 =
m3) in the left hand side of the GWI (4) are −1 and 0 re-
spectively. On the other hand, both the coefficients of p(a1 =
m1, b2 = m2) and p(a1 = m1, b2 = m3) in Eq. (A.5) are equal 
to r12.

• The coefficients of p(a2 = m2, b2 = m2), p(a2 = m2, b2 = m3), 
p(a2 = m3, b2 = m2) and p(a2 = m3, b2 = m3) in the left hand 
side of the GWI (4) are 0, −1, 0 and −1 respectively. On the 
other hand, the coefficients of p(a2 = m2, b2 = m2), p(a2 =
m2, b2 = m3), p(a2 = m3, b2 = m2) and p(a2 = m3, b2 = m3) in 
Eq. (A.5) are equal to t22.

Hence, the left hand side of the GWI given by (4) does not have 
the form of Eq. (A.5). In a similar way, it can be shown that the left 
hand side of the GWI given by (5) does not have the form given 
by Eq. (A.5).

It is, therefore, impossible to reduce the GWI given by (4) and 
(5) to local realist inequalities in 2 × 2 × 2 experimental scenario 
by grouping the outcomes “m2” and “m3”. In a similar way, it can 
be shown that it is impossible to reduce the GWI given by (4) and 
(5) to local realist inequalities in 2 × 2 × 2 experimental scenario 
by grouping the outcomes “m1” and “m2” or, by grouping the out-
comes “m1” and “m3”.

Now, all generalized Bell inequalities in 2 × 2 × 2 experimental 
scenario are simply re-writings of the Bell–CHSH (Bell–Clauser–
Horne–Shimony–Holt) inequalities, obtained by linear combina-
tions of the Bell–CHSH inequalities with the normalization con-
dition and the no-signaling condition. Since, the GWI given by (4)
and (5) cannot be reduced to local realist inequalities in 2 × 2 × 2
experimental scenario by grouping any two outcomes, it follows 
that the GWI (4) and (5) cannot be reduced to equivalent classes 
of Bell–CHSH inequalities.

References

[1] J.S. Bell, Physics 1 (1964) 195.
[2] J.F. Clauser, M.A. Horne, A. Shimony, R.A. Holt, Phys. Rev. Lett. 23 (1969) 880.
[3] E.P. Wigner, Am. J. Phys. 38 (1970) 1005.
[4] A.D. Domenico, Nucl. Phys. B 450 (1995) 293.
[5] A. Bramon, M. Nowakowski, Phys. Rev. Lett. 83 (1999) 1.
[6] S. Castelletto, I.P. Degiovanni, M.L. Rastello, Phys. Rev. A 67 (2003) 044303.
[7] D. Home, D. Saha, S. Das, Phys. Rev. A 91 (2015) 012102.
[8] D. Saha, S. Mal, P.K. Panigrahi, D. Home, Phys. Rev. A 91 (2015) 032117.
[9] N.D. Mermin, Phys. Rev. D 22 (1980) 356.

[10] N.D. Mermin, G.M. Schwarz, Found. Phys. 12 (1982) 101.
[11] A. Garg, N.D. Mermin, Phys. Rev. Lett. 49 (1982) 901;

A. Garg, N.D. Mermin, Phys. Rev. Lett. 49 (1982) 1294.
[12] A. Garg, N.D. Mermin, Phys. Rev. D 27 (1983) 339.
[13] M. Ogren, Phys. Rev. D 27 (1983) 1766.
[14] S.L. Braunstein, C.M. Caves, Phys. Rev. Lett. 61 (1988) 662.
[15] M. Ardehali, Phys. Rev. D 44 (1991) 3336.
[16] A. Peres, Phys. Rev. A 46 (1992) 4413.
[17] N. Gisin, A. Peres, Phys. Lett. A 162 (1992) 15.
[18] D. Home, A.S. Majumdar, Phys. Rev. A 52 (1995) 4959.
[19] A. Cabello, Phys. Rev. A 65 (2002) 062105.
[20] W. Weiss, G. Benenti, G. Casati, I. Guarneri, T. Calarco, M. Paternostro, S. Mon-

tangero, New J. Phys. 18 (2016) 013021.
[21] D. Bruss, C. Macchiavello, Phys. Rev. Lett. 88 (2002) 127901.
[22] T. Durt, N.J. Cerf, N. Gisin, M. Zukowski, Phys. Rev. A 67 (2003) 012311.
[23] J.L. Cereceda, Int. J. Quantum Inf. 01 (2003) 115.
[24] A.D. Greentree, S.G. Schirmer, F. Green, L.C.L. Hollenberg, A.R. Hamilton, R.G. 

Clark, Phys. Rev. Lett. 92 (2004) 097901.
[25] G.-Q. Zhu, X. Zhao, Y.-Q. Li, Eur. Phys. J. B 44 (2005) 359.
[26] V. Scarani, Phys. Rev. A 77 (2008) 042112.
[27] B. Baumgartner, B.C. Hiesmayr, H. Narnhofer, Phys. Lett. A 372 (2008) 2190.
[28] H. Movahhedian, Quantum Inf. Comput. 9 (2009) 90.
[29] S. Khan, M.K. Khan, J. Mod. Opt. 58 (2011) 918.
[30] T. Brunner, F.S. Roux, New J. Phys. 15 (2013) 063005.
[31] S. Mal, T. Pramanik, A.S. Majumdar, Phys. Rev. A 87 (2013) 012105.
[32] D. Collins, N. Gisin, N. Linden, S. Massar, S. Popescu, Phys. Rev. Lett. 88 (2002) 

040404.
[33] C. Bernhard, B. Bessire, A. Montina, M. Pfaffhauser, A. Stefanov, S. Wolf, J. Phys. 

A, Math. Theor. 47 (2014) 424013.
[34] S. Adhikari, A.S. Majumdar, S. Roy, B. Ghosh, N. Nayak, Quantum Inf. Comput. 

10 (2010) 0398.
[35] N. Gisin, Phys. Lett. A 154 (1991) 201.
[36] R.F. Werner, Phys. Rev. A 40 (1989) 4277.
[37] A. Zeilinger, H.J. Bernstein, D.M. Greenberger, M.A. Horne, M. Zukowski, in: 

H. Ezawa, Y. Murayama (Eds.), Quantum Control and Measurement, Elsevier, 
Amsterdam, 1993;
A. Zeilinger, M. Zukowski, M.A. Horne, H.J. Bernstein, D.M. Greenberger, in: 
F. DeMartini, A. Zeilinger (Eds.), Quantum Interferometry, World Scientific, Sin-
gapore, 1994.

[38] D. Kaszlikowski, L.C. Kwek, J.-L. Chen, M. Zukowski, C.H. Oh, Phys. Rev. A 65 
(2002) 032118.

[39] A. Acin, T. Durt, N. Gisin, J.I. Latorre, Phys. Rev. A 65 (2002) 052325.
[40] S.L. Braunstein, A. Mann, M. Revzen, Phys. Rev. Lett. 68 (1992) 3259.
[41] M. Zukowski, A. Zeilinger, M.A. Horne, Phys. Rev. A 55 (1997) 2564.
[42] D. Kaszlikowski, P. Gnacinski, M. Zukowski, W. Miklaszewski, A. Zeilinger, Phys. 

Rev. Lett. 85 (2000) 4418.
[43] T. Durt, D. Kaszlikowski, M. Zukowski, Phys. Rev. A 64 (2001) 024101.
[44] J.A. Nelder, R. Mead, Comput. J. 7 (1965) 308.
[45] X.-H. Wu, H.-S. Zong, H.-R. Pang, F. Wang, Phys. Lett. A 281 (2001) 203.
[46] W.J. Munro, K. Nemoto, A.G. White, J. Mod. Opt. 48 (2001) 1239.
[47] S. Ghosh, G. Kar, A. Sen (De), U. Sen, Phys. Rev. A 64 (2001) 044301.
[48] L. Derkacz, L. Jakobczyk, Phys. Lett. A 328 (2004) 26.
[49] A. Matzkin, Phys. Rev. A 77 (2008) 062110;

A. Matzkin, J. Phys. A, Math. Theor. 41 (2008) 085303;
M. Golshani, A. Fahmi, Ann. de la Found. L. de Broglie 26 (2001) 735.

[50] A. Acin, N. Gisin, L. Masanes, Phys. Rev. Lett. 97 (2006) 120405.
[51] H. Nihira, C.R. Stroud Jr., Phys. Rev. A 72 (2005) 022337.

http://refhub.elsevier.com/S0375-9601(17)30810-1/bib42656C6Cs1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib43485348s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib5769676E6572s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib446F6D656E69636Fs1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib4272616D6F6Es1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6777s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib475749s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib776C6769s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7431s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7432s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7433s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7433s2
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7434s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7435s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7436s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7438s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7439s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib743130s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib686F6D6531s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib636162656C6C6Fs1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib743131s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib743131s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713134s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713136s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627136s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713135s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713135s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627132s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713130s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627131s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713131s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627137s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713132s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib62713133s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib63676C6D70s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib63676C6D70s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627138s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib627138s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib716963s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib716963s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib676973696Es1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7765726E6572s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s2
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s2
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73706463s2
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib747431s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib747431s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib747432s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib736978s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73697833s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73697832s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73697832s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib73697831s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6E6Ds1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib7775s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6D6978656431s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6D6978656432s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6D6978656433s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib416C6578s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib416C6578s2
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib416C6578s3
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6469716B64s1
http://refhub.elsevier.com/S0375-9601(17)30810-1/bib6E73s1

	Bipartite qutrit local realist inequalities and the robustness of their quantum mechanical violation
	1 Introduction
	2 Recapitulating Wigner's original derivation
	3 Generalized Wigner inequalities for bipartite qutrit systems
	4 QM violations of GWI by bipartite qutrit isotropic and singlet states using six-port beam splitter
	4.1 QM violation of GWI for bipartite qutrit isotropic state using six-port beam splitter
	4.2 QM violation of GWI for bipartite qutrit singlet state using six port beam splitter

	5 QM violations of GWI by bipartite qutrit isotropic and singlet states using spin-1 component observables
	5.1 QM violation of GWI for bipartite qutrit isotropic state using spin-1 component observables
	5.2 QM violation of GWI for bipartite qutrit singlet state using spin-1 component observables

	6 Comparison of GWI with the CGLMP inequality for bipartite qutrits contingent upon using six-port beam splitter
	7 Maximal violations of GWI and CGLMP inequality contingent upon using six-port beam splitter
	8 Comparison of GWI with the CGLMP inequality for bipartite qutrits contingent upon using spin-1 component observables
	9 Maximal violations of GWI and CGLMP inequality contingent upon using spin-1 component observables
	10 QM violation of GWI by mixed bipartite qutrit states
	11 Conclusion
	Acknowledgements
	Appendix A Impossibility to reduce the GWI for bipartite qutrits to equivalent classes of Bell-CHSH inequalities
	References


