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Abstract. In this Letter, we present an answer to the question posed by Marcel, Ovsienko and
Roger in their paper (Lett. Math. Phys. 40 (1997), 31^39). The Itoª equation, modi¢ed dispersive
water wave equation andmodi¢ed dispersionless longwave equation are shown tobe the geodesic
£ows with respect to an L2 metric on the semidirect product space dDiffs�S1�JC1�S1�, where
Diffs�S1� is the group of orientation-preserving Sobolev Hs diffeomorphisms of the circle.We
also study the geodesic £ows with respect to H1 metric. The geodesic £ows in this case yield
different integrable systems admitting nonlinear dispersion terms. These systems exhibit more
general wave phenomena than usual integrable systems. Finally, we study an integrable geodesic
£ow on the extended Neveu^Schwarz space.
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1. Introduction

It is known that the periodic Korteweg^de Vries (KdV) equation can be interpreted
as the geodesic £ow of the right invariant metric on the Bott^Virasoro group, which
at the identity is given by the L2- inner product [21, 24].

With the advancement of the integrable systems, many new generalizations of
existing integrable PDEs were discovered via the multicomponent method (see,
for example, [1]. This multicomponent generalization has been used sporadically
in the theory of integrable systems. There are several two-component generalizations
of the KdV equation, viz., the Hirota^Satsuma equation [11], the Wilson equation
[25] and the Itoª equation [12] are notable examples. Almost all of the integrable
systems share a common property. These are all bi-Hamiltonian systems enjoying
a compatible pair of Hamiltonian structures. This system belong to an
in¢nite-dimensional hierarchy of bi-Hamiltonian systems. The resulting Ham-
iltonian £ows can be mapped into each other by the recursion operator, which
is formally de¢ned as the `quotient' of the two Hamiltonian structures. Several
of the well-known bi-Hamiltonian systems that fall into the two-component case
are actually tri-Hamiltonian.



The classical dispersive water equation [16] is also integrable, it has an in¢nite
number of conserved quantities, higher commuting £ows, and a tri-Hamiltonian
structure. We will consider another two-component and tri-Hamiltonian integrable
system in this Letter. This is a modi¢ed classical equation of a one-dimesional, dis-
persionless free, surface long waves equation [17].

In this Letter we will show that the Itoª equation, the modi¢ed dispersive water
wave equation, and the modi¢ed dispersionless long waves equation arise in a uni¢ed
geometric setting, all of them being integrable systems which describe geodesic £ows.

So far, all of the equations we have mentioned describe geodesic motion on the
space of the extended Bott^Virasoro group (or the group of diffeomorphisms of
the circle) with respect to a metric induced by an L2 metric. Equally interesting things
happen when we consider a certain Sobolev metric H1.

The Camassa^Holm equation [4] is another integrable system. The speciality of
this equation is that it has a nonlinear dispersion term. Hence, it exhibits more gen-
eral wave phenomena than the KdV equation. Recently, Misiolek [20] and then
others [8, 15, 23], showed that the Camassa^Holm equation [4] gives rise to a
geodesic £ow of a certain right invariant Sobolev metric H1 on the Bott^Virasoro
group.

So we unify the KdV and the Camassa^Holm equations through a common con-
struction: both are integrable systems which describe geodesic £ows with respect
to L2 and H1 metrics on the Bott^Virasoro group. Earlier, it was discovered that
both the KdV and the Camassa^Holm equations are obtained from different
regularizations of the Euler equation for a one-dimensional compressible £uid.
The Euler equation, of course, describes geodesic motion on the group of orientation
preserving diffeomorphisms of the circle Diff�S1� with respect to L2 metric [7].

We will follow the same route.We will consider the geodesic £ow induced by anH1

metric. Therefore, corresponding to the Itoª equation, we obtain a two-component
generalized KdV equation ( the Itoª equation belongs to a class of two-component
generalizations of KdV). It admits a bi-Hamiltonian structure and, due to
nondispersion term, it would admit a class of nonanalytic weak solutions (known
as peakons) similar to the Camassa^Holm equation. The same will be true for
the modi¢ed dispersive water wave equation and the Long wave equation.

Recently, there has been growing interest in supersymmetric integrable systems.
These systems are much less understood than comparable ordinary integrable
systems. Using the superconformal group with an L2 metric, Ovsienko and Khesin
[21] showed how the supersymmetric KdV equation arises from a geodesic £ow.
This result has been further extended by Devchand and Schiff [6]. They showed that
the supersymmetric Camassa^Holm equation describes geodesic motion on the
superconformal group with respect to a metric induced by an H1 metric. Naturally,
it is tempting to study the geodesic £ow on the extended Neveu^Schwartz space
[18, 19]. Certainly, this would yield a supersymmetric generalization of the
two-component integrable systems.



Following Ebin and Marsden [7], we enlarge Diff�S1� to a Hilbert manifold
Diff s�S1�, the diffeomorphisms of the Sobolev class Hs. This is a topological space.
If s > n=2, it makes sense to talk about an Hs map from one manifold to another.
Using local charts, one can check whether the derivations of order W s are square
integrable.

The Lie algebra of Diff s�S1�JC1�S1� has a three-dimensional extension
(explained in the next section), viz.

Vects�S1�
K

C1�S1� �R3:

Then a typical element of this algebra would be

f
d

dx
; u�x�; a

� �
where f

d

dx
2 Vect�S1�; u�x� 2 C1�S1� and a 2 R3:

dDiff s�S1�JC1�S1� is the nontrivial extension of Diffs�S1�JC1�S1�.
The preliminary result of this Letter will appear in [9]. Here we present an answer

to the question posed by Marcel, Ovsienko and Roger in [18] by describing the inte-
grable systems associated to the geodesic £ow on dDiff s�S1�JC1�S1�.

1.1. ORGANIZATION OF THE LETTER

In Section 2, we will study a geodesic £ow on the dDiff s�S1�JC1�S1�, related to the
L2 inner product and this gives rise to several well-known integrable systems cor-
responding to the different hyperplanes in dual space C1�S1� � C1�S1� �R3. In
Section 3, we will study a geodesic £ow of the right invariant inner metric on
the dDiff s�S1�JC1�S1� , which at the identity, is given by the H1 inner product.
Section 4 is devoted to the extended Neveu^Schwarz group and the geodesic £ow
over it.

Now we state the result of the Letter:

THEOREM 1. Let t7!ĉ be a curve in the dDiff s�S1�JC1�S1�. Let ĉ � �e; e; 0� be the
initial point, directing to the vector ĉ�0� � �u�x�d=dx; v�x�; g0�, where g0 2 R3. Then
ĉ�t� is a geodesic of the L2 metric

(a) associated to a hyperplane g10 � ÿ1; g20 � g30 � 0 if and only if
�u�x; t�d=dx; v�x; t�; g� satis¢es the Itoª equation

ut � uxxx � 6uux � 2vvx � 0;
vt � 2�uv�x � 0; gt � 0;



(b) associated to a hyperplane g20 � 1; g10 � g30 � 0 if and only if �u�x; t� d
dx ; v�x; t�; g�

satis¢es modi¢ed dispersive water wave equation

ut � 6uux � 2vvx � vxx � 0;
vt � 2�vu�x ÿ uxx � 0;

(c) associated to a hyperplane g10 � ÿ1; g20 � 1; g30 � 0 if and only if
�u�x; t�d=dx; v�x; t�; g� satis¢es some integrable system

ut � 6uux � 2vvx � vxx � uxxx � 0;
vt � 2�vu�x ÿ uxx � 0;

(d) associated to a hyperplane g10 � g20 � g30 � 0 if and only if �u�x; t�d=dx; v�x; t�; g�
satis¢es modi¢ed dispersionless long wave equations

ut � 6uux � 2vvx � vxx � uxxx � 0;
vt � 2�vu�x ÿ uxx � 0:

. We also derive the corresponding geodesic £ows with respect to a metric
induced by an H1 norm.

. We derive the geodesic £ows on the extended Neveu^Schwarz space.

2. Integrable Equations and L2 Metric

Let Diff s�S1� be the group of orientation preserving SobolevHs diffeomorphisms of
the circle. It is known that the group Diff s�S1� as well as its Lie algebra of vector
¢elds on S1, TidDiff s�S1� � Vects�S1�, have nontrivial one-dimensional central
extensions, the Bott^Virasoro group bDiff s�S1�, and the Virasoro algebra Vir,
respectively [13, 14, 24].

The Lie algebra Vects�S1� is the algebra of smooth vector ¢elds on S1. This satis¢es
the commutation relations

f
d

dx
; g

d

dx

� �
:� �f �x�g0�x� ÿ f 0�x�g�x�� d

dx
: �1�

One parameter family of Vects�S1� acts on the space of smooth functions C1�S1� by

L�m�
f �x� d

dx
a�x� � f �x�a0�x� ÿ mf 0�x�a�x�; �2�

where

L�m�
f �x� d

dx
� f �x� d

dx
ÿ mf 0�x�

is the derivative with respect to the vector ¢eld f �x� d=dx.



The Lie algebra of Diff s�S1�JC1�S1� is the semidirect product Lie algebra

G � Vects�S1�
K

C1�S1�:

An element of G is a pair �f �x�d=dx; a�x��, where f �x�d=dx 2 Vects�S1� and
a�x� 2 C1�S1�.

It is known that this algebra has a three-dimensional central extension given by the
nontrivial cocycles

o1 f
d

dx
; a

� �
; g

d

dx
; b

� �� �
�
Z
S1
f 0�x�g00�x�dx; �3�

o2 f
d

dx
; a

� �
; g

d

dx
; b

� �� �
�
Z
S1
�f 00�x�b�x� ÿ g00a�x��dx; �4�

o3 f
d

dx
; a

� �
; g

d

dx
; b

� �� �
� 2

Z
S1
a�x�b0�x�dx: �5�

The ¢rst cocycle o1 is the well-known Gelfand^Fuchs cocycle. The Virasoro algebra
is the unique nontrivial central extension of Vect�S1� via this o1 cocycle. Hence, we
de¢ne the Virasoro algebra

Vir � Vects�S1� �R:

The space C1�S1� �R is identi¢ed with a part of the dual space to the Virasoro
algebra. It is called the regular part, and the pairing between this space and the
Virasoro algebra is given by

�u�x�; a�; �f �x� d

dx
; a�

� �
�
Z
S1
u�x�f �x�dx� aa:

Similarly, we consider an extension of G. This extended algebra is given by

Ĝ � Vects�S1�
K

C1�S1� �R3: �6�

The Lie algebra Ĝ has been considered in various places [2, 10, 18]. It was shown in
[22] that the cocycles de¢ne the universal central extension of the Lie algebra
Vects�S1�JC1�S1�. This means that H2�Vect�S1�JC1�S1�� � R3.

DEFINITION 1. The commutation relation in Ĝ is given by

f
d

dx
; a; a

� �
; g

d

dx
; b; b

� �� �
:� �fg0 ÿ f 0g� d

dx
; fb0 ÿ ga0;o

� �
; �7�



where

a � �a1; a2; a3�; b � �b1; b2; b3� 2 R3; o � �o1;o2;o3�

are the two cocycles.

The dual space of smooth functions C1�S1� is the space of distributions
(generalized functions) on S1, of particular interest are the orbits in Ĝ�reg. In the case
of current group, Gelfand, Vershik and Graev have constructed some of the cor-
responding representations.

DEFINITION 2. The regular part of the dual space Ĝ� to the Lie algebra Ĝ as
follows: Consider

Ĝ�reg � C1�S1� � C1�S1� �R3:

and ¢x the pairing between this space and Ĝ, h�; �i : Ĝ�reg 
 Ĝ ! R:

hû; f̂ i �
Z
S1
f �x�u�x�dx�

Z
S1
a�x�v�x�dx� a � g; �8�

where

û � �u�x�; v; g�; f̂ � f
d

dx
; a; a

� �
:

Extend (8) to a right invariant metric on the semi-direct product spacedDiff s�S1�JC1�S1� by setting

hû; f̂ ix̂ � hdx̂Rx̂
ÿ1 û; dx̂Rx̂

ÿ1 f̂ iL2 �9�

for any x̂ 2 Ĝ and û; f̂ 2 Tx̂
bG, where Rx̂: Ĝÿ!Ĝ is the right translation by x̂.

We shall show that the Itoª equation is precisely the Euler^Arnold equation on the
dual space of Ĝ associated with the L2 inner product.

Given any three elements

f̂ � f
d

dx
; a; a

� �
; ĝ � g

d

dx
; b; b

� �
û � u

d

dx
; v; g

� �
in Ĝ.

LEMMA 1.

ad�
f̂
û �

�2f 0�x�u�x� � f �x�u0�x� � a0v�x� ÿ c1f 000 � c2a00

f 0v�x� � f �x�v0�x� ÿ c2f 00�x� � 2c3a0�x�
0

0B@
1CA



Proof. This follows from

had�
f̂
û; ĝiL2 � hû; �f̂ ; ĝ�iL2

� u�x� d

dx
; v�x�; c

� �
; �fg0 ÿ f 0g� d

dx
; fb0 ÿ ga0;o

� �� �
L2

� ÿ
Z
S1
�fg0 ÿ f 0g�u�x�dxÿ

Z
S1
�fb0 ÿ ga0�vdxÿ c1

Z
S1
f 0�x�g00�x�dxÿ

ÿc2
Z
S1
�f 00�x�b�x� ÿ g00�x�a�x��dxÿ 2c3

Z
S1
a�x�b0�x�dx:

Since f ; g; u are periodic functions, integrating by parts we obtain

R:H:S: � h�2f 0�x�u�x� � f �x�u0�x� � a0�x�v�x� ÿ c1f 000�x��

�c2a00�x�;f 0�x�v�x� � f �x�v0�x� ÿ c2f 00b�x� � 2c3a0�x�;0�i: &

2.1. CASE 1: THE ITOª EQUATION

The coadjoint action leaves the parameter space invariant. Let us consider a
hyperplane c1 � ÿ1; c2 � c3 � 0:

LEMMA 2.

ad�
f̂
û �

�2f 0�x�u�x� � f �x�u0�x� � a0v�x� � f 000

f 0v�x� � f �x�v0�x�
0

0B@
1CA

The Euler^Arnold equation is the Hamiltonian £ow on the coadjoint orbit in Ĝ�
[3], generated by the Hamiltonian

H�û� � H�u; v� � h�u�x�; v�x��; �u�x�; v�x��i; �10�
given by

dû
dt
� ÿad�û�t�û�t�: �11�

Let V be a vector space and assume that the Lie group G acts on the left by linear
maps on V , thus G acts on the left on its dual space V� ( for details, see [5]).

PROPOSITION 1. Let G
J

V be a semidirect product space ( possibly
in¢nite-dimensional), equipped with a metric h�; �i which is right translation. A curve
t! c�t� in GJV is a geodesic of this metric if and only if u�t� � dc�t�Rc�t�ÿ1 _c�t� satis¢es
the Euler^Arnold equation.



Thus, we obtain the Itoª equation

ut � uxxx � 6uux � 2vvx � 0; vt � 2�uv�x � 0:

The Itoª system [9] admits a bi-Hamiltonian structure D2dHn � D1dHn�1; where

D2 � D3 � 4uD� 2ux 2vD
2vx � 2vD 0

� �
;

D1 �
D 0

0 D

 !
;

with the Hamiltonian functionals

H1�u; v� � 1
2

Z
�u2 � v2�dx; �12�

H2�u; v� � 1
2

Z
�u3 ÿ 1

2 ux
2 � uv2�dx: �13�

The recursion operator arising from a Hamiltonian pair

R � D2D1
ÿ1

� D2 � 4u� 2uxDÿ1 2v

2vxDÿ1 � 2v 0

 !
is a hereditory operator yields in¢nitely many conserved quantities [1].

This is a two-component generalization of the KdV equation. This system exhibits
not only a bi-Hamiltonian but tri-Hamiltonian structure.

2.2. CASE II: MODIFIED DISPERSIVE WATER WAVE EQUATION

When we restrict to a hyperplane c1 � 0; c2 � 1; c3 � 0, we obtain

LEMMA 3.

ad�
f̂
û �

�2f 0�x�u�x� � f �x�u0�x� � a0v�x� � a00

f 0v�x� � f �x�v0�x� ÿ f 00

0

0B@
1CA:

Thus, by applying the Euler^Arnold equation, we obtain another pair of inte-
grable Hamiltonian systems

ut � 6uux � 2vvx � vxx � 0; vt � 2�vu�x ÿ uxx � 0:



This equation admits a bi-Hamiltonian structure

D2dHn � D1dHn�1;

where

D2 � 4uD� 2ux 2vD
2vx � 2vD D2

� �
;

D1 � D 0
0 D

� �
;

with the Hamiltonian functionals

H1�u; v� � 1
2

Z
�u2 � v2�dx; �14�

H2�u; v� � 1
2

Z
�u3 � uvx � uv2�dx: �15�

The recursion operator arising from a Hamiltonian pair,

R � D2D1
ÿ1 � 4u� 2uxDÿ1 2v

2vxDÿ1 � 2v D

� �
;

is the hereditary operator.

2.3. CASE III: NEW INTEGRABLE SYSTEM

LEMMA 4.

ad�
f̂
û �

�2f 0�x�u�x� � f �x�u0�x� � a0v�x� � a00 � f 000

f 0v�x� � f �x�v0�x� ÿ f 00

0

0B@
1CA:

Thus, by applying the Euler^Arnold equation we obtain another pair of integrable
Hamiltonian system

ut � 6uux � 2vvx � vxx � uxxx � 0;

vt � 2�vu�x ÿ uxx � 0:

This equation admits a bi-Hamiltonian structure

D2dHn � D1dHn�1;



where

D2 �
D3 � 4uD� 2ux 2vD

2vx � 2vD D2

 !
;

D1 � D 0
0 D

� �
with the Hamiltonian functionals

H1�u; v� � 1
2

Z
�u2 � v2�dx; �16�

H2�u; v� � 1
2

Z
�u3 � uvx ÿ 1

2
u2x � uv2�dx: �17�

The recursion operator arising from a Hamiltonian pair

R � D2D1
ÿ1 � D2 � 4u� 2uxDÿ1 2v

2vxDÿ1 � 2v D

� �
is again an hereditary operator which yields in¢nitely many conserved quantities.

2.4. CASE IV: MODIFIED DISPERSIONLESS LONG WAVE EQUATION

In this case, we just set c1 � c2 � c3 � 0, i.e. the noncentrally extended part.

LEMMA 5.

ad�
f̂
û �

�2f 0�x�u�x� � f �x�u0�x� � a0v�x�
f 0v�x� � f �x�v0�x�

0

0B@
1CA:

Thus, by applying the Euler^Arnold equation, we obtain another pair of integrable
Hamiltonian systems

ut � 6uux � 2vvx � 0; vt � 2�vu�x � 0:

This is almost equivalent to the classical equation of one-dimensional, dis-
persionless free surface long waves

ut � uux � hx � 0; ht � �uh�x � 0:

This equation lies at the intersection of two important integrable systems, one is the
Benny equation and the other one is the Broer^Kaup system or dispersive water
wave equation (Case II ). This equation has a tri-Hamiltonian structure.



3. Integrable Systems and H1 Metric

Let us introduce H1 norm on the algebra Ĝ

hf̂ ; ĝiH1

�
Z
S1
f �x�g�x�dx�

Z
S1
a�x�b�x�dx

Z
S1
@xf �x�@xg�x�dx�

�
Z
S1
@xa�x�@xb�x�dx� a � b; �18�

where ĝ and f̂ are as above.
Now we compute the following lemma:

LEMMA 6. The coadjoint operator for H1 norm is given by

ad�
f̂
û

�
2f 0�x��1ÿ @2x�u�x� � f �x��1ÿ @2x�u0�x� � a0�1ÿ @2x�v�x� ÿ c1f 000 � c2a00

f 0�1ÿ @2x�v�x� � f �x��1ÿ @2x�v0�x� ÿ c2f 00b�x� � 2c3a0�x�
0

0BB@
1CCA

Proof. From the de¢nition it follows that

had�
f̂
û; ĝiH1

� ÿ
Z
S1
�fg0 ÿ f 0g�u�x�dxÿ

Z
S1
�fb0 ÿ ga0�vdxÿ c1

Z
S1
f 0�x�g00�x�dxÿ

ÿc2
Z
S1
�f 00�x��x� ÿ g00�x�a�x��dxÿ 2c3

Z
S1
a�x�b0�x�dxÿ

ÿ
Z
S1
@x�fg0 ÿ f 0g�u�x�dxÿ

Z
S1
@x�fb0 ÿ ga0�vdx:

We have already computed the ¢rst ¢ve terms in the preceding section. After
computing the last two terms by integrating by parts and using the fact that the
functions f �x�; g�x�; u�x� and a�x�; b�x�; v�x� are periodic, this expression can be
expressed as above.



Let us now compute now the left-hand side:

LHS �
Z
S1
�ad�

x̂
q̂�Zdx�

Z
S1
�ad�

x̂
q̂�0Z0dx

�
Z
S1
��1ÿ @2�ad�

x̂
q̂�Zdx:

Thus by equating the left- and right-hand sides, we obtain the above formula.&

H1 Analogue of Case I:

COROLLARY 1.

ad�
f̂
û �

2f 0�x��1ÿ @2x�u�x� � f �x��1ÿ @2x�u0�x� � a0�1ÿ @2x�v�x� � f 000

f 0�1ÿ @2x�v�x� � f �x��1ÿ @2x�v0�x�
0

0B@
1CA

Hence, by applying Proposition 1, we obtain

ut ÿ uxxt � uuxxx � 2uxuxx ÿ uxxx � vxvxx ÿ 5uux ÿ vvx � 0;

vt ÿ vxxt � uvxxx ÿ uvx � uxvxx ÿ uxv � 0:

H1 Analogue of Case II:

Here we will con¢ne to a hyperplane c1 � c3 � 0; c2 � 1. Our equation can be
obtained from

COROLLARY 2.

ad�
f̂
û �

2f 0�x��1ÿ @2x�u�x� � f �x��1ÿ @2x�u0�x� � a0�1ÿ @2x�v�x� � a00

f 0�1ÿ @2x�v�x� � f �x��1ÿ @2x�v0�x� ÿ f 00�x�
0

0B@
1CA

Then the geodesic £ow corresponding to the hyperplane c1 � c3 � 0; c2 � 1 is

ut ÿ uxxt � uuxxx � 2uxuxx � vxx � vxvxx ÿ 5uux ÿ vvx � 0;

vt ÿ vxxt � uvxxx ÿ uvx � uxvxx ÿ uxvÿ uxx � 0:



H1 Analogue of Case III:

COROLLARY 3.

ad�
f̂
û

�
2f 0�x��1ÿ @2x�u�x� � f �x��1ÿ @2x�u0�x� � a0�1ÿ @2x�v�x� � a00 � f 000

f 0�1ÿ @2x�v�x� � f �x��1ÿ @2x�v0�x� ÿ f 00�x�
0

0BB@
1CCA

Then the geodesic £ow corresponding to the hyperplane c1 � ÿ1; c3 � 0; c2 � 1 is

ut ÿ uxxt � uuxxx � 2uxuxx � vxx � vxvxx ÿ 5uux ÿ vvx � uxxx � 0;

vt ÿ vxxt � uvxxx ÿ uvx � uxvxx ÿ uxvÿ uxx � 0:

H1 Analogue of Case IV:

COROLLARY 4.

ad�
f̂
û �

2f 0�x��1ÿ @2x�u�x� � f �x��1ÿ @2x�u0�x� � a0�1ÿ @2x�v�x� � a00

f 0�1ÿ @2x�v�x� � f �x��1ÿ @2x�v0�x� ÿ f 00�x�
0

0B@
1CA

Then the geodesic £ow corresponding to the hyperplane c1 � c2 � 0 � c3 � 0 is

ut ÿ uxxt � uuxxx � 2uxuxx � vxvxx ÿ 5uux ÿ vvx � 0;

vt ÿ vxxt � uvxxx ÿ uvx � uxvxx ÿ uxv � 0:

4. Geodesic Flow and Superintegrable Systems

The ¢rst and foremost characteristic property of super algebra is that all the additive
groups of its basic and derived structures areZ2 graded. A vector superspace is a Z2

graded vector space V � V0 � V1 . An element v of V0 (resp. V1) is said to be even
(resp. odd). The super commutator of a pair of elements v;w 2 V is de¢ned to
be the element

�v;w� � vwÿ �ÿ1��v �wwv:



The generalized Neveu^Schwartz superalgebra has two parts, bosonic (even) and
fermionic (odd). These are given by

SĜrmB � Vect�S1� � C1�S1� �R3; �19�

SĜF � C1�S1� � C1�S1�: �20�

There are three different actions:

(A) Action of Bosonic part on Bosonic part, given in (7).
(B) Action of Bosonic part on Fermionic part, given by

�f �x� d

dx
; a�x��; �f�x�; a�x��

� �

:� f �x�f0 ÿ 1
2 f
0�x�f�x�

f �x�a0�x� � 1
2 f
0�x�a�x� ÿ 1

2 a
0�x�f�x�:

 !
�21�

(C) Action of Fermionic part on Fermionic part, given by

�; �� : SĜF 
 SĜFÿ!SĜB;

��f�x�; a�x��; �c�x�; b�x���� � fc
d

dx
;fb� ac;oF

� �
; �22�

where oF is a fermionic cocycle. It is given by

oF1��f; a�; �c; b�� � 2
Z
S1
f0�x�c0�x�dx; �23�

oF2��f; a�; �c; b�� � ÿ2
Z
S1
�f0�x�b�x� � c0a�x��dx; �24�

oF3��f; a�; �c; b�� � 4
Z
S1
a�x�b�x�dx: �25�

The supercocycle oS has two parts, the bosonic and the fermionic: oS � oB � oF:

The bosonic part oB is identical to o, given by Equations (3)^(5).



DEFINITION 3. The pairing between the regular part of the dual space SĜ� and SĜ
is given by

�u�x�; v�x�;c�x�; b; p�; f �x� d

dx
; a�x�;f�x�; a;oF

� �� �

�
Z
S1
f �x�u�x�dx�

Z
S1
a�x�v�x�dx�

Z
S1
f�x�c�x�dx�

�
Z
S1
a�x�b�x�dx�

X3
i�1

pioFi �
X3
i�1

pioi: �26�

LEMMA 7.

ad�
f̂
û �

2uf 0�x� � u0f � a0v� p2a00 ÿ p1f 000 � 1
2c
0f� 3

2cf
0

f 0v� fv0 � 1
2 �b0f� bf0 � 2p3a0 ÿ p2f 00

fc0 � 3
2 f
0c� 1

2 a
0b� uf� vaÿ 2p1f00 � 2p2a0

f b0 � 1
2 f
0b� vfÿ 2p2f0 � 4p3a

0BBBB@
1CCCCA �27�

Sketch of the Proof. Using the de¢nition of the coadjoint action

had�
f̂
û; ĝi � hf̂ ; �û; ĝ�i;

where

f̂ �
f �x�
a�x�
f�x�
a�x�

0BB@
1CCA; û �

u�x�
v�x�
c�x�
b�x�

0BB@
1CCA; û �

g�x�
b�x�
w�x�
g�x�

0BB@
1CCA;

we obtain

h�u; v;c; b; p�;

�fg0 ÿ f 0g� d

dx
� fw

d

dx
fb0 ÿ ga0 � fg� aw

f w0 ÿ 1
2 f
0w� gf0 ÿ 1

2 g
0f

f g0 � 1
2 f
0gÿ 1

2 a
0g� ga0 � 1

2 g
0aÿ 1

2 b
0f

p1o1
S � p2o2

S � p3o3
S

0BBBBBBBB@

1CCCCCCCCA
i:

Our result follows from this formula. &



5. Di¡erent Superintegrable Systems

Let us concentrate on hyperplane p3 � ÿ1; p2 � 0; p1 � 0

COROLLARY 5.

ad�
f̂
û �

2uf 0�x� � u0f � a0v� f 000 � 1
2c
0f� 3

2cf
0

f 0v� fv0 � 1
2 �b0f� bf0

fc0 � 3
2 f
0c� 1

2 a
0b� uf� va� 2f00

f b0 � 1
2 f
0b� vf

0BBBB@
1CCCCA: �28�

If we use the Euler^Arnold equation and the computational trick used in [6], we
obtain a supersymmetric version of the Itoª equation

ut � 6uux � 2�vvx� � uxxx � 3xx00;

vt � 2�uv�x � b0x0 � bx00;

xt � 4ux0 � 3u0x� 2x000;

bt � 2ub0 � u0b� 2vx0:

Let us study some special cases of this equation.

(A) If we set the super variables x � b � 0, we get back the Itoª equation.
(B) If we set v � b � 0, we obtain

ut � 6uux � uxxx � 3xx00;

xt � 4ux0 � 3u0x� 2x000:

This is a fermionic extension of the KdV equation. Modulo rescalings, the superKdV
of Mathieu and Manin and Radul is obtained.

6. Conclusion and Outlook

In this Letter we have studied a question posed by Marcel, Ovsienko and Roger
relating to what are the integrable systems associated to the coadjoint orbit of
the extended Bott^Virasoro group. In particular, we have identi¢ed a large class
of two-component integrable systems are associated with it. These are mostly
tri-Hamiltonian systems. It would be rather interesting to study the solutions of
these equations.

What will happen if we further extend the the group dDiff�S1�JC1�S1�? We
believe the integrable geodesic £ows will be three component systems. In [1], Mareck
Antonowicz and Allan Fordy suggested some three component completely inte-



grable systems. The three component examples are very good imitations of the gen-
eral N component systems. This would give rise to four Hamiltonian structure.
It remains an open problem to understand the three component integrable systems
from the geometric point of view.

The superintegrable system should be taken more seriously. We have not been able
to ¢nd the Lax pair for our case. In fact, the Lax pair of the super Camassa^Holm
equation is not known. These are the challenging problems of the super integrable
systems.
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