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The intermittent dynamic behaviour of granular materials [1], is very complex and
includes both rapid phenomena, like avalanche ows (e.g. Ref. [2]), and slow processes
like density consolidation (e.g. Ref. [3]). Much of the complexity arises because there
is a strong interplay between the dynamic responses of a granular system and its
intrinsic structure. The perturbation of a single-grain position, or a small cluster, in a
granular assembly can, for example, lead to a large avalanche. In this report, we have
highlighted some important aspects of the relationship between structure and dynamics
in granular media and we show how these manifest themselves in terms of distinct
patterns of observed events. The avalanches on the surface of our model sandpile
resemble those recently observed in an experiment involving the ow of glass beads on
an inclined plane [4]. However, the interplay between granular structures and dynamics
is quite general and, therefore, the lattice model of surface avalanches, illustrated below,
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Two types of avalanche behaviour in model
granular media

We have described a lattice model of a sandpile that includes a coupling between evolving
granular structures and dynamic responses. The coupling manifests as a granular memory. We
have illustrated the role of memory by observing avalanches in a (three)-dimensional model
sandpile. There are two distinct classes of dynamic events that depend on the process history
and mimic, closely, two categories of avalanches recently observed in piles of glass beads. The
origins of the di�erent dynamic regimes are explained in terms of the statistical distribution of
local stability criteria.



models many other examples of granular dynamics. Internal avalanches, which cause the
gradual densi�cation of particle sediments, are a particularly interesting example [5].
The organizing principle that maintains a balance between the structural elements

of a granular medium and intermittent granular dynamics is often termed ‘memory’.
Thus, a particular set of dynamic processes, e.g., during deposition, builds up a granular
structure that has a particular statistical distribution of elements, such as clusters and
bridges, which, in turn, have a particular set of instabilities with respect to further
restructuring or ow. A major objective of granular materials modelling is to build
granular structures that include memory, i.e., structures that reect their origins with
their dynamic responses. The lattice piles described below have an explicit connection
between their formation processes and the patterns (avalanche shapes) of dynamic
events that can be initiated by a small perturbation. In our model the surface ow,
that is present in traditional cellular automaton models [6,7], has been coupled to local
granular restructuring and leads to the presence of a special scale for large avalanches
which is not present otherwise. This coupling also leads to observations of two distinct
classes of avalanche that resemble those observed in a recent experiment [4].
Lattice models of granular materials have previously been examined in many con-

texts; particularly in terms of self-organization and generalized dynamics in sandpiles
[6,7]. However, in general, these lattice models have failed to identify the special time
and length scales that have been observed in some experiments on granular ow [8];
they have also not shown a sensitivity to composition which has been highlighted, for
example, by observations of avalanches in piles of rice [9]. To address this situation
our lattice model includes an additional degree of freedom, which can be associated
with local particle con�gurations and structural disorder thereby facilitating a stronger
connection with real materials (while maintaining a continuous transition onto the tra-
ditional lattice model). We show below that this feature promotes the appearance of
realistic patterns of behaviour in model sandpiles; we have observed the appearance of
avalanches that ow either predominantly downhill, or uphill, in response to di�erent
modes of pile construction analogous to behaviour seen in a recent experiment [4].
We have previously presented a detailed investigation of the scaling properties of this
model [10,11], including both the temporal and spatial roughening exponents.
Below we �rst describe a (three)-dimensional lattice model of a sandpile with evolv-

ing disorder and then establish that a single parameter, the critical slope, may be used
to control the nature of the subsequent con�gurations. We illustrate the impact of the
disorder both on the stability of the pile and on the response of the pile to dynamic
perturbations. The results amount to a clear expression of hysteresis and establish a
sandpile model that has an explicit connection between structure and dynamics. In par-
ticular, the value of the critical slope is seen to determine the nature of the avalanches
observed in this model sandpile.
The model sandpile is built on a square lattice with sites labelled by i; j=1; L. The

building blocks, or ‘grains’, are square prisms with dimensions 1× 1× � (�61). The
grains are placed, one at a time, onto randomly chosen lattice sites and rest either on
the hard base or on a column of grains that already occupies the site. The grains may



rest either with a square face or a rectangular face downwards and, therefore, contribute
an increment, �z, to the column height, z(i; j), such that �z=1 or �. After each grain
is deposited some of the grains in the same column may change their orientations. The
probabilities for changes in orientation (and changes in height increments) decrease
with the depth, �, of the grain below the surface;

P(�z = �→ �z = 1) = exp(−�=��) ; (1a)

P(�z = 1→ �z = �) = exp(−�=�1) ; (1b)

where ��, �1 are scale heights. This coupling, between deposition and internal structure,
corresponds to, local, reorganizations of grain con�gurations that are ongoing as the
pile evolves; it is a natural consequence of the grain–grain contacts that are a part of
any realistic granular construction process. The depth dependence in Eq. (1) models a
process in which surface deposition is more likely to cause changes in grain con�gura-
tions (i.e., lattice grain orientations) close to the surface than deep inside the pile. We
consider the two distinct lattice grain orientations to represent regions of either loose or
close-packed granular material. In this respect, the scale heights, with ��. �1, favour
destruction, rather than construction, of structural elements-like voids and bridges. The
orientational dynamics corresponds to a slow consolidation-like behaviour which is fa-
miliar in many quasi-static granular dynamics processes. The columns of ‘disordered’
grains obey the normal rules of a local, limited (nF = 2), lattice sandpile [6,7]; after
the deposition and reorientations each column has a local slope, s(i; j), given, in terms
of the heights of neighbouring columns, by

s(i; j) = z(i; j)− (z(i + 1; j) + z(i; j + 1))=2 (2)

(the pile has adsorbing boundaries, with z(i; j) ≡ 0, at sites with i or j = L + 1). A
column is stable when s(i; j)¡sx; sx is the ‘critical’ slope. The two uppermost grains,
from an unstable column at position i; j, fall, with constant orientation and random
order, onto neighbouring columns at sites i+1; j and i; j+1 or, when i or j= L, exit
the system. This process may lead to further instabilities, etc. and an ‘avalanche’ of
column height changes may occur before all the local slopes are stable.
Sequential deposition leads to a steady-state sandpile that has well-de�ned popula-

tions of grain orientations. These populations depend only on the scale heights and
the aspect ratios for grains that are well beneath the surface but, for surface grains,
they depend additionally on the critical slope; within a boundary zone orientational
kinetics and grain transport are strongly coupled. For the sandpiles examined below,
we have �xed �, �� and �1, so that sx acts as a single control parameter that allows
us to vary the interplay between surface instabilities and evolving structural disorder.
The particular combination of aspect ratio and scale heights may be considered to rep-
resent a particular material and deposition process, whereas the critical slope quanti�es
a tuneable stability (cf. the inclination of a plane which supports a granular bed). The
model pile has a steady-state con�guration such that the volume fraction is uniform
over much of the interior of the pile whilst, in the region of the surface, there is a



layer of slightly reduced density. A ‘u�y’ layer of this kind is a natural state for a
particulate structure that is continually fed with particles at an open surface [12,13].
For a disordered model sandpile, the local slope variable is discrete with states

s(i; j) = ks0 where s0 = min |(n+ m�)|=2; k is an integer (such that ks0¡sx) and n; m
are non-zero integers (min |(n+m�)| corresponds to the smallest �nite di�erence of two
column heights in a disordered pile). Model sandpiles have local slopes distributed over
these values; the details of the distribution depend crucially on both the populations
of grain orientations and on the critical slope. Thus, the values of the local slopes,
and hence the dynamic responses of the pile, depend on the history of the pile as
well as on the instantaneous surface stability criterion. For steady-state sandpiles, the
distribution of local slopes is reasonably smooth over a broad range ∼ 06s(i; j)¡sx.
The macroscopic slope of the sandpile can be represented by a single, instantaneous,
mean slope de�ned by

〈s(t)〉=
∑

ij

z(i; j)=L2(L+ 1) : (3)

(This de�nition ensures that the sum of the height deviations, from a set of expected
column heights 〈z(i; j)〉 = (L + 1 − (i + j)=2)〈s(t)〉, is identically zero.) This slope
represents the global stability condition of the pile and corresponds to the slope mea-
sured in experiments. The variation of the mean slope, of steady-state model sandpiles
(L = 32; � = 0:7; �� = 2; �1 = 20), is shown, as a function of the critical slope, by a
line of crosses in Fig. 1. (Note that the space in Fig. 1 is not fully continuous because
the critical slope has the same discrete set of states as the local slope.) The line of
crosses in Fig. 1 is approximately straight (and has a gradient close to unity). In this
respect, the critical slope can be compared with the angle of inclination of the base
of the pile since the free surface retains a constant angle with respect to a laboratory
frame.
We have examined the responses of steady-state model sandpiles following sudden

changes in the surface stability criterion, i.e., following changes in critical slope. At a
particular point in the steady-state evolution of a model pile the deposition is interrupted
and the critical slope is changed to s′x ¡ sx. This change initiates a large event and
leads to a new, static, pile that has a non-steady-state distribution of local slopes.
This change in the value of the critical slope is, in many ways, analogous to tilting
a sandpile. In general, 〈s(t)〉 decreases smoothly with sx–s′x for a signi�cant range of
values of s′x. This situation breaks down for critical slopes s

′
x ∼ 2� when massive

events are stimulated because the model pile is no longer stable to the most common
(‘ordered’) local con�guration of grains. This is analogous to the onset of spontaneous
ow in sloping granular beds.
We �nd that the response of the model pile to ‘tilting’ includes a clear hysteresis.

For example, a pile that is built with sx=1:85 has a mean slope 〈s(t)〉=1:21+ =−0:01
whereas a pile that is built with sx = 2:05 and then tilted with s′x = 1:85 has a mean
slope 〈s(t)〉= 1:39 + = − 0:01. However, it is far more signi�cant that these two piles,
with distinct histories, have di�erent distributions of local slopes. In Fig. 2, we have



Fig. 1. A stability diagram for model sandpiles with L = 32; � = 0:7; �� = 2; �1 = 20. The measured
mean slope, 〈s(t)〉, is plotted against the e�ective critical slope parameter sx . The crosses (×) represent
steady-state stability, the full line represents a rapid ow condition and the broken line separates a region
of, predominantly triangular, downhill avalanches (4) from a region that includes uphill events (•).

illustrated the distribution functions of local slopes for a steady-state pile with sx=1:85
and for piles constructed with sx=2:05 prior to tilt disturbances at s′x=1:85 and s

′
x=1:75.

Tilted piles have local slopes that are clustered around a few speci�c values, ∼ m�=2,
where m is a small integer, and therefore have a di�erent range of dynamic responses.
Clustering of the local slope values in tilted sandpiles becomes more pronounced as
the degree of tilt, sx–s′x, increases (see Fig. 2(c)). The clustering arises because the
grains on the surface of a tilted pile previously belonged to steady-state orientation
populations that were built below the surface (the new surface grains are exposed
by the event that accompanies a tilt). The particular cluster values, for local slopes,
arise because the orientational transition mechanism, with �1/��, favours the �z = �
con�guration for grains well below the boundary zone. The di�erence between these
two kinds of local slope distributions is most clearly apparent in avalanches that are
stimulated by adding grains onto a column near the centre of a tilted model pile. This
perturbation technique produces irregular avalanches, with many di�erent sizes, but the
events triggered in model piles that have a signi�cant degree of tilt include, with higher
probability, the motion of surface grains that were originally placed far ‘uphill’ from
the point of the event initiation. In contrast, avalanches stimulated in near steady-state
piles include, largely, the motion of grains that are just above or below the point of
initiation.



Fig. 2. Distribution functions for local slopes in disordered model sandpiles with L = 32; � = 0:7;
��=2; �1=20; (a) a steady-state pile with critical slope sx=1:85; (b) a tilted pile with s′x=1:85 and sx=2:05;
(c) a tilted pile with s′x = 1:75 and sx = 2:05. A continuous line represents the cumulative distribution.

In Fig. 3, we show for sandpiles built with sx=2:05 and tilted at s′x=1:95 and 1.75,
the averaged shapes (area covered by moving grains) of several thousand independent
avalanches that are initiated by a perturbation near the centre of the tilted piles. The
shading identi�es the frequency with which test events cover particular areas of the



Fig. 3. Contour plots showing the frequency with which avalanches, initiated near the centre of a tilted model
pile, cover di�erent regions of the pile surface. The piles have L = 32; � = 0:7; �� = 2; �1 = 20; sx = 2:05
and (a) s′x = 1:95 (b) s′x = 1:75. Contours correspond to 20%, 40%, 60% and 80% coverage and the images
are built from ∼ 3500 independent test events that each cover 25–45% of the sandpile surface (to avoid
edge e�ects).



Fig. 4. The distance between the mean avalanche centre and the point of initiation (•) and the average
fraction of avalanche traces that occupied an upper quadrant (×), plotted against the degree of tilt, for
events (that each cover 25–45% of the pile surface) initiated near the centre of a tilted model pile with
L = 32; � = 0:7; �� = 2; �1 = 20 and sx = 2:05.

sandpile surface. Fig. 3a shows a trace that is consistent with downwards propagating
‘triangular’ avalanches and Fig. 3b shows a trace that is consistent with events that
also propagate ‘uphill’. Many di�erent geometrical indicators can be used to identify
the two distinct avalanche morphologies. There is a relatively sharp transition between
the distinct avalanche regimes as the tilt is varied. Fig. 4 shows the distance of the
centre of the average avalanche trace, measured from the point of initiation, plotted
against the degree of tilt for model piles constructed with sx = 2:05. (All the traces
have centres below the point of initiation but there is a sharp transition to avalanches
that have centres close to the initiation point as s′x decreases.) Also in Fig. 4, we have
plotted the average fraction of the area covered by an avalanche that occupies an ‘upper
quadrant’ of the pile surface centred on the initiation point (i¿ i0; j ¿ j0; where i0; j0
is the initiation point), i.e., the fraction of the trace that is ‘uphill’ from the initiation
point. We have used these results to indicate the observed avalanche morphology by
symbols in the ‘phase diagram’ in Fig. 1 and we have also included a broken line
that separates the regime of triangular avalanches from that of uphill events. It is clear
from Fig. 1 that for steady-state piles with sx ¡ 1:9, the onset of spontaneous ow
precludes a regime that includes uphill avalanches. We have demonstrated that these
simulation results do not depend strongly on the system size and that qualitatively sim-
ilar behaviour can be observed for a range of parameter values �, �� and �1. However,
it is clear that this parameter space also contains regions that correspond to qualita-
tively di�erent behaviours; e.g. our model returns to an ordered system when � → 1
and has homogeneous disorder when �1 ≈ ��/1. Previously, [10], we have explored
the dependence of the event size distribution on the scale heights for a corresponding,
one-dimensional model.
Our model mimics the avalanche behaviour of assemblies of glass beads on an in-

clined plane both in the geometrical classi�cation of the events and in the topology



of the phase diagram (Fig. 1). Additionally, because of the hysteresis embodied in the
distribution of local slopes in our model (which arises from the coupling between con-
�gurational rearrangements and surface dynamics), we are able to provide an interpre-
tation of the experimental observations. Uphill avalanches arise when tilting produces
clustering of the local slopes; this condition ensures that signi�cant regions of the pile
surface have similar stability criteria so that an initial loss of stability is propagated
uphill (by the foundation removing property) without a high probability of becoming
‘blocked’ by a strong local stability condition. (In fact, this situation is familiar for
many simple, one-dimensional, ordered lattice sandpile models (where many avalanches
travel uphill) because, in that case, the distribution of local slopes is strongly discrete
at the outset.) The coupling between lattice grain orientation changes and surface ow
is a unique feature of this disordered model and it ensures that di�erent degrees of
tilt inuence the distribution of local slopes. This is analogous to the way that the
tilting of inclined hard particle assemblies inuences the range of three-point stabil-
ity conditions for the particles. This inuence (the e�ect of pile preparation or ‘angle
of tilt’ on avalanche dynamics) is an example of hysteretic behaviour in sandpiles;
which has been widely observed, e.g. Ref. [1]. The narrowing of the distribution of
local slopes, following the tilting of a model sandpile, which we have used to interpret
the development of ‘uphill’ avalanches seen in Ref. [4] is thus only one of the many
consequences of the hysteresis that is inherent in our model sandpile with evolving
con�gurational disorder.
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