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Properties of the fiber bundle model have been studied using equal load-sharing dynamics where each fiber
obeys a nonlinear stress (s)-strain (x) characteristic function s = G(x) till its breaking threshold. In particular,
four different functional forms have been studied: G(x) = eαx , 1 + xα , xα , and xeαx where α is a continuously
tunable parameter of the model in all cases. Analytical studies, supported by extensive numerical calculations of
this model, exhibit a brittle to quasibrittle phase transition at a critical value of αc only in the first two cases. This
transition is characterized by the weak power law modulated logarithmic (brittle) and logarithmic (quasibrittle)
dependence of the relaxation time on the two sides of the critical point. Moreover, the critical load σc(α) for
the global failure of the bundle depends explicitly on α in all cases. In addition, four more cases have also been
studied, where either the nonlinear functional form or the probability distribution of breaking thresholds has been
suitably modified. In all these cases similar brittle to quasibrittle transitions have been observed.

I. INTRODUCTION

The fiber bundle model (FBM) describes a collection of
N massless fibers placed in parallel to one another [1]. These
fibers are imagined to be suspended vertically from a rigid
horizontal support and are clamped together at the lower end.
Every fiber has been assigned a random breaking threshold of
its own. When a small external load F is applied to the bundle
at the lower end, the bundle first sustains the load, and the
common length of all the fibers between the two ends of the
bundle elongates. When the external load is further increased
gradually, the entire bundle fails at a critical stress of σc per
fiber. Naturally, given the distribution of breaking thresholds
of the individual fibers, studying the properties of the bundle
around the critical stress has been the main objective of study
for FBMs for quite some time now.

A one-dimensional version of this model was introduced by
Pierce to study the strength of cotton yarns [2]. Subsequently,
the FBM has been studied extensively from the point of view
of statistical physics by Daniels [3]. Although the model is
simply described, it has been applied to study fractures in
materials, earthquakes, traffic systems, etc. [1,4–7].

More elaborately, the FBM can be described in the
following way. All fibers of the bundle have been assigned
individual breaking thresholds, whose elements are drawn
from a specific probability distribution. In most cases the
probability distribution is uniform over the range {0,1}.
Initially all N fibers are intact, and the external load F is
gradually increased. In general, when a fiber breaks, it releases
the stress that was acting through it, which is then distributed
among all the remaining fibers in the bundle. This enhanced
load in the intact fibers may result in the failure of additional
fibers, which may create a cascade of fiber failures. This
dynamics is every fast, and it is assumed that the external load
remains unchanged during this cascading process. Under the
loading, the fibers break in a sequence of avalanches. In each
avalanche, the bundle evolves from one stable state to another.

There are different versions of FBM in the literature
depending on how the released stress is distributed. If the
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released stress is shared equally by all the remaining intact
fibers in the bundle, then the model is referred to as the Equal
Load Sharing (ELS) model [3]. On the other hand, if the
released stress is transferred only to the nearest intact fibers,
then it is called the Local Load Sharing (LLS) model [8].
In addition, there are many other versions of FBM that have
been studied in the literature. One of them is an intermediate
sharing rule, where the amount of stress received by an intact
fiber decays as a power law from its distance from the failed
fiber, and, therefore, the fibers close to the failed fiber receive
more stress than the fibers far away from it [9].

These models, as well as the entire FBM literature, have
been studied extensively, assuming the individual fibers of
the bundle to be linear in nature, i.e., their stress-strain
characteristics follow Hooke’s law [1]. However, in practice,
the precise validity of Hooke’s law is limited mainly to small
loading regimes, and the deviation from linearity is observed
when the materials are subjected to larger mechanical stress. In
fact, to our knowledge, no systematic study has been done with
nonlinear elastic fibers, i.e., when the stress grows nonlinearly
against increasing strain. Therefore, it would be important
to study the behavior of loaded materials under nonlinear
stress-strain response functions of the individual fibers in the
framework of fiber bundle models.

In this paper, we present our study of a FBM where
the stress-strain characteristics of each fiber in the bundle
is nonlinear. Here we have observed that the well-known
brittle to quasibrittle transition takes place at a specific value
of the continuously tunable parameter αc characterizing the
nonlinearity. This is in contrast to the results of the existing
literature of linear FBMs, where a similar brittle to quasibrittle
transition takes place on tuning the width of the probability
distribution of the breaking thresholds of the individual fibers
[10,11].

The minimum value σc of the external load per fiber that
needs to be applied for a global failure of the entire bundle is
called the “critical stress” of the FBM. When the externally
applied load per fiber σ < σc, the extent of damage in the
bundle depends on the specific value of σ . This damage
occurs in a number of discrete stress redistribution steps, and
a pseudotime is defined which is equal to the number of such
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steps. The stable state may have only the two possibilities:
it may happen that either the entire bundle has failed, or the
damage may get arrested after the failure of a certain number
of fibers. The time required to arrive at the stable state is called
the relaxation time Tf . It has been seen in the ELS bundle that
the average relaxation time 〈Tf (σ )〉 diverges as σ → σc [12].
In addition, we will define another relaxation time T for the
avalanche that is triggered due to the failure of the weakest
fiber, to characterize the brittle to quasibrittle transition.

In the present work, we have considered mainly four
different forms of nonlinearity in the stress-strain characteristic
of the FBMs. We start with describing the computational
algorithm in Sec. II to be used for our numerical studies.
In Sec. III we describe the calculation of the critical stress of
the nonlinear FBM where the stress through an individual
fiber grows exponentially with the strain. In Sec. IV we
describe the brittle to quasibrittle transition in three different
ways. Relaxation of the fiber bundles under constant load has
been described in Sec. V. Avalanche size distributions are
described in Sec. VI. Section VII discusses the dependence
on the width of the disorder distribution. In each section we
first describe at length our numerical as well as analytical
results for exponential form of nonlinearity followed by a
brief description of the results of other nonlinear forms.
A number of additional cases also exhibit the brittle to
quasibrittle transitions and are discussed in Sec. VIII. Finally,
we summarize in Sec. IX.

II. MODEL AND ALGORITHM

Let the functional form of the nonlinear dependence of the
stress s on the strain x developed in any arbitrary fiber be
denoted by

s = G(x) (1)

in general, and it is simply G(x) = x in the linear case. Unlike
the linear FBM, here a fiber is broken if its strain exceeds
a preassigned critical value. Therefore, for an arbitrary fiber
bundle λ, a random value of breaking strain xλ

i is assigned
to the ith fiber, drawing it from the uniform probability
distribution p(x) between {0,1}. Its cumulative probability
distribution is given by P (x) = x, if 0 � x � 1, and it is
0, if x > 1. Consequently, using Eq. (1) one finds the set
of breaking stresses {sλ

i } for the corresponding strains in
the set {xλ

i }. The breaking strains are arranged in increasing
order xλ

(1) < xλ
(2) < xλ

(3) < · · · < xλ
(N) and the breaking stresses

sλ
(1) < sλ

(2) < sλ
(3) < · · · < sλ

(N).
One starts from the undamaged bundle consisting of N

intact fibers. The external loading is increased very slowly, so
that every fiber is gradually strained. Let the uniform strain x

in all the fibers be increased till it reaches the minimal value
of the strain xλ

(1) in the weakest fiber. Immediately this fiber
breaks, and an amount of stressG(xλ

(1)) is released. This amount
of stress is then distributed equally among all the remaining
N − 1 intact fibers. Let the magnitude of the enhanced stress
acting uniformly in all fibers be s. Then the corresponding
value of strain, developed in all intact fibers, is given by the
inverse function x = G−1(s).

At an arbitrary intermediate stage within an avalanche,
let the number of intact fibers, whose breaking strains are
smaller than x, be denoted by n. Therefore, n > 0 implies that
avalanche would continue, and all n fibers would then break
simultaneously, and each of them would release an amount of
stress s. On the other hand n = 0 implies that the avalanche
has stopped. One then enhances the uniform value of strain
developed in all intact fibers controlled by the external load,
so that the next minimal value of breaking strain is reached
and thus the next avalanche is triggered.

Because of the nonlinearity in Eq. (1), we need to consider
the evolution of both the stress and the strain for every fiber
separately. Though the distribution of breaking strains is uni-
form, the distribution of breaking stresses is nonuniform and
is determined by the function G(x). Therefore this nonlinearity
is the root cause of the nontrivial features in our FBM.

Numerically the breaking stress σc(α) is determined in
the following way. For a given value of α we first calculate
the critical load σλ

c (α,N ) for any arbitrary bundle λ. This
calculation is then repeated over a large number of uncorrelated
bundles, and their critical stresses are averaged to obtain
σc(α,N ) = 〈σλ

c (α,N )〉. The entire calculation is then repeated
for different values of N .

The fiber bundle would support the initially applied load per
fiber (s) if s < sλ

(1) or sN/(N − 1) < sλ
(2) or sN/(N − 2) < sλ

(3)

or sN < sλ
(N). If all these inequalities fail to satisfy, then the

bundle will no longer support the load, it will break apart. Now,
if s is such that it is sufficient to break n fibers, then at this
stage the bundle will support the load if sN/(N − n) < sλ

(n+1):

s < [(N − n)/N ]sλ
(n+1). (2)

The term in the parentheses in Eq. (2) decreases with n, and
sλ

(n+1) is an increasing function of n as thresholds are arranged
in increasing order. So the function at the right-hand side of
Eq. (2) has a maximum at some n and if s is increased at this
maximum value, the bundle will break immediately. So the
maximum of [(N − n)/N ]sλ

(n+1) determines the critical load
per fiber for the bundle λ. Therefore, following Refs. [13,14]
we get

σλ
c (α,N ) = max

{
sλ

(1),
N − 1

N
sλ

(2),
N − 2

N
sλ

(3), . . . ,
1

N
sλ

(N)

}
.

(3)

We now assume that the average value of the critical load
per fiber σc(α,N ) for a given value of α and for the bundle
of size N converges to a specific value σc(α) as N → ∞
according to the following form [13,14]:

σc(α,N ) − σc(α) = AN−1/ν(α), (4)

where ν(α) is a critical exponent that is in general a function
of the tuning parameter α.

III. THE CRITICAL STRESS

In our nonlinear fiber bundle model, we first consider the
exponential growth of stress as a function of strain: s = G(x) =
eαx . Let the applied load be denoted by F (x), as a function of
the uniform strain x of all the intact fibers in the stable state.
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FIG. 1. G(x) = eαx : (a) Plot of the critical value of σc(α,N ) −
σc(α) with respect to N−0.665 with α = 2 for N = 253 to 31 623. The
least square fit line has the form σc(α,N ) − 1.3591 = 2.0733N−0.665.
Therefore, σc(α) = 1.3591 which is very close to its analytical value
e/2 in Eq. (7) for α = 2. (b) Plot of the variation of σc(α) against α.
The solid line represents the analytically obtained expression given
by Eq. (7), and the circles represent the numerical data, which match
well the analytical values.

Then one can write the following [15,16]:

F (x) = Ns[1 − P (x)] = Neαx[1 − x]. (5)

This implies that the external load F (x) has a maximum at
x = xc, and, therefore, the condition of dF/dx = 0 yields the
following equation:

αeαxc [1 − P (xc)] − eαxcp(xc) = 0. (6)

Therefore, for a nonlinear bundle with a uniform distribution
of breaking thresholds, xc = (α − 1)/α and Fc = Neα−1/α.
The total critical applied load Fc corresponds to the critical
initial load per fiber [15]:

σc(α) = Fc/N = eα−1/α. (7)

To check this expression, we have estimated numerically
σc(α,N ) for a specific value of α = 2 and for different bundle
sizes N , using the algorithm in Sec. II. We plotted in Fig. 1(a)
σc(α,N ) against N−1/ν(α) and increased N values from 253
to 31 623. We have used different trial values of ν(α) so that
for a specific value of ν(α) the plot fits (by least square fit)
to the best straight line. Using this best value of ν(α) and
on extrapolation to N → ∞ we obtained σc(α) [Fig. 1(a)].
This analysis gives ν(2) = 0.665, and we have observed that

the value of ν(α) does not depend explicitly on the value
of α and is approximately 2/3 for all values of α. Further, in
Fig. 1(b) we have plotted the variation of σc(α) against α in the
range 1 � α � 5, and it exhibits an excellent matching with the
analytical form in Eq. (7). We will see that the regime of α > 1
is called the quasibrittle regime, and in comparison, the regime
of 0 < α < 1 is called the brittle regime (discussed below).
For the brittle phase, we get σc(α) ≈ 1 and the corresponding
ν(α) ≈ 1 for all values of α.

For the stress-strain characteristic G(x) = xα , the external
load

F (x,α) = Nxα[1 − x], (8)

xc(α) = α/(α + 1), (9)

σc(α) = αα/(α + 1)(α+1). (10)

It is to be noted that using α = 1 in these expressions, one gets
back the well-known results for the linear FBMs under ELS
dynamics.

Similarly, for G(x) = xeαx , the external load

F (x,α) = Nxeαx[1 − x], (11)

xc(α) = (α − 2 +
√

4 + α2)/2α, (12)

σc(α) = 1

α2
e

1
2 (α−2+√

4+α2)(
√

4 + α2 − 2). (13)

Here, also, one gets back the established results in the limit of
α → 0 on applying L’Hospital’s rule.

IV. BRITTLE TO QUASIBRITTLE TRANSITION

A fiber bundle is defined to be “brittle” if and only if the
failure of the weakest fiber causes the failure of the entire
bundle. In other words, if the external load is tuned in such a
way that only the fiber having minimal breaking strain breaks,
and this failure leads to the failure of all remaining fibers
in the bundle in the form of a cascading process, then such
a bundle is said to be brittle. In contrast, any other bundle
which needs at least two avalanches for the global failure is
said to be “quasibrittle.” In our nonlinear FBM, the parameter
α which characterizes the stress-strain characteristics is the
suitable tuning parameter to observe the transition from the
brittle phase to quasibrittle phase, and it takes place at a specific
value of α = αc.

A. Probability distribution of brittle states

To estimate the value of αc, we numerically calculate the
probability P (α,N ) that a randomly selected sample of the
fiber bundle is found to be brittle. For a given value of α, we
construct a random sample of the fiber bundle and raise the
external load to break the weakest fiber with minimal breaking
strain [10]. Using a large sample of fiber bundles, we calculate
the fraction of bundles that fails entirely. Figure 2(a) exhibits
the variation of this probability against α for different values
of N . For the bundles of arbitrary size N , the probability is
unity for small values of α, which gradually decreases and
ultimately vanishes as α is increased. The minimum value of
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FIG. 2. G(x) = eαx : (a) Plot of the probability of brittle bundles
P (α,N ) against α for N = 28 (black), 210 (red), 214 (blue), and 226

(magenta) (N increases from right to left). (b) Plot of αc(N ) − αc,
with αc = 1 against N−0.333. The least square fitted straight line misses
the origin very closely.

α where P (α,N ) = 0 for a particular system size N is denoted
by αc(N ). The critical value of αc(N ) is extrapolated to its
asymptotic value αc as

αc(N ) = αc + BN−1/κ . (14)

Figure 2(b) shows the best fitted plot of αc(N ) − αc against
N−1/κ for αc ≈ 1.0 and 1/κ = 0.333.

A similar plot of P (α,N ) against α for the case G(x) = 1 +
xα shows an even sharper transition from quasibrittle (α < 1)
to brittle (α > 1) transition. The αc(N ) values for different
bundle sizes, when extrapolated against N−0.23, give nicely
αc = 1 again. No such transition has been observed for G(x) =
xα and xeαx .

B. Estimation of αc from the moment analysis of avalanche sizes

In addition, the critical value αc may also be estimated
using the moment method of the size of the avalanches. In
general, the nth moment of the avalanche sizes is denoted by
〈�n(α,N )〉. Then the average size of the avalanches is defined
by the ratio of second moment to the first moment of the
avalanche sizes, as [11]

�m(α,N ) = 〈�2(α,N )〉/〈�(α,N )〉. (15)

In Fig. 3(a) we show the plots of the �m(α,N ) for the three
system sizes N = 216, 218, and 220. Clearly, as the system size
increases, the maximal value of the average avalanche size
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FIG. 3. G(x) = eαx : (a) Plot of the average avalanche size
�m(α,N ) against α for N = 216 (black), 218 (red), and 220 (blue) with
N increasing from bottom to top. The values of α for the maximum
value of �m(α,N ) defined in Eq. (15) are 1.030,1.021, and 1.011,
respectively, leading to αc = 1 as N → ∞. (b) Finite size scaling of
the average avalanche size �m(α,N )N−0.666 against (α − αc)N 0.333

using the data in (a) exhibits an excellent data collapse.

also increases. Moreover, the position of the maximum, i.e.,
the value of α where the maximum value occurs, also drifts
towards αc = 1 as N increases.

In Fig. 3(b) we show a good data collapse for the exponents
of the three curves in Fig. 3(a). The abscissa and the ordinate
are suitably scaled by the system-size-dependent factors
N0.333 and N−0.666, respectively. We observe that a plot of
�m(α,N )N−0.666 against (α − αc)N0.333 exhibits an excellent
data collapse for αc = 1.

Similar moment analysis for the G(x) = 1 + xα case also
gives the same result of αc ≈ 1.

C. Fraction of fibers broken before the last avalanche

Since at xc the fiber bundle fails completely, so the quantity
P (xc) is the fraction of fibers that has already broken due to
the strain xc. Therefore the fraction of fibers just before the
last avalanche will be given by [17]

fb(α) = P (xc) = (α − 1)/α. (16)

The quantity fb(α,N ) has been plotted against α for different
values of N = 28, 210, and 214 in Fig. 4. The plots can be
seen to tend towards the analytical plot given by Eq. (16) with
increasing N .
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FIG. 4. G(x) = eαx : Plot of the fraction of broken fibers fb(α,N )
before the last avalanche against α for N = 28 (black), 210 (red), and
214 (blue) with N increasing from left to right. The plot with filled
circles represents the analytical form given in Eq. (16).

For the G(x) = xα case,

fb(α) = α/(α + 1), (17)

and this retrieves correctly fb = 1/2 for the ordinary ELS for
α = 1.

Similarly, for G(x) = xeαx ,

fb(α) = (α − 2 +
√

4 + α2)/2α. (18)

Here the specific limiting case of α → 0 corresponds to
G(x) = x, and, therefore, limα→0 fb(α) = 1/2 is exactly the
result of the ordinary ELS model with Hookean fibers.

D. Phase diagram

We now generalize the nonlinear form by subtracting
a constant term, as G(x) = eαx − a, where a is a tuning
parameter that varies between zero and unity. When a = 0,
we get back the model studied above. On the other hand, for
a = 1, the curve G(x) = eαx − 1 starts at the origin. For this
case, no brittle to quasi brittle transition is observed. However,
for all value of 0 < a < 1, we observe the brittle to quasibrittle
phase transition, and the critical point αc(a) is measured for a
number of values of a.

For the nonlinear stress-strain characteristic function
G(x) = eαx − a the external load is given by

F (x) = N (eαx − a)(1 − x). (19)

If dF (x)
dx

|
x=0

= N (α + a − 1) < 0, then the bundle is brittle,
otherwise it is quasibrittle [11]. This condition implies that the
relation between αc and a is

αc + a = 1. (20)

In Fig. 5 we have plotted αc(a) against a for 11 equispaced
values of a. In the same figure, we have plotted Eq. (20), and
the correspondence is very good. This line is the boundary of
the brittle and the quasibrittle phases.

An initial discontinuity in the stress-strain characteristic
functional form G(x) is present for G(x) = eαx and 1 + xα

where we have observed the phase transition. In the above
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FIG. 5. G(x) = eαx : Subtracting a tunable parameter a from G(x)
we calculate the critical value αc(a) of the transition point as a function
of a. For 11 different equispaced values of a, the values of αc are
estimated numerically and plotted. These points fit very well with
Eq. (20), which describes the boundary between the brittle and the
quasibrittle regimes.

paragraph, we have shown that if the magnitude of discon-
tinuity is continuously reduced to zero, the phase transition
disappears only when the discontinuity vanishes.

V. THE RELAXATION TIME

Next, we study the relaxation time of the fiber bundle in the
following way. In a quasistatic loading, the first avalanche is
triggered from the failure of the weakest fiber. If the bundle
is in the brittle phase, the effect of this particular avalanche is
devastating, because all fibers of the entire bundle break. On
the other hand, in the quasibrittle phase, this avalanche ceases
to spread after the failure of few fibers. The question is, how
long does it take? In general, the lifetime of an avalanche is
determined by the number of discrete updating steps. Here
we study the relaxation of only the first avalanche and denote
its lifetime by T . It has been observed that there is a vast
difference in the values of T for these two regimes.

We study here how the relaxation time diverges as the
critical value αc is approached. For an arbitrary fiber bundle λ,
we define a critical value αλ

c which denotes the maximum value
of α such that if α < αλ

c the bundle λ is brittle, otherwise it is
quasibrittle. Therefore αc = max {αλ

c } taken over all bundles
in the sample of the nonlinear FBM is the same αc as defined
in Eq. (14).

First, we precisely estimate, with a tolerance of 10−8,
the value of αλ

c for every bundle in the sample using the
bisection method. This is done by successive halving of the
interval between a pair of αλ

lo and αλ
hi values corresponding

to the brittle and the quasibrittle phases. The relaxation times
T (α,N ) are then estimated for the α values corresponding
to some prefixed intervals of �α = α − αλ

c , both positive as
well as negative. For �α < 0, it is the brittle phase, otherwise
it is the quasibrittle phase. Simulation of a large number of
bundles yields the value of average relaxation time 〈T (α,N )〉
for specific values of �α. From Fig. 6(a) it is seen that as
�α → 0−, the 〈T (α,N )〉 grows very fast, jumps down to a
very small value when �α is just larger than zero, and then
decreases fast as �α takes its positive values. Clearly, there
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FIG. 6. G(x) = eαx : (a) Plot of the average relaxation time
〈T (α,N )〉 against �α = α − αλ

c . The brittle and the quasibrittle
phases correspond to the negative and positive values of �α. The
bundle sizes are N = 210, (black) 217 (blue), and 224 (red) (N increases
from bottom to top). (b) Variations of the maximal relaxation times
〈T m

b (α,N )〉 (upper curve) and the 〈T m
qb(α,N )〉 (lower curve) in the

brittle and quasibrittle regions, respectively. The solid lines are the
fitted functional forms given in the text.

is a discontinuity at �α = 0. To study it in more detail, we
calculated the maximal relaxation times just before and after
�α = 0, and they are denoted by 〈T m

b (α,N )〉 and 〈T m
qb(α,N )〉

corresponding to the brittle and the quasibrittle regimes. In
Fig. 6(b) we plot these two quantities for different system
sizes. After trying different functional forms for best fitting, we
get that in the quasibrittle regime 〈T m

qb(α,N )〉 = Aqbln(BqbN )
with constants Aqb = 1.25 and Bqb = 0.22. On the other
hand, for the brittle regime, a weak power law, modulated
by a logarithmic form, is found: 〈T m

b (α,N )〉 = AbN
γ ln(BbN )

with the exponent γ = 0.04 and the constants Ab = 3.40 and
Bb = 0.11 [Fig. 6(b)].

A similar brittle to quasibrittle transition has been observed
for the nonlinear function G(x) = 1 + xα as well. In this case
the quasibrittle phase occurs for �α < 0, and the brittle phase
is observed for �α > 0. For the other two nonlinear functions,
G(x) = xα andG(x) = xeαx , no brittle to quasibrittle transition
has been observed.

VI. AVALANCHE SIZE DISTRIBUTION

To characterize the dynamics of FBMs, estimation of the
avalanche sizes in general, and in particular the probability

distribution of the avalanche sizes, is studied quite commonly.
Here the external load is increased quasistatically; i.e., on a
stable state, the load is tuned to reach such a value that only
the weakest, among the set of remaining intact fibers, breaks.
As a result, a cascade of fiber failures takes place, and the
avalanche size � is defined by the number of broken fibers
before the bundle arrives at next stable state. Therefore, the
entire dynamical evolution of the bundle consists of a sequence
of such avalanches. These avalanches are of widely different
sizes, and it is known that for linear ELS, their probability
distribution D(�) against the avalanche size decays as a power
law in the asymptotic limit of large bundle sizes: D(�) ∼ �−τ ,
with τ = 5/2 [18,19].

In our nonlinear FBM, we also estimated τ ≈ 2.5 in the
strongly quasibrittle regime α 	 αc. On the other hand, right
at αc, the situation is different, the exponent τ ≈ 1.5. How
does the crossover between these two scenarios take place?
Indeed, there exists a crossover in the avalanche size exponent
from ≈1.5 to ≈2.5 as α is continuously increased from unity.
For a specific value of α in between these two limits, there
exists a threshold value �c(α) of the avalanche size, such
that for � 
 �c, one gets τ ≈ 1.5, and for � 	 �c, one
gets τ ≈ 2.5. This implies that even though the width of
the distribution of breaking strains is kept unchanged, there
exists a phase transition from a brittle to quasibrittle regime.
Figure 7(a) shows the avalanche size distribution at αc = 1
where the exponent is ≈1.5. On the other hand, Fig. 7(b)
shows the avalanche size distribution for five different values
of α > 1 and for a fixed bundle size N = 220. For each curve,
a value of �c can be identified as the crossover avalanche size,
such that the slopes of the curve for the � smaller and larger
than �c are approximately 1.5 and 2.5, respectively [20].

A similar crossover from τ ≈ 1.5 to τ ≈ 2.5 has been
observed for the case G(x) = 1 + xα . However, no such
crossover has been seen in the other two cases.

VII. DEPENDENCE ON THE WIDTH
OF THE DISORDER DISTRIBUTION

The next question we would like to ask is to what extent
does the width of the distribution of the breaking strains of
individual fibers affect the behavior of the nonlinear fiber
bundle studied above? In this study, the breaking strains
{xi} were distributed in the range {0,1}. We now make the
distribution p(x) tunable and assume that p(x) is again a
uniform normalized distribution, but extended from ( 1

2 − δ)
to ( 1

2 + δ) where the parameter δ measures the width of
the distribution and is a continuously tunable parameter.
Therefore, the normalized probability distribution is given
by p(x) = 1/2δ, and the cumulative probability P (x) = (x −
1/2 + δ)/2δ for (1/2 − δ) � x � (1/2 + δ). Again, using
G(x) = eαx and following Eq. (5), the functional form of the
external load is found to be

F (x,α,δ) = Neαx

2δ

(
δ + 1

2
− x

)
. (21)

In the same way, maximizing F (x) at the critical strain xc

yields

xc(α,δ) = δ + 1/2 − 1/α. (22)
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FIG. 7. G(x) = eαx : (a) A finite-size scaling of the avalanche
size distribution using D(�,N )Nη against � · N−ζ for α = 1 and
N = 212 (black), 218 (red), and 224 (blue). A good collapse of data
is obtained with η = 1.0 and ζ = 0.66, implying τ = η/ζ ≈ 1.5.
(b) For a specific bundle size N = 220, the avalanche size distribution
D(�,N ) has been plotted against � for α = 1.05 (black), 1.1 (red),
1.2 (blue), 1.4 (green), and 2.0 (magenta) (from top to bottom). As α

approaches unity, the crossover avalanche size gradually diverges.

In a brittle fiber bundle, the failure of the weakest fiber is
so devastating, that it leads to the failure of the entire bundle.
Now, if the width δ of the distribution is small, then the value
of the minimal breaking strain xm is large. Consequently, when
the weakest fiber breaks, all the remaining intact fibers receive
a considerably larger share of the released stress, and so a
larger number of fibers tend to break, leading to the global
failure. On the other hand, if δ is large, xm is small, and the
avalanche created by the failure of the weakest fiber quickly
gets arrested. Since a bundle is quasibrittle, if the number
of avalanches required for the global failure is at least two,
therefore, tuning the value of δ > δc the bundle shifts from
the brittle to the quasibrittle phase. Therefore, in the limit of
N → ∞, the critical value of δc can be calculated by equating
the critical strain xc to the lowest possible breaking threshold in
the bundle which is the lower limit of the uniform distribution.
Thus 1/2 − δc = xc yields

δc(α) = 1/2α. (23)

Numerically, to find δc(α,N ) for a particular α and N , a
large sample of independent fiber bundles are considered, and
the value of δ is varied in small steps from 0 to 1/2. The fraction
of bundles that are brittle is denoted by the probability for a
brittle bundle Pb(α,N ). The value of δ for which Pb(α,N ) = 0
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FIG. 8. G(x) = eαx : (a) Plot of the critical width δc(α) against α

using open circles. The corresponding analytical form in Eq. (23)
has been shown in black solid line. The matching is quite good.
(b) For α = αc = 1 and for δc = 1/2, the probability of occurrence
of a brittle bundle has been plotted against N−0.333, and a very good
straight line fit has been obtained. On extrapolation, this line passes
very close to the origin.

is considered to be the value of δc(α,N ). For each value of
α, this calculation is then repeated for four different values
of N = 28, 210, 212, and 214, and the δc(α,N ) values are
extrapolated to obtain the asymptotic value of δc(α).

This calculation is repeated for different values of α, and
δc(α) is plotted against α in Fig. 8(a) along with the analytical
form. The numerical result matches well with the analytical
expression given by Eq. (23). However, this method did not
work for α = 1, where even for δ = 1/2, the probabilities
P (α,N ) are found to be nonzero. We therefore calculated
the probability P (α = 1,δ = 1/2,N ) for different values of
N and extrapolated them in Fig. 8(b) against N−0.333. The
data fit nicely to a straight line, and on extrapolation, the fitted
straight line passes through the origin. From this analysis we
conclude δc(α = 1) = 0.5. In a similar way, for α < 1, the
probability P (δ,α,N ) values for δ = 1/2 are nonzero, and on
extrapolation, the extrapolated value still remains larger than
zero. Since, by definition, δ cannot be greater than 1/2, we
conclude that δc(α) = 1/2 for all values of α in the range
0 < α � 1.

These calculations have been repeated for the stress-strain
characteristic G(x) = xα . The corresponding value of δc(α) in



this case is given by

F (x,α,δ) = Nxα

2δ
(δ + 1/2 − x), (24)

xc(α,δ) = [α(2δ + 1)]/[2(α + 1), (25)

δc(α) = 1/[2(2α + 1)]. (26)

Similarly, for G(x) = xeαx :

F (x,α,δ) = Nxeαx(δ + 1/2 − x)/2δ, (27)

xc(α,δ) = (t − 2 +
√

t2 + 4)/2α (28)

where t = α(1/2 + δ), (29)

δc(α) = (α + 3 −
√

α2 + 2α + 9)/4α. (30)

Here the limit of α → 0 implies G(x) = x, and therefore
limα→0 δc(α) = 1/6 gives us the same result obtained in
Ref. [10].

VIII. ADDITIONAL EXAMPLES OF BRITTLE
TO QUASIBRITTLE TRANSITIONS

In this section we consider more example cases where the
brittle to quasibrittle transitions take place. These examples
have different forms of the characteristic nonlinear stress (s)-
strain (x) functions, with different forms of the probability
distribution functions as the input. However, none of them has
any discontinuity in the function G(x). Yet a transition from a
brittle phase to a quasibrittle phase is observed in each case.

Case I: The form of the nonlinear stress (s)-strain (x)
function is

G(x) =
{
x, for 0 � x < 1
1 + (x − 1)α, for x � 1,

(31)

and the distribution of breaking strains is

P (x) =
{

0, for 0 � x < 1
x − 1, for 1 � x � 2.

(32)

For this case the functional form of the external load is

F (x) = N

{
x, for 0 � x � 1
[1 + (x − 1)α][1 − (x − 1)] for 1 � x � 2.

(33)

To exhibit the transition we display the variation of the
probability P (α,N ) of finding an arbitrary fiber bundle of size
N in the brittle phase for a specific value of α in Fig. 9. As the
system size increases, this distribution becomes increasingly
sharper. That is, for α < αc = 1, P (α,N ) → 0 and for α > αc,
P (α,N ) assumes nonzero values which approach unity for
large values of α. Further, we have plotted the variation of
σc(α) against α in Fig. 10(a), which exhibits a slow decay
on increasing α. Finally in Fig. 10(b) the fraction fb(α,N ) of
broken fibers before the last avalanche has been plotted against
α. When the nonlinear parameter α assumes very small values
α → 0, the fraction fb(α,N ) gradually tends to vanish as well.
On the other hand since the transition takes place at αc = 1,
the fraction fb(α,N ) is also zero at this point. This implies that
fb(α,N ) has a maximum between 0 < α < 1.
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FIG. 9. Case I: Probability P (α,N ) of finding an arbitrary fiber
bundle of size N in the brittle phase for a specific value of α. The
bundle sizes are N = 210 (black), 212 (red), 214 (green), and 216 (blue),
and the distribution becomes increasingly sharper with increasing N

at the critical value of αc = 1.

Case II: In this case the stress-strain relation is linear,

G(x) = x, for 0 � x, (34)

but the distribution of breaking strains is nonlinear and
is limited only between 1 � x < 2 and zero otherwise,
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FIG. 10. Case I: (a) Numerically obtained values of the asymp-
totic critical load σc(α) has been plotted against α. It gradually
decreases to a value of σc(α) = 1. (b) Fraction fb(α,N ) of broken
fibers before the last avalanche has been plotted against α for the
bundle sizes N = 28 (black), 210 (red), 212 (green), and 214 (blue),
and the curves become increasingly sharper with increasing N at the
critical value of αc = 1.



as

P (x) =
{

0, for 0 � x < 1
(x − 1)1/α, for 1 � x � 2.

(35)

For this case the functional form of the external load is

F (x) = N

{
x, for 0 � x � 1
x[1 − (x − 1)1/α] for 1 � x � 2.

(36)

Using a change of variable one can write

y =
{
x, for 0 � x < 1
1 + (x − 1)1/α, for 1 � x.

(37)

which on inversion

x =
{
y, for 0 � y < 1
1 + (y − 1)α, for 1 � y.

(38)

Therefore, the functional form of the external load becomes

F (y) = F (x) = N

⎧⎨
⎩

y, for 0 � y < 1
[1 + (y − 1)α][1 − (y − 1)],
for 1 � y � 2.

(39)

which has the same form as in Eq. (33) but in terms of y instead
of x. However, in spite of such a change of variable, the order
statistics sλ

(1), sλ
(2), . . . ,s

λ
(N) mentioned in Eq. (2) and Eq. (3)

remains unchanged.
Case III:

G(x) = x, for 0 � x, (40)

P (x) =
{

0, for 0 � x < 1
1 − 1/xα, for 1 � x � ∞,

(41)

F (x) = N

{
x, for 0 � x � 1
x1−α for 1 � x � ∞.

(42)

In the case of α = 1,

F (x) = N

{
x, for 0 � x � 1
1 for 1 � x � ∞.

(43)

In both cases II and III, our numerical simulation results
confirm the brittle to quasibrittle transition at αc = 1.

Case IV: The distribution of breaking strengths, i.e., either
breaking stresses or breaking strains of individual fibers, also
can play an important role in determining the overall behavior

of the fiber bundle. In a recent study [17] it has been seen
that the power law distribution of fiber breaking stresses can
also lead to a brittle to quasibrittle transition. In this case the
exponent ν defined by Eq. (4) depended explicitly on the cutoff
exponent of the distribution.

In a similar way, we define following Ref. [21] a cumulative
probability distribution of breaking stresses of individual
fibers:

PN (s) =
{

0, for 0 � s < 1
1 − 1/sα, for 1 � s � ∞.

(44)

Here a transition is also observed between the brittle and qua-
sibrittle phases, the transition occurring at αc = 1. However,
the transition is less sharp in this case; i.e., P (α) increases at
a slower rate for α > αc in comparison to cases I and II.

IX. SUMMARY

We have studied the breakdown properties of the bundles
of nonlinear elastic fibrous materials in the framework of
fiber bundle models, where each fiber has been assigned a
random breaking threshold of its own. We have observed
the well-known brittle to the quasibrittle phase transition at
a critical value of αc of the parameter α that defines the
nonlinearity in the stress-strain characteristic function G(x).
Using the analytical tools and numerical results, we study the
variation of αc(δ) as a function of the width δ of the distribution
of the breaking strains. Finally, the relaxation times are seen to
diverge with weak power law-modulated logarithmic (brittle)
and with logarithmic (quasibrittle) functional forms as the
critical point αc is approached. In addition, we have considered
three more cases, where the stress-strain relations are linear,
but the probability distribution of breaking thresholds is non-
linear. The brittle to quasibrittle transition has been observed
in these cases as well.
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