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Abstract X-rays and gamma-rays from astronomical
sources such as solar flares are mostly absorbed by the
Earth’s atmosphere. Resulting electron-ion production rate
as a function of height depends on the intensity and wave-
length of the injected spectrum and therefore the effects
vary from one source to another. In other words, the ion
density vs. altitude profile has the imprint of the incident
photon spectrum. In this paper, we investigate whether we
can invert the problem uniquely by deconvolution of the
VLF amplitude signal to obtain the details of the injected
spectrum. We find that it is possible to do this up to a cer-
tain accuracy. This leads us to the possibility of uninter-
rupted observation of X-ray photon spectra of solar flares
that are often hindered by the restricted observation window
of space satellites to avoid charge particle damages. Such
continuous means of observation are essential in deriving
information on time evolution of physical processes related
to electron acceleration and interaction with plasma in solar
atmosphere. Our method is useful to carry out a similar ex-
ercise to infer the spectra of more energetic events such as
the Gamma Ray Bursts (GRBs), Soft Gamma-ray Repeaters
(SGRs) etc., by probing even the lower part of the Earth’s
atmosphere. We thus show that to certain extent, the Earth’s
atmosphere could be used as a gigantic detector of relatively
strong astronomical events.
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1 Introduction

The study of the effects of solar flares (Whitten and Pop-
poff 1965; Mitra and Rowe 1972; Grubor et al. 2005;
Xiong et al. 2011; Palit et al. 2013) and other extra-
terrestrial high energy phenomena such as Gamma Ray
Bursts (GRBs) and Soft Gamma-ray Repeaters (SGRs)
(Inan et al. 2007; Tanaka et al. 2008; Mondal et al. 2012)
on Earth’s ionosphere is a subject of extended research for
last few decades. There have been numerous measurements
with Very Low Frequency (VLF) Radio waves (Mcrae and
Thomson 2003; Tanaka et al. 2010; Chakrabarti et al. 2010),
GPS (Afraimovich et al. 2001; Liu et al. 2004 etc.), RADAR
(Taylor and Watkiks 1970; Watanabe and Nishitani 2013
etc.) of such effects on different layers of the ionosphere,
namely, D, E and F regions. These effects, which fall under
a more generalized category, called Sudden Ionospheric Dis-
turbances (SIDS), consist mainly of sharp rise and slow de-
cay (flares, GRBs) and their repetitions (e.g., SGRs). Some
models are present in the literature to analyze the effects of
ionization on the ion-chemistry of the D-region (Mitra and
Rowe 1972; Turunen et al. 1992; Glukhov et al. 1992) and
E, F regions (Solomon 2006; Sojka et al. 2013 etc.). Based
on these schemes, successful modeling of the effects of solar
flares (Palit et al. 2013) and other extra-terrestrial phenom-
ena (see, Inan et al. 2007 for γ ray flare from Magnetar) on
the ionosphere has been carried out. With an advancement
of knowledge of interaction of solar photon with the iono-
sphere and the chemical processes undergoing there we are
now in a position to find spectral information of the ionizing
events using the upper atmosphere which is a natural and ev-
erlasting detector of high energy photons through its unique
response characteristics.

The photon spectra of solar flares are manifestation of
the interaction of energetic electrons, accelerated at the

http://crossmark.crossref.org/dialog/?doi=10.1007/s10509-016-2724-1&domain=pdf
mailto:souravspace@gmail.com


magnetic reconnection sites, as they travel down magnetic
field lines colliding with the increasingly dense plasma
(Brown 1971; Shmeleva and Syrovatskii 1973). Hard X-rays
and gamma rays produced during solar flares are the
bremsstrahlung of non-thermal electrons which are stopped
at the entrance of magnetic coronal structures into the denser
part of the solar atmosphere, whereas the soft X-rays are the
thermal bremsstrahlung from the plasma heated by those
electrons. During the impulsive phase of a flare the soft
X-ray flux and the cumulative time integral of the hard
X-rays are correlated. This correlation, which is called the
Neupert effect (Hudson 1991) is due to the fact that the
instantaneous SXR emission is related to the accumulated
energy deposited by non-thermal electrons up to that time
(Neupert 1968; Brown 1971). The X-ray photon spectra of
flares are of great importance in deriving information on the
electron acceleration and hence energy transport and physics
of solar flares.

X-rays and gamma rays of the injected spectra are also of
great interest mainly for lower ionosphere or the so-called
D-region and regions below it. Lower latitude D-region is
affected by X-rays only, as energetic charged particles from
the Sun are diverted by Earth’s magnetic field towards the
polar regions. Hence this low and mid latitude ionosphere
can be safely used as a ‘detector’ of high energy photons
from extra terrestrial sources. From the ionization interac-
tion of these photons we can compute the response func-
tion of this ‘detector’. Of course, there is no collimation and
pointing is very weak in the sense that the effects are the
highest at the sub-event location and die out away from it.
So unless there is a single energetic event which obviously
dominates the sky, the effects we normally see are due to
collective events and would be difficult to separate, as in any
other detector.

Altitude variation of Electron-ion production rates (Chap-
man 1931; Rees 1989) should naturally contain the in-
formation of energy distribution of the incoming photons.
Processes such as recombinations, attachments and detach-
ments etc. with or from ions and molecules, help electron-
ion densities to attain equilibrium values. Thus, for obvi-
ous reasons, the energy distribution of ionizing X-ray pho-
tons during solar flares must put it’s imprints in the form
of electron-ion density in the lower ionosphere during the
occurrence of an event. VLF is found to be only suitable
means by which the electron density at D-region ionosphere
can be estimated on a regular basis. Higher frequency radio
signals from devices, such as incoherent scatter radars are
usually very small and prone to be masked by interference
and noise. Satellite measurements are unlikely as air den-
sity at such heights produces too large drag for a satellite
to float. The height is also beyond the reach of scientific
balloons. Thus, we rely on VLF measurements for electron
density distribution measurements.

Variation of electron-ion density affects VLF signal am-
plitude as it is reflected from the D-region. Thus from the
change in VLF amplitude, it should be possible to extract
information about the injected spectra using suitable decon-
volution processes. In this paper, we have examined this pos-
sibility and start from the very basic continuity equation in-
side the D-region or the lower ionosphere. In what follows,
we present a few such results of deconvolution and the re-
sults of our attempts to find solar flare spectra from observed
VLF modulation data. Since VLF is reflected from lower
ionosphere or the D-region (in the day time), we can ac-
quire information about soft X-ray component only during
flare events. Results for other extra-terrestrial sources and
for higher energy component of the spectra will be presented
elsewhere. In a way, our present paper is exactly opposite of
what was presented in Palit et al. (2013), where we repro-
duced the observed VLF signals starting from the injected
solar spectrum.

The method represented in the paper is crucial in realiz-
ing ionosphere as a everlasting natural detector of the emis-
sions from astrophysical transients. The direct consequence
being the possibility of a VLF networks to continuously
monitor (even at the absence of space-based instruments)
the soft X-ray spectra of solar flares and other intense X-ray
transients, which are essential in understanding the physical
mechanism of the flaring events and also estimating the in-
fluence of those ionizing radiations on Earth’s atmosphere.
This work can also be seen as the first step in the process
of establishing the planetary atmospheres as the detector of
entire spectra of radiations from astrophysical objects.

In the next Section, we present the basic theory of how
the spectrum produces the electron density-height distribu-
tion or a function of it and demonstrate the process of ex-
tracting the spectrum information from the distribution pro-
file. Section 3 contains our VLF data corresponding to some
solar flares and how we reproduce the electron density in-
formation from the data. In Sect. 4, we present the result-
ing spectra and compare them with those obtained from
RHESSI satellite data. Finally, we discuss limitation of our
method and make concluding remarks in the last Section.

An estimation of the accuracy of the ionosphere-detector
in providing spectrum information is presented in Ap-
pendix A of the paper.

2 Basic theory

2.1 Continuity equation and the requisite transform

The dynamics of electron density in the lower ionosphere
(D-region in day time) is governed by a simple continuity
equation,

dNe

dt
= q

1 + λ
− αN2

e , (1)



where, Ne is the instantaneous electron density, q is the
electron-ion production rate by photons, which consists of
both the primary photo-ionizations and ionizations by the
photoelectrons. λ is the ratio of negative ion density and free
electron density and α is the effective recombination coeffi-
cient. Both λ and α vary with time and height and effective
variation of α can be calculated accurately (Palit et al. 2013).
In a normal situation, q mostly consists of contribution from
UV ionization. During a flare, the ionization in the D-region
by X-ray (mainly ∼2–12 keV) is much more dominant over
that due to enhanced UV. Thus, the height variation of q at
any instant of time can be assumed to be governed by the
incident X-ray spectrum only. A simplified form of q due to
X-ray as a function of time and height can be expressed after
a suitable modification of Chapman’s formula,

q(h, t) =
∑

j

∫
I0(ν, t)e−∑

kσk(ν)
∫ ∞
h nkCh(h,ψ)dh

× ηj (ν)σj (ν)nj (h)dν (2)

where I0(ν, t)dν is the irradiance or the solar flux at the top
of the atmosphere in the frequency range ν to ν + dν, σj (ν)

is the absorption cross-section for the j th neutral component
of air which is a function of energies of photons. nj (h) is the
concentration and ηj (ν) is the photo-ionization efficiency
for the j th component. Ch(h,ψ) is the grazing incidence
function and is given by (Rees 1989)
∫ ∞

h

njCh(h,ψ)dh

=
∫ ∞

h

nj

[
1 −

(
R + h0

R + h

)2

sin2(ψ)

] 1
2

dh (3)

for ψ < 90◦. From Eq. (1) and Eq. (2) we get

q(h, t) =
∫

I0(ν, t)f (h, ν)dν

= (1 + λ)

(
dNe

dt
+ αN2

e

)
, (4)

where,

f (h, ν) =
∑

j

e−∑
kσk(ν)

∫ ∞
h nkCh(h,ψ)dh

× ηj (ν)σj (ν)nj (ν)dν. (5)

Clearly Eq. (4) corresponds to integral transformation be-
tween two mathematical functions or spaces (ν and h

spaces) with the kernel f (h, ν) given by Eq. (5).

2.2 The basis functions

The basis function f (h, ν) in Eq. (4) is clearly the height
profile of electron density produced by a single photon in

Fig. 1 A few calculated basis functions f (h, ν), which correspond to
the electron density produced at a height h due to a single incident
photon of energy hν

c
(keV)

the energy range ν to ν + dν. We can find numerically
the functions from the knowledge of the X-ray absorption
cross-sections for different elements from NIST X-ray mass
attenuation coefficients table (Hubbell and Seltzer 1995;
www.nist.gov/pml/data/xraycoef) and the concentration of
neutral elements (MSIS 90 model, Hedin 1991) using the
values of ψ during the occurrence of the flare. An average
value of ηj is taken to be 31.4 as obtained in Palit et al.
(2013).

Some of the basis vectors are shown in Fig. 1. We find
that the contribution in electron production in our range
of interest (∼60–80 km) comes mainly from photons hav-
ing energy from 2–12 keV. We are interested here in the
heights corresponding to the D-region of the ionosphere,
from where VLF waves are reflected. At this region the val-
ues of the parameters such as λ and α are determined from
the interaction of neutral molecules, free electrons and three
species of ions, namely ‘Positive’, ‘Negative’ and ‘Posi-
tive cluster’ ions (Glukhov et al. 1992; Palit et al. 2013).
The photons in higher energy ranges can also contribute
in the electron-ion production rate at these heights, only if
the abundance of photons in those ranges are sufficiently
large, but for moderate solar flares this contribution above
∼20 keV is negligible with respect to that from below it.

For GRBs and SGRs, the contribution from higher energy
X-ray and gamma-ray photons should be significant and ex-
tended to much lower heights (down to ∼20 km). For such
events we have to take into account the basis correspond-
ing to higher energy photons and extend the analysis below
the D-region, where the chemistry of interactions is differ-
ent. For example, at lower heights (∼50 km) negative cluster
ions (Inan et al. 2007) has to be incorporated in the calcula-
tions.

http://www.nist.gov/pml/data/xraycoef


2.3 Deconvolution to recover desired spectrum

We present here the deconvolution method based on iterative
maximum likelihood estimation using a modified version of
Richardson Lucy algorithm to extract the spectrum informa-
tion.

If for a particular ν, f (h, ν) is considered as the Point
Spread Function (PSF) in a space expanded by the values
of height, then the spectrum can be deconvolved from the
profile q(N, dN

dt
) (see Eq. (4)) at any time with a Bayesian

based iterative Maximum likelihood estimation method. We
choose the Richardson Lucy algorithm (Richardson 1972;
Lucy 1974) and modified it somewhat to suit our case.

The Richardson Lucy algorithm in its most basic form is
given by

st+1
j = st

j

∑

i

qi

ci

fij , (6)

where

ci =
∑

j

fij s
t
j . (7)

Here, fij is the ion density produced in ith height due to
a single photon from flare in j th keV bin. qi corresponds
to observed density distribution at different heights, as cal-
culated from Eq. (4), sj is the expected latent distribution
which is to be improved by each iteration (t) from a triv-
ially chosen distribution, say s0

j . In general consideration,
the PSF corresponds to the distributed real response in place
of ideally desirable delta function response but in the ‘same’
mathematical space. In our case, fij is in the mathematical
space given by density-height distribution and is generated
from a single photon in spectrum bin, which corresponds to
our target space and different from the first one, so we had
to modify the algorithm as given below

st+1
j

∑

i

fij = st
j

∑

i

qi

ci

fij ,

or

st+1
j = st

j

∑
i

qi

ci
fij

∑
i fij

. (8)

From a uniform set of values, chosen for each of the s0
j s, the

algorithm given by Eq. (8) is found to converge, after a few
iterations, to a certain distribution of sj s. This set of values
of sj s can be taken as the injected spectrum.

We have explored other methods of deconvolution such
as using radial basis function decomposition, where both
sides of Eq. (4) are decomposed with a set of normalized
radial basis functions and the spectrum is obtained from in-
version of coefficient matrix. The method though not used
in this paper, is included as an exercise in Appendix B.

For this initial analysis, the maximum likelihood method
proved to be adequate.

3 Observation and analysis

In what follows, we analyze VLF amplitudes corresponding
to one M2.6 and one X2.2 class solar flares which occurred
on 7th of June, 2009 and 15th of February, 2011 respec-
tively. We use VLF signal amplitude for the NWC trans-
mitter received at the Ionospheric and Earthquake research
Centre (IERC) of Indian Centre for Space Physics (ICSP) at
a distance of 5691 km. The phase information has no role in
obtaining the injected spectrum. First, by using the LWPC
(Long Wave Propagation Capability) code developed by
Ferguson (1998), we obtain changes in the ionospheric pa-
rameters due to solar flares and then by using Wait’s formula
(Wait 1960, 1962; Wait and Spies 1964) we derive electron
density profile as a function of time and height (Thomson
1993; Grubor et al. 2008; Pal and Chakrabarti 2010). The
LWPC code is a collection of separate programs which can
be used according to user requirements. The Long-Wave
Propagation model (LWPM) is used as the default program
in LWPC. This model treats the ionosphere as having ex-
ponential increase in conductivity with height. A log-linear
slope (β in km−1) and a reference height (h′) define this ex-
ponential model. We use this default LWPC model to find
out the simulated unperturbed signal amplitude (Alwpc) at a
particular time.

In Figs. 2(a–b), we plot observed amplitude variations of
VLF signal as a function of time during the M and X class
flares. First, we calculate the deviation of the signal ampli-
tude by subtracting the value of quiet day signal amplitude
(Aquiet) from the perturbed signal amplitude (Aperturb) due
to flares.


A = Aperturb − Aquiet. (9)

We add this 
A with the unperturbed simulated signal am-
plitude as obtained from LWPC.

A′
perturb = Alwpc + 
A. (10)

This A′
perturb is then used to obtain β and h′ parame-

ters under the flare conditions. For this, we use the range-
exponential model of LWPC, where the user provides a set
of trial β and h′ parameter values at each time. The LWPC
program is run to obtain the signal amplitude for that set
and this amplitude is compared with A′

perturb (Grubor et al.
2008; Pal and Chakrabarti 2010). This process is repeated
till LWPC gives the signal amplitude which matches with
the A′

perturb. The set of β and h′ which agrees best at a given
time is chosen.



Fig. 2 Observed VLF amplitude for the (a) M-class and the (b) X-class flares

Fig. 3 Electron densities around the peak of the flares as calculated using Wait’s formula from the VLF data at different D-region altitude for the
(a) M-class and (b) X-class flares

The well-known Wait’s formula, that has been used to
calculate the electron density profile for lower ionosphere
during the flare is given by

Ne(h) = 1.43 × 1013 exp
(−0.15h′)

× exp
[
(β − 0.15)

(
h − h′)], (11)

where, Ne is the electron density in m−3 at a height h. We
put the deduced values of β and h′ to calculate the electron
density at different heights (for different h values) during the
peaks of the flares.

In Fig. 3, we plot electron densities around the peak time
of (a) M-class and (b) X-class flares at different altitudes
in the D-region. Values of the function q(h, t), as obtained
from Eq. (4) are shown in Fig. 4.

In our results we observe that peak of the electron density
and the peak of the ionization rate occur at different times.
As discussed in numerous papers (Zigman et al. 2007; Basak
and Chakrabarti 2013; Palit et al. 2014), the electron density

peak and hence VLF modulation peak during any such ion-
ization event should appear after a delay from that of the
event peak or the ionization peak. This is due to the slug-
gishness of the lower ionosphere. We use the deconvolution
method (Sect. 2.3) to calculate the spectra of the two flares
at their peaks using the profile of q(h) shown in Fig. 4.

4 Results

In Fig. 5, we show calculated photon spectra at the peak
time of the M and the X-class flares under consideration.
The solid curves correspond to the calculated spectra of the
flares and the dashed curves correspond to those obtained
from RHESSI satellite data (Sui et al. 2002). We took the
spectra of the flares from RHESSI satellite using sswidl data
analysis software. From the Figure we see that the recon-
structed spectra only from ∼3 up to ∼15 keV match with
the RHESSI spectra satisfactorily and above and below this



Fig. 4 Profile of q(h) at peak times of the (a) M-class and the (b) X-class flares calculated from electron density profiles in Fig. 3 using the right
hand side of Eq. (4)

energies, those deviate from the RHESSI spectra signifi-
cantly. This is probably because in the range of altitude of
60–80 km which VLF radio wave is sampling, the skywave
is affected by soft X-ray photons only. From the nature of
the calculated basis functions we find that for photons from
4 to 7 keV, most of the ionization occur in the height range of
60–80 km, below (≤3 keV) and above (8–15 keV) this band,
smaller but significant fraction of total ionization occurs in
that height range. We anticipate that our procedure to obtain
an approximate spectrum obtained by sampling 60–80 km
of the D-layer should be generally acceptable.

Since VLF radio samples only a thin shell of the iono-
sphere, it produces response function of a narrow energy
band. Thus, it is impossible to reconstruct the whole injected
spectrum. In Fig. 1 we clearly see that the high energy pho-
tons produce maximum number of electrons at a much lower
height and the photons in 2–3 keV ranges produces those at
height above the D-region also. Our method can reconstruct
this high energy component also, only if we combine more
advanced set of observations, such as those using Incoher-
ent Scatter Radar etc., along with VLF studies. Our present
effort is to be viewed as the first attempt to use the Earth’s
lower ionosphere as a gigantic detector to reconstruct ma-
jor radiation component that has impinged on it. In future,
we will combine results of multi-wavelength observations
to reconstruct more complete injected spectrum. Indeed, our
method would be very useful for those strong sources which
may even saturate conventional detectors.

5 Conclusions

In this paper, we have demonstrated that the Earth’s lower
ionosphere may be treated as a detector for strong sources
of high energy radiation. Depending on the physics of the

Fig. 5 Spectra of the flares at the peak times. Solid curves correspond
to calculated spectra and dashed ones are the corresponding spectra
obtained from RHESSI data. Lower pair of curves correspond to the
spectra of M-class flare and upper pair of curves correspond to the
spectra of X-class flare. Error bars calculated in Sect. 5 are also plotted
with the calculated spectra

interaction of the probe with the ionosphere, the energy
range of the spectrum will vary. Nevertheless as described
in the introduction, different ranges of spectrum have their
respective importance in the context of evaluating the actual
physics of energy transport occurring in the different part of
solar atmosphere.

In the present situation we use VLF radio propagation in
the Earth-ionosphere waveguide which samples lower iono-
sphere (60–80 km) during moderately strong flares. Since
this layer is most sensitive to photons of up to about 12 keV,
the spectra obtained at higher energies are not accurate
enough. We find (Fig. 5) that the Thermal bremsstrahlung
emission in M and X-class flares have been reproduced up
to about 15 keV quite satisfactorily. It is to be noted that
in Palit et al. (2013), we have already solved the ‘forward



problem’, i.e., reproduction of the deviation of VLF signals
obtained by VLF antennas from the X-ray spectrum. To our
knowledge, the ‘inverse problem’, namely, predicting radi-
ation spectrum from radiosonde studies is carried out for
the first time. We are aware of the fact that our final re-
sult strongly depends on the electron number density derived
from the signal amplitude anomaly. The conventional and
widely used LWPC code assumes that this number density
is uniform over the entire propagation path and thus depend-
ing on a specific path, where such assumption is clearly vi-
olated, other method has to be adopted to compute electron
density measurement. Our method uses all the tools avail-
able, namely, (a) h′ and β parameters obtained at the peak
flare time using LWPC, (b) the electron number density N
and dN/dT using Wait’s formula at times close to the peak
and finally (c) height distribution of the ion production rate
from continuity equation and its derivatives. Thus the accu-
racy of the final result can be improved only after improving
these intermediate steps.

Presently satellites engaged in observing solar radiation
have severe limitations. GOES obtains light curves in two
wide bands in X-rays. RHESSI misses spectra at peaks of
many flares as its good-time of observation is about twenty
minutes per hour. In that respect a series of relatively less ex-
pensive ground based antennas which can observe the Sun’s
impact on the lower ionosphere round the clock would be
more than welcome, since accurate behavior of the solar
spectrum can be obtained treating the Earth as a gigantic de-
tector. Ours is thus a novel and alternative approach to obtain
spectral information from strong sources with a maintenance
free large area detector.

The accuracy of the process adopted here, however, de-
pends on the following important aspects.

1. Choice of accurate basis function set is crucial. The ba-
sis functions are calculated here from purely theoreti-
cal considerations. For a proper deconvolution, the basis
should be adjusted from the knowledge of the ionization
obtained from theoretical and observational study. Simu-
lations such as Monte Carlo method adopted to calculate
the ionization in Palit et al. (2013) are required. In time,
the procedure could be perfected.

2. Proper calculation or observation of electron density
distribution over height and time should be done. The
LWPC estimation of the electron density is assumed on
the empirical Wait model of lower ionosphere. Accuracy
of the deconvolution of spectrum depends on the accurate
estimation of electron density distribution at all heights.
For this one may have to combine VLF observations with
other methods, such as RADAR measurements. In any
case, our approach remains valid and result would be
more accurate when methods to obtain electron density
is perfected.

3. Knowledge of the chemical processes and prevalent
rate coefficients and their evolution throughout the flare
occurrence time would be required. For instance, for
weaker flares new reactions requiring lower photon en-
ergy are to be fed in computing the basis functions.

Once we have probes to sample different layers of iono-
sphere, we are in a position to obtain a complete and more
accurate description of the injected spectrum of all com-
bined events on the ionosphere. In the day time, the dom-
inating ionizing agent is the Sun itself and therefore it is
expected that solar spectrum would be more accurately ob-
tained, than the spectra of distant energetic events. One can
find solar flare spectra in the entire energy range by extend-
ing the method above D-layer for the UV band of the spec-
trum and below D-layer for the hard X-ray and gamma ray
bands of the spectrum. Spectra of more energetic events such
as GRBs and SGRs in real time may be obtained, even when
a satellite is saturated or misses the peak data. We shall ex-
plore these possibilities in future.
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Appendix A: Observation limit and accuracy
of spectra

In this section we estimate the accuracy with which we can
estimate a spectrum of a solar flare in the range of our in-
terest with the VLF observation of ionospheric modulation.
The limit on accuracy is imposed by the minimum preci-
sion of the observed VLF data. This calculation is significant
in two ways: first, it imposes an error bar on the calculated
spectra and second, which is more important, it is equivalent
to the resolving power of the assumed ionosphere-detector,
(with VLF response analysis as read out mechanism) i.e., the
resolution or minimum difference in spectral features that
the detector can measure.

Since LWPC follows the Mode theory of VLF wave prop-
agation in Earth-ionosphere waveguide, we adopt the calcu-
lations from this theory. For the propagation of VLF in the
curved path between the Earth’s ionosphere and ground and
assuming a uniform height along the path the vertical elec-
tric field strength between a vertical transmitter and receiver
is given by (Wait 1960),

(E = E0W), (12)

where

W =
( d

a

sin( d
a
)

) 1
2
(

d

λ

) 1
2 λ

h
ei( 2πd

λ
− π

4 )

×
∞∑

n=0

ΛnGne
−i2π

C2
n

2 ( d
λ
). (13)



Here, E0 is the field of the source at a great-circle distance
d in a flat perfectly conducting earth, a is the radius of the
Earth, h is the height of the lower edge of the ionosphere and
λ is the free-space VLF wavelength. Λn is the coupling exci-
tation factor between VLF transmitter and different modes.
Gn represents the height gain factor at this wavelength and
is normalized to 1 at the ground and Cn is the cosine of an-
gle of incidence of nth wave mode in the lower ionospheric
layer.

The square of the amplitude of the field at the receiver
can be written as

∣∣W 2
∣∣ ∼

( d
a

sin( d
a
)

)
d

λ

(
λ

h

)2 ∞∑

n=1

∞∑

m=1

e−i k
2 (C2

n−C∗2
m )d . (14)

The VLF signal received, i.e., the value of the power inten-
sity averaged over width of the waveguide is obtained from

|E2| = |E2
0 ||W 2|, where

∣∣W 2∣∣ = 1

h

∫ h

0

∣∣W 2
∣∣dh

=
( d

a

sin( d
a
)

)
d

λ

(
λ

h

)2 ∞∑

n=1

e−i k
2 (C2

n−C∗2
n )d . (15)

Noting

C2
n − C∗2

n = k ImC2
n, (16)

assuming large distance (where very few (∼1) waveguide
mode persist) and replacing Cn by C we have

∣∣W 2∣∣ ∼
d
a

sin( d
a
)

d

λ

(
λ

h

)2

e−αde−(2G)
1
2 d

h , (17)

where

α = k Im
C2

2
, (18)

and

G = εω

δg + iεgω
, (19)

where, the ε and εg correspond to the dielectric constant
of the lower ionosphere and ground respectively, δg is the
ground conductivity and ω is the wave angular frequency
(Wait and Spies 1964).

If the VLF signal amplitude corresponding to the ambi-
ent and flare conditions are Va and Vf respectively, then the
difference


V = Vf − Va ≈ 20 × 2.3 × ln

(
W

2
f

W
2
a

)
, (20)

where, Wa and Wf are the average power intensity during
ambient and flare conditions.

From Eq. (17) we have,


V ≈ 46.0 ×
[

2

(
ln

h1

h2

)

+
(

1

h2
− 1

h1

)(
2Gd2) 1

2 − (α2 − α1)d

]
. (21)

The above theory is for an assumed sharply bounded
ionosphere, the effect of exponential variation of iono-
spheric conductivity can be included through the modifica-
tion of the attenuation rate parameter α. For VLF wave mode
propagation the amplitude part of the mode resonance equa-
tion reads as

e(−2dα) = |Ri ||Rg| (22)

where Ri is the reflection coefficient of the lowest layer of
the ionosphere and Rg is that of the ground.

If Ri2 and Ri1 are the ionospheric reflection coefficients
during the disturbed and ambient conditions respectively
and corresponding attenuation coefficients are α2 and α1 re-
spectively, then

α2 − α1 = − 1

2d
ln

∣∣∣∣
|Ri2|
|Ri1| . (23)

For lower D region the effective dielectric constant of the
medium can be approximated by an exponential function,
such that the relative permittivity can be put in the form
(Wait and Walter 1963),

K(h) = K0

(
1 − i

1

L
eβh

)
, (24)

where, K0 is the reference permittivity and L is a constant.
The parameter β is known as the conductivity gradient of
the ionosphere and is given by

β = 2.3
log( σ

σ0
)

(h − h0)
, (25)

where σ and σ0 are the conductivity at height h and a ref-
erence height h0 respectively. Then it can be shown that the
amplitude of the reflection coefficient for nth mode for any
type of polarization can roughly be expressed in the form,

(|Ri | = e
(− 2π2

λ0β
C))

. (26)

From Eq. (23) and Eq. (26) we can see that

α2 − α1 = π2

λ0dC

(
1

β2
− 1

β1

)
. (27)



Putting in Eq. (21) we get


V ≈ 46 ×
[

2

(
ln

h1

h2

)
+

(
1

h2
− 1

h1

)(
2Gd2) 1

2

− π2

λ0C

(
1

β2
− 1

β1

)]
. (28)

In the process of finding the parameters h′ and β from
VLF observation (Section, 3) during disturbed condition un-
certainty may appear in the values of the parameters. So re-
placing β2 by β and h2 by h′ and taking the differential we
get

2δ(
V ) ≈ 46 ×
[(

− 2

h′ − (2Gd2)
1
2

h′2

)
δh′ + π2

λ0C

1

β2
δβ

]
.

(29)

The factor of 2 in the left hand side of the equation appears
due to the fact that error or uncertainty may appear during
the observational measurements of the VLF signal for both
ambient and flare situations. In our case the minimum preci-
sion, i.e., the maximum error with which we can observe the
VLF signal is δ(
V ) = 0.1 dB. The maximum uncertainty
in h′ and β i.e., δh′ and δβ can be calculated by putting the
remaining terms equal to zero for each case.

Now taking logarithm and then differential of Eq. (11)
we get

δNe

Ne

= (
h − h′)dβ + (0.65 − β)δh′

or

(δNe = γNe). (30)

Putting the maximum uncertainties in the values of cal-
culated parameters obtained from Eq. (29) in Eq. (30) we
can find the maximum uncertainty in the calculated electron
density as a function of height.

Now taking differential of Eq. (4) and substituting the
value of δNe from Eq. (30) we have

δq =
∫

δI0(ν, t)f (h, ν)dν = γ (1 + λ)

(
dNe

dt
+ 2αN2

e

)
.

(31)

The quantity δI0(ν, t) can be calculated with the iterative
maximum likelihood method as described in Sect. 2.2. Two
error bars can be put to the calculated spectra by adding
and subtracting the values of δI0(ν, t) with the calculated
I0(ν, t) values. With the value of d = 5690 km, calculated
value of G = 4.6 × 10−4, λ0 = 15 km, C ∼ 0.1 and corre-
sponding values of h′ and β for the flares we find the val-
ues of γ for the M and the X-class flares are respectively

1.1 × 10−2 and 0.9 × 10−2. The error bars calculated with
these values from Eq. (31) are plotted in Fig. 5 with the cor-
responding calculated spectra.

Appendix B: Deconvolution using radial basis
function decomposition

Clearly the basis functions described in Sect. 2.2 are not
regular and orthogonal. We can approach this problem in
a different way by choosing a set of appropriate radial basis
functions since it can be shown that any continuous function
on a compact interval can in principle be interpolated with
arbitrary accuracy by a sum of these well behaved functions
(Orr 1996).

Let us divide the height of consideration (60–80 km) into
N equal intervals. We choose N Gaussian functions cen-
tered at the midpoint (hns) of those N intervals as our radial
basis functions. So the nth radial basis function has the form

φ = e
−|h−hn|

2σ2 . (32)

We divide the whole range of spectrum (say 1–100 keV) in
M separate intervals. We can write each of our original basis
as linear combination of the radial basis functions, so that

f (h, νm) =
∑

n

anmφn, (33)

where νm corresponds to the mth interval in photon en-
ergy. We calculate the coefficients anm by matrix inversion
method (for example, see Broomhead and Lowe 1988). Let
us assume anms form a matrix (A) of dimension n × m. As
each of the actual basis functions have their major contribu-
tion at different altitudes (as they are centered at different
heights) the column vectors of matrix A are clearly linearly
independent. So the matrix A is invertible.

Now the middle part of Eq. (4) at time ‘t’ can be written
as
∫

I0(ν, t)f (h, ν)dν =
∑

m

I0m

∑

n

anmφn,

=
∑

m

∑

n

I0manmφn,

=
∑

n

(∑

m

anmI0m

)
φn. (34)

Similarly, we expand the left hand side of Eq. (4) at the same
time with the radial Gaussian basis functions:

q(h, t) =
∑

n

qnφn. (35)



Comparing Eq. (34) and Eq. (35) we have
∑

n

anmI0m = qn. (36)

This is a matrix equation, which can be written as

AI0 = Q. (37)

Inversion of this equation

I0 = A−1Q (38)

gives the spectrum at the time of consideration.
This deconvolution method is an one step (matrix inver-

sion) process and the existence of unique deconvolution is
highly sensitive to the exact evaluation of the basis func-
tions and the values of the parameters, namely α and λ. On
the other hand, the method described in Sect. 2.3 is similar
to an iterative spectrum fitting process and gives a result irre-
spective of variation (even large) of the parameter and basis
values.
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