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The spacetime dependent Lagrangian formalism of Refs. 1 and 2 is used to obtain a clas-
sical solution of Yang–Mills theory. This is then used to obtain an estimate of the vacuum
expectation value of the Higgs field viz. φa = A/e, where A is a constant and e is the
Yang–Mills coupling (related to the usual electric charge). The solution can also accom-

modate noncommuting coordinates on the boundary of the theory which may be used to
construct D-brane actions. The formalism is also used to obtain the Deser–Gomberoff–
Henneaux–Teitelboim results10 for dyon charge quantisation in Abelian p-form theories
in dimensions D = 2(p + 1) for both even and odd p.
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The spacetime dependent Lagrangian formalism1,2 gives an alternative way to deal

with electromagnetic duality,3 weak–strong duality4 and electro-gravity duality.5

Here this method will be used: (a) to obtain an estimate of the vacuum expectation

value (vev) of the Higgs field in terms of the electric charge e and a constant, (b) to

show that the ’t Hooft ansatz for the gauge field is sufficient to yield a solution for

the Higgs field for r → ∞ without the necessity of any further ansatz for φ, (c) to

show that the ’t Hooft ansatz for obtaining the ’t Hooft–Polyakov monopole solution

is sufficiently general to lead to other solutions containing coordinates near the

boundary that do not commute and (d) to obtain the results of Deser, Gomberoff,

Henneaux and Teitelboim10 regarding dyon charge quantisation in Abelian, p-form

theories. Results (a) to (c) will be obtained in Sec. 1 while Sec. 2 deals with (d).

Section 3 comprises our conclusions.
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1. VEV of Higgs Field

In Ref. 1 it was shown that if the Lagrangian L′ is a function of fields ηρ,

their derivatives ηρ,ν and the spacetime coordinates xν and L′ be written as

L′(ησ , ησ,ν , . . . , xν) = L(ησ , ησ,ν)Λ(xν), then the variational principle gives equa-

tions of motion as
∫

dV (∂η(LΛ) − ∂µ∂∂µη(LΛ)) = 0 , (1)

Λ(xν) is the xν -dependent part in L′ and is a finite non-dynamical and non-

vanishing function. It is like an external field and equations of motion for Λ

meaningless. Duality invariance is related to finiteness of Λ on the boundary. When

equations of motion are duality invariant, finiteness of Λ on the spatial boundary at

infinity leads to new solutions for the fields. The finite behaviour of Λ on the bound-

ary encodes the exotic solutions of the theory within the boundary thus reminding

one of the holographic principle.9

Consider the Georgi–Glashow model with3

L = [−(1/4)Gµν
a Ga µν + (1/2)(Dµφ)a(Dµφ)a − V (φ)] (2a)

where usually one takes V (φ) = (λ/4)(φaφa −a2)2. The gauge group is SO(3), a, b,

c are SO(3) indices, with the generators τa satisfying [τa, τ b] = iεabcτ c. Gauge fields

Wµ = W a
µ τa. The field strength is Gµν

a = ∂µW ν
a − ∂νW µ

a − eεabcW
µ
b W ν

c , G̃µν
a =

(1/2)εµνρσGa ρσ ; and the matter fields φ are in the adjoint representation of SO(3).

The energy density Θ00 = (1/2)[(Ei
a)2+(Bi

a)2+(D0φa)2+(Diφa)2+V (φ)] ≥ 0. The

non-Abelian electric and magnetic fields are defined respectively as: E i
a = −G0i

a and

Bi
a = −(1/2)εi

jkGjk
a . The vacuum configuration is Gµν

a = 0; Dµφ = 0; V (φ) = 0.

There are also the Bianchi identities DµG̃a µν = 0. Duality invariance means that

DµGa µν = 0.

In Ref. 1 it was shown that for this theory

L′ = LΛ = [−(1/4)Gµν
a Ga µν + (1/2)(Dµφ)a(Dµφ)a − V (φ)]Λ(xν ) . (2b)

The equations of motion using (1) were:

Λ(DµGa µν) + (∂µΛ)Ga µν + Λeεabc(∂νφ)b(φ)c − Λe2εabcεbc′d′Wν c′φcφd′ = 0 , (3a)

(DµDµφ)aΛ + (Dµφ)a∂µΛ = −(∂φaV )Λ (3b)

and the Bianchi identities were: DµG̃a µν = 0 Requiring duality invariance

(i.e. DµGa µν = 0) gave the solution to Λ ≡ Λ(r) as

Λ∞ = Λ0 exp

[

−e

∫

∞

0

dr((εabc(Dνφ)bφc)(∂
irGa iν)−1)

]

, (4)

where Λp is the value of Λ at r = p; a, ν are fixed; and there is a sum over indices i, b

and c. Λ∞ must be finite. Choose this to be the constant unity. This may be realised

in various ways, the simplest being (Dν(φ)b ⇒ 0, (φ)c ⇒ finite, and the product

(Dνφ)b(φ)c falls off faster than Ga iν for large r. Then a constant value for Λ was
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perfectly consistent with (3b) and the conditions became analogous to the Higgs’

vacuum condition and in Ref. 1 it was shown how the ’t Hooft–Polyakov monopole

solutions follow naturally. We now discuss two other interesting possibilities.

Case 1

(εabc(Dνφ)bφc) ⇒ 0 (5)

(i.e. the duality condition (DµGνµ)a = 0) and falls off faster than Ga iν for large r

(a and ν are fixed). A solution is when

Dνφ = ανφ , (6)

where αν can be any Lorentz four-vector field that is consistent with all the relevant

equations of motion and the minimum energy requirements. The minimum energy

requirements are satisfied because it is straightforward to verify that the gauge

fields W µ
a do not change. This is seen by taking the cross product of φ (φ is an

SO(3) vector) with Eq. (6). We again arrive at the well-known results of Corrigan

et al.,7 viz. W µ = (1/a2e)φ ∧ ∂µφ + (1/a)φAµ, where Aµ is arbitrary.

As the gauge fields W µ
a do not change, so even with this solution we obtain

the same gauge field solutions as before and so minimum energy requirement is

automatically satisfied. However, this new solution allows us to obtain an estimate of

the vacuum expectation value of the Higgs field as follows. Let αν = (0, αi) ≡ α(r)r̂,

where r̂ is the unit radial vector. So the Bogomolny condition is Bi
a = Diφa = αiφa

and the Higgs vacuum condition obtained from Eq. (3b) (for r → ∞, Λ is a constant,

say unity) is

[Di(αiφ)]a = −∂φaV = 0 , (7a)

i.e. we are at minima of the potential V . If φa 6= 0, (7a) implies

div α + α
2 = 0 (7b)

and the solution is

α(r) = 1/(cr2 − r) , αi = ri/(cr3 − r2) , (8)

where we take the constant c to be negative. Now take the ’t Hooft ansatz for the

gauge field, viz.

W 0
a = 0 ; W i

a = −εaikrk[1 − K(aer)]/(er2) , (9)

where the function K(aer) has been well studied3 and goes to zero as r → ∞. Then

the electric field vanishes while Ga jk , Bi
a are

Ga jk = (1/er2)[2εajk(1 − K) + εaklr
l∂jK − εajlr

l∂kK]

+ (1/er4)[2(1 − K)(εaklr
lrj − εajlr

lrk)

+ (1− K)2(δajεcklr
crl − εjklrarl)] , (10a)

Bi
a = (1/er4)[(1 − K)2rari − 2(1 − K)rira]

− (1/er2)[ri∂aK − δi
arm∂mK] . (10b)
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Now Bi
a = Diφa = αiφa. Therefore, taking c = −A so that A is positive we have

φa =
(1 + Ar)

(er2)
[2(1 − K)ra − (1 − K)2ra + r2∂aK − rarm∂mK] . (10c)

It is easily seen that (10c) reduces to the ’t Hooft ansatz for φa for A = 0 and

r → ∞. Thus we have obtained an expression for φ without assuming any ansatz.

This had never been possible before. There is another interesting outcome. For

r → ∞ we have K → 0 and so

φa →
Ara

er
+

ra

er2
=

A

e
r̂a +

r̂

er
→

A

e
r̂a (11)

for r → ∞. But φa = aδa3 for r → ∞. Therefore a = A/e. Thus we have obtained

the vev of the Higgs field in terms of e.

Case 2

αν is any Lorentz four-vector field as in Case 1 but which may also carry internal

symmetry indices other than SO(3) with the generators of the symmetry satisfying

some Lie algebra [TP , TQ] = ifPQRTR. Let us take the group to be SU(2). I.e. say,

αν = αν
P TP ; P, Q, R = 1, 2, 3; TP being the generators of SU(2). Again choosing

αν = (0, αi
P T P ) with αP = αP (r)r̂ and using the well-known properties of the

Pauli matrices it is easily seen that the analogue of Eq. (7b) is

div αP = 0 (12)

which has the solution

αi
P = AP

ri

r3
, (13)

where AP are constants. Writing ri
P = AP ri = r3αi

P , we can then define new

coordinates

Ri = ri
P TP , [Ri, Rj ] 6= 0 (14)

and these are noncommuting. Moreover, they carry both Lorentz and internal in-

dices and hence are like gauge fields in some different theory. Note that transverse

coordinates (i.e. transverse to the brane and lying in the bulk volume) in D brane

theories are often identified with gauge fields8 and so we can construct such actions

with our solutions (14). Under these circumstances, Eq. (6) should be written as

∂P
µ φa − eεabc(W

b
µ)P φc = αP

µ φa ,

where the coordinates and their differentials are now matrices and capital alpha-

bets denote the indices of the new symmetry group. For fixed P , (W b
µ)P may be

identified with the old gauge fields W b
µ. We have taken the symmetry group for

αν to be some group other than SO(3) to ensure in the simplest possible way that

the fields (W b
µ)P for fixed P may be identified with the old (i.e. unchanged) gauge

fields W b
µ (P is now a fixed index) and so the minimum energy requirements are

satisfied in each sector of P = 1, 2, 3. (This is seen by taking the cross product
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of φ with the analogue of Eq. (6) and proceeding as before.) So each sector now

contains a monopole. Then we have a configuration that is quite similar to “string”

of monopole solutions connecting two D-branes. Such configurations are known in

the literature.8 Another point is that the vacuum expectation value of the Higgs

field is proportional to the inverse of the coupling e; and this result has been ob-

tained from the classical solutions. This result is similar to that obtained in Ref. 2

if we are ready to identify the inverse of Newton’s gravitational constant (which

is definitely the coupling constant in theories of gravity) as the vacuum expecta-

tion value of some field hitherto unknown. The solutions in Eq. (6) were hidden in

’t Hooft–Polyakov’s work. These had been overlooked before for the simple reason

that at that point of time one was more concerned in obtaining solutions from the

minimum (finite) energy principles. This was justified. We have obtained the solu-

tions from the requirement of duality invariance which is quite relevant at this point

of time. However, we have also shown that the duality requirements automatically

contain the minimum energy condition (Λ is also finite for Dνφ = 0). All the results

have been obtained as r → ∞, i.e. at the boundary. So the finiteness of Λ at the

boundary encodes the duality invariance of the theory within the boundary and

thus an analogue of the holographic principle9 seems to be at work. On the bound-

ary there seems to exist a different gauge field theory together with noncommuting

coordinates.

2. Dyon Charge Quantisation in Abelian p-Form Theories

In Ref. 1 the formalism of spacetime dependent Lagrangians was used to obtain

the Dirac quantisation condition. Here we shall follow the same method to obtain

the results of Deser, Gomberoff, Henneaux and Teitelboim10 regarding dyon charge

quantisation in Abelian, p-form theories. Our results follow from a simple generali-

sation of the Lagrangian in Ref. 1 and a generalisation of the interaction terms using

the completely antisymmetric symmetric tensor εab =
(

0 1

−1 0

)

and the symmetric

tensor ρab =
(

0 1

1 0

)

. In Ref. 1 we considered a U(1)⊗U(1) gauge invariant theory.

Aµ and Bµ were four-vector potentials corresponding to electric (e) and magnetic

(g) charges; Fµν , Gµν were the respective field strengths; jµ, kµ were the electric

and magnetic (current) sources with interactions between respective currents and

potentials introduced in the usual way. The Lagrangian was

L1 = −(1/4)F µνFµν − (1/4)GµνGµν − jµAµ − kµBµ (15a)

with F µν = ∂µAν − ∂νAµ; Gµν = ∂µBν − ∂νBµ; G̃µν = (1/2)εµνρσGρσ ; ∂µjµ =

∂µkµ = 0 (current conservation); ∂µAµ = ∂µBµ = 0 (transversality); ∂µFµν = jν ;

∂µF̃µν = 0; ∂µGµν = kν ; ∂µG̃µν = 0. Defining (note that ˜̃F = −F and ˜̃G = −G)

ξµν = F µν + G̃µν ; ξ̃µν = F µν − G̃µν (15b)

means ∂µξµν = jν ; ∂µξ̃µν = −kν . A complex interaction term if(Λ)αAµBµjνkν

was introduced where f(Λ) was a dimensionless function of Λ, and the spacetime
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dependent Lagrangian was written as

L = [−(1/4)F µνFµν − (1/4)GµνGµν

− jµAµ − kµAµ + if(Λ)αAµBµjνkν ]Λ(x) . (15c)

Equations of motion using (1) were set up, duality invariance imposed and the

solution for Λ obtained for appropriate sources jµ, kµ. Finiteness of Λ as r → ∞

led to the Dirac quantisation condition. The U(1)⊗U(1) invariance of the original

theory was broken.

We now use the above procedure to obtain the dyon charge quantisation con-

dition for Abelian p-form theories. First consider dimension D = 4. Then p = 1.

There are now two objects, each of which carries both electric (e) and magnetic (g)

charges. Accordingly, there will be two F ’s, two G’s, two A’s, two B’s and two j’s

and two k’s. Let the index a = 1, 2 denote these. We next choose the interaction

term as if(Λ)εbcαAµ
aBa µjν

b kc ν . Then the generalisation of the Lagrangian (15a)

becomes

L = [−(1/4)F µν
a Fa µν − (1/4)Gµν

a Ga µν − jµ
a Aa µ − kµ

aBa µ

+ if(Λ)αεbcAµ
aBa µjν

b kc ν ]Λ(x) . (16)

As before ξµν
a = F µν

a + G̃µν
a and ξ̃µν

a = F µν
a − G̃µν

a . Equations of motion that follow

from (1) are (for each a = 1, 2):

Λ(∂µξa µν) + [(∂µΛ)Fa µν − Λ(ja ν + ica ν)] = 0 , (17a)

Λ(∂µξ̃a µν) − [(∂µΛ)Ga µν − Λ(ka ν + ida ν)] = 0 , (17b)

where ca ν = f(Λ)αεbcjµ
b kcµBa ν , da ν = f(Λ)αεbcjµ

b kcµAa ν . Duality invariance

means ∂µξa µν = 0 and ∂µξ̃a µν = 0. This therefore implies

(∂µΛ)Fa µν − Λ(ja ν + ica ν) = 0 , (18a)

(∂µΛ)Ga µν − Λ(ka ν + ida ν) = 0 . (18b)

To solve the above for specific sources take Λ = Λ(x3) and assume that only

the ν = 0 component of the sources are present, we take the sources as

j0
1 = e1δ(x1)δ(x2)δ(x3), k0

1 = g1δ(x1)δ(x2)δ(x3) and j0
2 = e2δ(x1)δ(x2)δ(x3 − b),

k0
2 = g2δ(x1)δ(x2)δ(x3 − b). Then we get for ν = 0, 1, 2

(∂3Λ)Fa 3ν = Λ(ja ν + ica ν) , (19a)

(∂3Λ)Ga 3ν = Λ(ka ν + ida ν) . (19b)

For ν = 3, Fa 33 = Ga 33 = 0 for all a, and the solutions to (19a) and (19b) for

ν = 0 are:

Λ∞ = Λ−∞ exp[eaδ(x1)δ(x2)/Fa 30(x0, x1, x2, 0)]

× exp[if(Λ)αεbcebgcPa 0(x0, x1, x2, b)]
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= Λ−∞ exp[eaδ(x1)δ(x2)/Fa 30(x0, x1, x2, 0)]

× exp[if(Λ)α(e1g2 − e2g1)Pa 0(x0, x1, x2, b)] , (20a)

Λ∞ = Λ−∞ exp[gaδ(x1)δ(x2)/Ga 30(x0, x1, x2, 0)]

× exp[if(Λ)αεbcebgcQa 0(x0, x1, x2, b)]

= Λ−∞ exp[gaδ(x1)δ(x2)/Ga 30(x0, x1, x2, 0)]

× exp[if(Λ)α(e1g2 − e2g1)Qa 0(x0, x1, x2, b)] , (20b)

Pa 0(x0, x1, x2, b)

= (δ(x1))
2)(δ(x2))

2δ(b)Ba0(x0, x1, x2, b)/Fa 30(x0, x1, x2, b) , (21a)

Qa 0(x0, x1, x2, b)

= (δ(x1))
2)(δ(x2))

2δ(b)Aa0(x0, x1, x2, b)/Ga 30(x0, x1, x2, b) . (21b)

Proceeding as in Ref. 1, choose Λ∞ = Λ−∞ = 1 and consider the set of equations

(20a) and (21a). The two exponentials must reduce to unity. For the first exponential

this implies the Dirac string configuration where Fa 30 → ∞, and so the exponential

becomes unity. For the second exponential, the numerator in (9a) has singular δ-

functions and together with Ba 30 → ∞ since Fa 30 → ∞. So second exponential is

unity if exp[if(Λ)α(e1g2 − e2g1)Pa 0] = 1, i.e. exp[if(Λ)α(e1g2 − e2g1)]
Pa 0 = 1 (as

Pa 0 is finite). Therefore

f(Λ)α(e1g2 − e2g1) = 2πn . (22)

All the above results are true in each sector, viz., a = 1, 2. As in Ref. 1, there are

two possibilities: (a) f(Λ) = 0. Then the U(1)⊗U(1) invariance in each sector of L

is unbroken and we have the Dirac string configuration from the first exponential

Fa 30 → ∞. (b) f(Λ) = a finite constant. Then the U(1) ⊗ U(1) invariance in each

sector of L is broken and putting α = (~)−1, we get the Dirac quantisation condition

for dyons. For ν = 1, 2 a similar analysis will again lead to (22) and similarly for

the set of equations (20b) and (21b). Note that we have taken the same function

Λ in each sector of the theory. This is justifiable because finally we proceed to Λ

becoming unity in each sector.

Now consider dimension D = 6. This means p = 2. So we have two-form po-

tentials Aµν
a , Bµν

a . Then each of the antisymmetric field strengths F , G will be a

three-form in the Lorentz indices and we have the following constructions:

Three-form field stengths: F µνσ
a = ∂µAνσ

a − ∂νAµσ
a + ∂σAµν

a

Gµνσ
a = ∂µBνσ

a − ∂νBµσ
a + ∂σBµν

a

ξµνσ
a = F µνσ

a + G̃µνσ
a , ξ̃µνσ

a = F µνσ
a − G̃µνσ

a
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Two-form antisymmetric potentials Aµν
a ; Bµν

a (antisymmetric w.r.t. µ, ν)

Dual: F̃ µνσ
a = (1/3!)εµνσαβγFa αβγ ; G̃µνσ

a = (1/3!)εµνσαβγGa αβγ

Two-form currents: jµν
a = ea

∫

dxµ ∧ dxνδ6(x) ; kµν
a = ga

∫

dxµ ∧ dxνδ6(x) .

Take the Lagrangian as

L = [−(1/12)F µνσ
a Fa µνσ − (1/12)Gµνσ

a Ga µνσ − (1/4)jµν
a Aa µν

− (1/4)kµν
a Ba µν + if(Λ)αρbcAµν

a Ba µνjβσ
c kc βσ ]Λ(x) , (23)

where the matrix ρab =
(

0 1

1 0

)

. Now assume Λ ≡ Λ(x5) and that the only nonzero

currents are j0m
a and k0m

a where the spatial index m is fixed. Choose

j0m
1 = e1

∫

dx0 ∧ dxmδ6(x) , k0m
1 = g1

∫

dx0 ∧ dxmδ6(x) ,

j0m
2 = e2

∫

dx0 ∧ dxmδ(x1)δ(x2)δ(x3)δ(x4)δ(x5 − b) ,

k0m
2 = g2

∫

dx0 ∧ dxmδ(x1)δ(x2)δ(x3)δ(x4)δ(x5 − b) .

It is then straightforward to obtain the dyon quantisation condition by proceeding

exactly as before and the result is

e1g2 + e2g1 = 2πn~ . (24)

Thus the quantisation condition depends on whether p is odd or even.

This procedure can be generalised to arbitrary p-form fields by constructing

appropriate field strengths F , G taking appropriate sources j, k and choosing the

Lagrangian as

L = [−(1/2)(1/(p + 1)!)F µ1···µp+1

a Fa µ1···µp+1
− (1/2)(1/(p + 1)!)Gµν

a Ga µν

− (1/2)(1/p!)jµ1···µp

a Aa µ1···µp
− (1/2)(1/p!)kµ1···µp

a Ba µ1···µp

+ if(Λ)αΩbcAµ1···µp

a Ba µ1···µp
j

µ1···µp

b kc µ1···µp
]Λ(x) , (25)

where the matrix

Ωab = (1/2)[(1 + (−1)p+1)εab + (1 + (−1)p)ρab] . (26)

Currents will be defined as

jµ1···µp

a = ea

∫

dxµ1 ∧ dxµ2 . . . ∧ dxµp , (27a)

kµ1···µp

a = ga

∫

dxµ1 ∧ dxµ2 . . . ∧ dxµp . (27b)

Assuming as before that the only non vanishing currents are j
0µ1···µp−1

a and

k
0µ1···µp−1

a and Λ = Λ(xi), where i is some spatial coordinate, one can solve the
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relevant equations to get the dyon quantisation condition again by choosing the

sources j, k appropriately. Depending on whether p is odd or even we will have

e1g2 + (−1)pe2g1 = 2πn~ . (28)

We mention that for odd p we will have anti-self-dual field strengths, while for even

p we will have self-dual field strengths.

3. Conclusion

In this work the spacetime dependent Lagrangian formalism has been used: (a) to

obtain an expression for the vacuum expectation value of the Higgs field as A/e

which is definitely susceptible to experiments; (b) to show that the ’t Hooft ansatz

for the gauge field is sufficient to obtain an expression for the Higgs field without

assuming any additional ansatz for φ and the expression obtained reduces to the

’t Hooft ansatz for the Higgs field at r → ∞; (c) to show that classical solutions

of Yang–Mills theory also contain the germ of noncommuting coordinates residing

on the boundary and the structure of these coordinates are like gauge fields and

hence are relevant in constructing D-brane actions, (d) to obtain the dyon charge

quantisation in Abelian p-form theories10 and to show that the dependence of the

quantisation condition10,11 on p can also be accommodated (in our scheme this has

to do with the fact that coupling in the interaction Lagrangian depends on p through

the matrix Ωab. The importance of the dyon charge quantisation in the theory of

D-branes have been exhaustibly studied in Ref. 10. So we do not elaborate on

this. However, our formalism provides an alternate interaction Lagrangian picture

of the same), (e) to show that an analogue of the holographic principle9 is always

operative in all the above results, i.e. the finite behaviour of Λ on the boundary

gives rise to the exotic solutions within the bulk volume.
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