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H I G H L I G H T S
 G R A P H I C A L A
� Conducting property of dis-
ordered graphene has been stu-
died.

� Real space recursion method has
been applied for the study.

� Stone–Wales defects in graphene
introduce Fano resonance states.

� The resonance states appear at
occupied as well as unoccupied
part of the energy spectrum.
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B S T R A C T
We propose here a first-principles, parameter free, real space method for the study of conducting
properties of disordered graphene.
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In this work the conducting properties of graphene lattice (buckled as well as planar) having different
concentrations of defects are studied with the help of real space block recursion method introduced by
Haydock et al. Since the defects are completely random, reciprocal space based methods which need
artificial periodicity are not applicable here. Different resonant states appear because of the presence of
topological and local defects which are calculated within the framework of Green function. Except
random voids, in all other density of states (DOS) spectra there are signatures of Breit–Wigner and Fano
resonance at occupied and unoccupied regime respectively. Although Fano resonance states are not
prominent for graphene with random voids, however Stone–Wales (SW) type defect can naturally in-
troduce their resonance states. The appearance of localized states depends strongly on the concentration
of defects.
1. Introduction

During the last decade, extensive experimental and theoretical
works have been done to extract the fascinating properties of
graphene [1–5]. Because of its thermodynamic instability [6,7],
graphene was not believed to be observable as a purely two di-
mensional crystal. Novoselov et al. in 2004 [8] first experimentally
observed graphene crystal. The structure of graphene was theo-
retically proposed many years ago by Wallace [9] but only after its
experimental discovery it has drawn much attention of the sci-
entific community. It is believed that graphene should be a pro-
mising candidate in the area of nano electronics [10].

Defects are ubiquitous [11] in solids. They can drastically
change specific properties of the material. Defects in solids can
form naturally or during their preparation. They can be local, like
voids or vacancies [12,13], substitutional impurities [14] or ada-
toms [15–20]. It can also be extended like dislocations, stacking
faults and grain boundaries and Stone–Wales (SW) defects [21–24]
which are nucleated by 90° rotation of a C–C bond. Both extended
and local defects, like adsorbed atoms, can be visualized by scan-
ning tunneling microscopy (STM) images [25] and transmission
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electron microscope [26] respectively. These defects can limit the
mobility of electrons in graphene.

Pristine graphene has a Dirac point at the Fermi level. This
suggests that the conductivity of pristine graphene should be zero.
But experimentalists show us that there is a finite conductivity at
the Dirac point. This conductivity is of the order of e4 /2∼( ). They
referred to this as the quantum-limited conductivity. Ideally, in a
perfect lattice, the conductivity should be infinite. But because of
the presence of scattering sources in the lattice, conductivity be-
comes finite. The scattering sources originate in charged im-
purities [27] and spin–orbit coupling [1], for example.

Resonance scattering mechanism can also limit the electron
mobility in graphene [28]. Resonance scattering mechanism has
been studied by Robinson et al. [29] and Wehling et al. [30]. For
transport properties many have adopted the scattering T-matrix
approach [31,32]. Ostrovsky et al. [33,34] used a simple model,
where the electrons are assumed to move in a random potential,
to calculate the transport properties. Earlier, Peres et al. [35] have
used the same model to calculate the effects of localized and ex-
tended defects on graphene transport properties. However the
most widely used mathematical tool for conductivity calculation is
the Kubo–Greenwood formula [36]. The minimum conductivity of
graphene is e4 /min

2σ = ( ). Different scientists have obtained the
same value by using different approaches [35,37,38]. For more
information the readers are encouraged to read the excellent re-
view about transport properties of graphene by Peres [39] and by
Mucciolo and Lewenkopf [40].

Motivated by this, we have studied the transmittance of gra-
phene flakes and sheets with different concentrations described of
either local defects like voids and impurities or extended SW type
defects spread randomly throughout the lattice. In this paper, we
have followed the vector recursion method to obtain the scattering
S-matrix and from the transmittance T(E) obtained from that we
have estimated the conductance G using the Landauer formalism
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Study of extended defects, for example, multiple T-graphene
defects spanning more than 50 sites, cannot be done by single site
mean field theories (see Fig. 2). No mean field theory spanning this
many sites exists. We propose our real space based methodology
as one of the successful approaches in this area.
Fig. 2. Extended defect in graphene encompassing many atoms.
2. Methodology

There are mainly two types of methodologies one can adopt to
Fig. 1. (a) A graphene flake, (b) a graphene sheet, (c) a g
calculate transmittance. One of them is the wavefunction approach
and the other is the Green function method. In the former, one can
start from empirical models like the extended Hückel [41,42] to
first principles density functional techniques [43–45]. The main
motive of the wavefunction approach is to solve for the scattering
wavefunction of the system using various methods like the finite
difference method [46], the Lippman–Schwinger equation [47–49],
or the transfer matrix method [41,42,50–52].

In the Green function approach, explicit calculation of the
scattering wavefunction is not required. The effect of the coupling
between the leads and the central scattering region is accounted
for through the self-energy terms. Various methods based on the
Green function approach e.g. Gaussian [53], numerical atomic or-
bitals [54], wavelets [55] and plane wave basis [56] simply differ
from each other in the choice of basis of representation.

In Fig. 1 we show a disordered graphene flake, a graphene
sheet, a graphene stripe and a crumpled graphene sheet. In this
work we shall focus on the electronic structure of disordered
graphene flakes.

The subsequent procedure is illustrated in Fig. 3:

1. In our model we have attached two perfectly conducting and
semi-infinite leads to two sites on the scatterer. We now map
the quantum circuit into an equivalent effective chain, in the
first step, using the vector recursion method of Haydock et al.
[57,61]. Through this process the whole system naturally divides
itself into an effective linear scattering region and two attached
perfectly periodic chain leads. The information of the shape of
the leads and scatterer is encoded into the recursion coeffi-
cients. The asymptotic part of the coefficients is generated by
using the suitable “terminator” proposed by Magnus [62].

2. We now change over from the “real space” basis n{| 〉} to a vector
raphene crumpled sheet, and (d) a graphene stripe.



Fig. 3. (a) Graphene flake attached to perfectly conducting leads in a quantum circuit, and (b) reduction of the graphene flake into an effective linear chain attached to the
same quantum circuit and the final folded geometry for the input into vector recursion.
basis set: n n m, 1{(| − 〉 | + 〉)} = {∥ ⪢}. In this “folded” form the
system becomes a semi-infinite linear arrangement: with an
additional boundary condition m 1 0∥ + ⪢ = .

3. In the next step we have calculated the scattering matrix. It has
been calculated by solving the Schrödinger equation using the
block or vector recursion method of Godin and Haydock
[63–66]. In this stage wavefunction matching condition has
been applied at the lead-scattering region interfaces.

4. In the previous step the block or vector recursion method was
used to calculate the Green function or the resolvent. In the next
step the calculated resolvent is used to compute the transmit-
tance [64]. Datta et al. have used this technique for calculating
the transmittance of atomic wire [67]. It is worthy to point out
that the above procedure has some advantages. The whole
method is in real space. Reciprocal space based technique is
no longer valid here due to the presence of random defects in
the lattice. Besides we do not need to calculate the wavefunction
to solve the scattering problem. The basic input here is the
structure and the sparse Hamiltonian. The connection of this
method to density functional theory (DFT) method can be
established in terms of Wannier function based Hamiltonian
constructed from the DFT calculation [68–71].
The work of Heine and co-workers [57–61] introduced a
technique which is completely in real space and which makes
no appeal to the translational symmetry of the lattice. In this
real space method the input is the geometry of the lattice and
the tight-binding sparse Hamiltonian. This method has already
been used by us to find the signature of defects in the electronic
structure of graphene in the presence of random SW defects
[59].

2.1. The relaxed lattice with SW defects which are randomly
distributed

In this work four types of structures were taken to study the
conducting property: (a) planar graphene flakes with varying
concentrations of SW defects, (b) buckled graphene flakes with
varying concentrations of SW defects, (c) planar graphene stripes
with varying number of SW defects and (d) planar graphene sheet
with random vacancy or voids. To set up the flakes, we first start
with a planar graphene sheet containing 3200 atoms. Then ran-
domly choosing bonds on the flakes and rotating by /2π and re-
bonding lead to random SW defects in the lattice. First planar
relaxation is carried out, which produces planar graphene flakes
with random SW defects. Then out of plane relaxation is done
which produces buckled graphene flakes with random defects. The
whole lattice relaxation process was carried out by using the
density functional tight-binding method as implemented in a
sparse-matrix based DFTBþ code [72]. With this method a large
system can be handled with reasonable accuracy. The conjugate
gradient method has been used to relax the coordinates. 10 2− eV/Å
force convergence has been used for ionic relaxation and 10 eV4−

energy convergence has been used for electronic relaxation. The
geometry optimizations have been done at the Γ point in the
Brillouin zone (BZ). The Fermi smearing method has been used
with an electronic temperature of 100 K.

Due to this relaxation process, the rotated C–C bond length
compresses to 1.32 Å from its unrelaxed value of 1.44 Å. As a
consequence of this shortening of the bond length, the bond angle
at the apex of the pentagon compresses from 140° to 115°, which is
18.5%. Due to large changes the system experiences a compressive
stress along the direction of unrotated C–C bonds and a tensile
stress along the rotated C–C bond. The sheet then reduces this in-
plane stress by buckling in the z-direction. Due to this buckling a
non-planar rippled structure has been formed. The energy of the
system gets lowered due to this structural relaxation. Full lattice
relaxation is very important as it has profound effect on the
electronic structure of the material. In Fig. 1 we schematically il-
lustrate some structures which are used in this work. For details
about the relaxation procedure the readers are encouraged to see
our previous work [59].

2.2. The tight-binding Hamiltonian

Here we shall start our study by setting up a tight-binding
model to describe the two band model of π⁎ electrons in graphene.
The lattice parameter of pristine graphene is 1.42 nm. The nearest
neighbor overlap t is taken to be �2.78 eV. The origin of energy is
chosen to be at E p 0.36 eVz( ) = ϵ = − as derived in our earlier
work [59]. But when there are SW defects present in the system,
the nearest neighbor bond lengths are modified. This leads to the
off-diagonal disorder in t. We shall modify t by applying Harrison
scaling [73,74] accordingly, as the Stone–Wales defects present in
the system are randomly distributed. Due to the lack of transla-
tional symmetry in the graphene lattice we can no longer use the
rhombic lattice with two atoms per unit cell representation as in
the pristine graphene case.

The tight-binding Hamiltonian can be written as

H P t n m T
2n

n
n m

n m,∑ ∑ ∑ ∑= ϵ + ( − )
( )α

α α
αβ

αβ α β
≠

Here P and T are projection and transfer operators, respectively,
on the tight-binding basis labelled by n, α. We label the distorted
SW lattice sites with a label γ, then whenever α, β not equal to γ,
t t,α β( ) = and otherwise t t,α β( ) = ′. On this basis the re-
presentation of the Hamiltonian matrix is of infinite rank. The
infinite rank matrix can be reduced to a manageable finite rank
matrix by applying the Bloch theorem. But in the disordered sys-
tem particularly when the defects are topological distortion of the
lattice and these defects are distributed randomly throughout it,



lattice periodicity is absent and the reciprocal space representa-
tion is no longer valid. There is also some large super cell method
which suffers from artificial periodicity. So we should look for a
technique which is entirely in real space.

In these two leads systems, the leads are considered to be
perfectly conducting when on-site potential (ϵl) is taken to be
0 and the hopping term (tl) is taken to be �5 eV.

2.3. The terminator

After getting the Hamiltonian, we carry out the recursive al-
gorithm up to a finite number of steps. In this work for all the
structures we have carried out 171 recursion steps. To calculate the
DOS, analysis of the asymptotic part of the continued fraction is
very important. There are some termination procedures proposed
by Haydock and Nex [75], Luchini and Nex [76], Beer and Pettifor
[77] and in detail by Vishwanath and Muller [78]. Through the
terminator, we have to incorporate the singularities not only at the
band edges but also on the compact spectrum of the Hamiltonian
H. Muller and Vishwanath [78] have proposed a terminator of the
form
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The spectral bounds are at E1 and E2 with square root singularities
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2
1 2= . There are cusp singularities at E0 if p¼1, q¼1 or infra-

red divergence if p¼�1/2, q¼0. Magnus [62] has given a closed
form of the converged continued fraction co-efficients of the
terminator
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The parameters in the above form of the terminator can be esti-
mated from the continued fraction co-efficients calculated from
the recursion algorithm. Here we have used the Vishwanath–
Muller terminator for infra-red divergent singularities ( p 1

2
= ,

q¼0). The matching co-efficients from the terminator and the
calculated co-efficients from the recursion algorithm are illu-
strated in Fig. 4.

2.4. Block recursion

Consider a linear, Hermitian operator O which is represented
by an N�N matrix. The element of the matrix O is expressed in
terms of a set of basis vectors {v v v, , N1 2… }, so that
Fig. 4. Filled pink balls connected by pink lines denote the calculated continued fraction
denote the asymptotic part of the continued fraction coefficients obtained by using appro
defects in planar graphene flake (without rippling). (Right panel) Continued fraction coef
interpretation of the references to color in this figure caption, the reader is referred to
O v Ov 5ij i j= ( )†

where Oij is the element in the ith row and jth column of the
matrix representation of O and v† represents the adjoint of the
vector v. On this basis, vi is represented by a column vector (N�1
matrix). The ith element of the vector v is one and all the others
equal to zero. In the block recursion approach, the first step is to
define a block recursion vector u1, which is a N�2 matrix whose
first column is a column vector representing some basis vector vk
and the second column similarly represents some different vector
vi. The resolvent R of a matrix O is defined by the following
equation:

E ER I O 61( ) = ( − ) ( )−

where E is a scalar number and I is the identity matrix of the same
dimension as that of O. R provides a formal solution to the general
inhomogeneous equation

E x yI O 7( − ) = ( )

where y is a vector which is known and we want to solve for the
unknown vector x. If R is the resolvent of O, then we seek the 2�2
submatrix u uG R1 1= † of R. The resolvent submatrix G is given by
the projection of the resolvent operator EI O 1( − )− on the block
recursion vector u1. The matrix O can be transformed into a tri-
diagonal form by a suitable three term recurrence relation. Then G
can be written as a matrix continued fraction

E E E EG I A B I A B I A B B 81 1 2 2 3
1

2
1

1
1( ) = ( − − ( − − ( − − ⋯) ) ) ( )† † − − −

where G, A and B are 2�2 matrices, which can be determined
from the suitable vector relation. G is to be calculated only once for
each value of scalar E.

2.5. Quantum transmittance and block recursion

The quantum mechanical behavior of electrons can be found by
solving the time independent Schrödinger equation

H E 9ψ ψ= ( )

where H is the Hamiltonian, E is the energy and ψ is the vector.
Solving the above eigenvalue problem can often become cum-
bersome for systems having many degrees of freedom. The
transmittance of a medium is defined as the ratio of intensities of a
wave transmitted from the medium to a wave incident upon it.
Scattering of current carriers can be well characterized by calcu-
lating transmittance. It depends on at which the incident wave
impinges on a medium and the point from which the transmitted
wave propagates way. Now if the carrier motion in a material is
modeled by an elastic, single-particle Hamiltonian with a basis
coefficients from recursion algorithm and filled blue balls connected by blue lines
priate terminator. (Left panel) Continued fraction coefficients for 1.44% random SW
ficients for 1.44% random SW defects in buckled graphene flake (with rippling). (For
the web version of this paper.)



orbital. Thus the basis vector consists of two orbitals of spatially
different sites u1. Now if each of the orbital is coupled by a hop-
ping energy t to an orbital localized on a site at the end of the
semi-infinite lead, then the transmittance T is given by [64]

T E
e tG E

e tG E e tG E t G E

1

10

i

i i

2
12

11 22
2

12
2

( ) =
( − ) ( )

( − ( ))( − ( )) − ( ) ( )

θ

θ θ− −

where cos E
t

1
2 l

θ = ( )− and the subscripts specify the matrix elements

of G. The transmittance is to be calculated for t E t2 2l l− ≤ ≤ .
3. Results and discussions

In order to analyze or understand the result obtained from
conductivity calculation, we should first calculate the density of
states (DOS) of the structures which are used in this work. In Fig. 5
we have plotted the local density of states (LDOS) of some of the
structures used in this work. From the simulated LDOS it is very
clear that the signature of the disorder mainly appears near the
Fermi energy [39]. In Fig. 5(a)–(d), it can be seen that every
structure has divergent singularity at the Dirac point. Fig. 5
(a) depicts the LDOS of planar graphene sheet with 1.44% random
SW defects. In this figure apart from the presence of divergent
singularity at the Dirac point, we can see two prominent and
symmetric van-hove singularities around the Dirac point. This is
also observed in the pristine graphene case [1]. The distance be-
tween these two van-Hove singularities is the measure of optical
band gap. But when the rippling is introduced in the system (Fig. 5
(b)), the optical band gap is enhanced in magnitude than the
previous case. Thus, rippling actually increases the optical band
gap because it introduces an additional defect in the system apart
from SW defects. Because of this, electrons present in the system
need more energy for transition from bonding π to anti-bonding π⁎

orbital. In Fig. 5(c), we have plotted LDOS of graphene with 1%
random void in the system. The structure is almost similar to the
Fig. 5. (a) LDOS of planar graphene flake with 1.44% random SW defects, (b) LDOS of bu
random void, and (d) LDOS of planar graphene stripes with 5 random SW defects.
pristine apart from the singularity at the Dirac point. This infra-red
divergence at the Dirac point is because of the presence of random
voids. It is worthy to point out that voids introduce the zero-en-
ergy quasilocalized modes. Our results match quite well with the
earlier published theoretical results [39,79,80]. In contrast, the
optical band gap in the case of random voids remains unchanged.
The effect of random SW defects is most prominent in Fig. 5(d). As
the number of atoms in this case is ∼100 so here the back scat-
tering is stronger than the forward scattering due to the defect
changing the LDOS significantly from the pristine graphene case. It
can also be noticed that the optical band gap is also modified
significantly. From the above analysis it can be inferred that dis-
order mainly affects the Dirac point. Apart from the Dirac point,
the LDOS is finite on the spectrum. The wings of the resonant
states at the Dirac point are responsible for the finiteness of LDOS
near the Dirac point [39]. This non-zero but finite value of DOS is
responsible for the finiteness of conductivity due to disorder.

All the structures that we have studied here is nothing but
quantum circuit consisting of two leads. One is the incoming lead
and the other is the outgoing lead. Through the incoming lead, the
incoming wave is entering into the lattice and through the out-
going lead it is going out of the lattice. In ordered lattice the for-
ward scattering is exactly cancelled with the backward scattering,
so there is no net scattering within the lattice. This results as in-
finite conductivity. But in disordered lattice there must be some
net scattering left within the lattice which limits the conductivity
from reaching infinity. The interface effect [81] between the in-
coming and outgoing waves is responsible for the scattering effect
which is a common phenomenon in quantum circuit. In Fig. 6 we
have plotted transmittance and reflectance as a function of energy
for some structures having fixed defect concentration which are
used here. To see a clear picture of manifestation of defects on
conductivity we have plotted the logarithm of transmittance in
Fig. 7 of all the structures as a function of energy where the
parameter is the concentration of random defects within the lat-
tice. Apart from the random void case, both Breit–Wigner and Fano
ckled graphene flake with 1.44% random SW defects, (c) LDOS of graphene with 1%
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resonance states which respectively enhance and diminish the
transmittance can be observed in all the structures. Breit–Wigner
and Fano resonance states are noticed at the occupied and un-
occupied regime respectively. In Figs. 6(a) and (b) and 7(a) and
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(b) around 7–8 eV, some localized states are formed for graphene
lattice with random SW defects with and without rippling re-
spectively. These resonant states can be associated with the Fano
resonance [82–84] which occur when one or more discrete levels
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(the resonant process) interact with a continuum of states (the
background process). Near the resonant energy, the scattering
amplitude from background varies slowly with energy while the
resonant scattering amplitude changes magnitude and phase
quickly. It is this variation that creates the asymmetry in the re-
sonance profile which can be observed in Fig. 7(a)–(c). In case of
graphene stripe (Figs. 6 and 7(c)), as the number of atoms (∼100)
are less than that of the flakes, so here the Fano resonant states are
not prominent. From Fig. 7(a)–(c) the fluctuating behavior of the
logarithm of the transmittance with defect concentrations can be
observed. In case of random voids in the sample (Fig. 6(d)) the two
asymmetric transmittance peaks or reflectance dips coincide with
the two DOS peaks at the two sides of the Dirac point [85].
Asymmetry arises because here we have taken the hopping in-
tegral up to third nearest neighbor [59]. But in the logarithmic
scale the transmittance is flat (see Fig. 7(d)) within the whole
spectrum of Hamiltonian unless the concentrations of vacancy is
large. It can be seen that the magnitude of the transmittance is
decreasing with increasing concentrations of voids. It is because as
the concentration of the voids increases in the lattice, the number
of conducting electrons decreases, as a result the magnitude de-
creases with increasing defect concentrations.
4. Conclusion

While studying the conducting properties of different struc-
tures of graphene lattice containing different concentrations of
defects we found that SW defects in graphene can actually in-
troduce Fano resonant states. As the concentrations of SW defects
increase, we have found more localized states. As a result more
than one asymmetric resonant states appear in the unoccupied
part of the spectrum. For vacancy, unless the concentrations of the
defects are not very large, no prominent localized states can be
observed. We believe that the above results will shed light in fu-
ture in fabricating nano-electronic and spintronic devices.
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