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We show the differences in the stability of 3d–5d (CuAu) and 3d–4d (CuAg) alloys arise mainly due to relativistic

corrections. We examine the effect of relativistic corrections to the pair energies and order–disorder transition

temperatures in these alloys. The short-ranged order or segregation patterns in CuAu/CuAg alloys is also studied using

the Krivoglaz–Moss–Clapp model.
1. Introduction

In a recent publication [1] we have studied and
compared the behaviour of the 3d–4d NiPd and
3d–5d NiPt alloys and have concluded that the
main chemical difference between pairs of 4d and
5d transition elements is the relativistic contraction
of the valence s and p states relative to the d states.
Wang and Zunger [2] have studied ordered CuAu
and CuAg alloys and pointed out the effect of
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relativistic corrections in the formation energies in
these alloys. In this communication we shall show,
through a first-principle calculation, that in binary
alloys of CuAu the relativistic shift of the 5d band
of Au brings in closer the 3d band of Cu greatly
enhancing 3d–5d hybridization. In addition, the
relativistic s orbital contraction leads to a reduc-
tion of the equilibrium lattice constant around Au,
thus lowering the size mismatch with Cu. This
reduces the strain energy associated with packing
3d and 5d atoms of dissimilar sizes onto a given
lattice. Both the enhanced d–d hybridization and
the reduced packing strain are larger in CuAu than
in CuAg. This explains why CuAu form stable
ordered alloys, while the isovalent CuAg, made of
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elements from the same columns in the periodic
table, either phase separates or remains mostly in
the disordered phase. Simple arguments, such as
atomic size-mismatch or electro-negativity differ-
ences, do not explain these two different beha-
viours. In fact, the constituent elements in the
stable CuAu alloys have larger atomic size
mismatch than the unstable CuAg.

The aim of this communication is to argue that
it is important to include relativistic, at least scaler
relativistic, corrections to the electronic structure
calculations in these alloys, if we are to obtain even
qualitatively correct conclusions about their phase
stability. Even in cases where non-relativistic
calculations lead to the correct conclusion about
phase segregation, as in CuAg, for quantitative
results we still need to include scalar relativistic
corrections. We will note that for CuAu, the scalar
relativistic correction within the LDA is itself
enough to give the correct ordering behaviour.
However, if we wish to be quantitatively more
accurate we have to include the generalized
gradient corrections (GGA) to the LDA as well
as spin–orbit effects, which for Ag and Au may
become important. We have not included these in
this particular work, but inclusion of the spin–or-
bit coupling within the same recursion technique
has been developed by us [3]. We propose to
include these in future communications.
2. Theoretical and computational methods

For the ordered alloys we have carried out
electronic structure calculations through the tight
binding linear muffin–tin orbitals in the atomic
sphere approximation (TB-LMTO-ASA) [4–7].
These calculations are based on the solution of
the Kohn–Sham equations within the local density
approximation (LDA) with von Barth–Hedin
(vBH) [8] exchange correlations. Two sets of
calculations have been performed: one with scalar
relativistic corrections including the mass–velocity
and Darwin terms and another without.

When an alloy is formed, its equilibrium lattice
constant (a) is different from the equilibrium
lattice constants of the constituents (a0

A, a0
B).

Therefore, in alloy formation, there are two types
of formation energies. One is elastic formation
energy which is given by:

DHelast ¼ x½EAðaÞ � EAða
0
AÞ�

þ ð1 � xÞ½EBðaÞ � EBða
0
BÞ�

and another is chemical formation energy

DHchem ¼ EðAxB1�x; aÞ � xEAðaÞ � ð1 � xÞEBðaÞ,

where x is the concentration of one of the
constituents.

The sum of these formation energies is the
conventional alloy formation energy

DH ¼ DHelast þ DHchem. (1)

For stability arguments, we start from a
completely disordered alloy. Each site R has an
occupation variable nR associated with it. For a
homogeneous perfect disorder hnRi ¼ x, where x is
the concentration of one of the components of the
alloy. In this homogeneously disordered system we
now introduce fluctuations in the occupation
variable at each site: dxR ¼ nR � x. Expanding
the total energy in this new configuration about
the energy of the perfectly disordered state we get:

EðxÞ ¼ Eð0Þ þ
XN

R¼1

E
ð1Þ
R dxR

þ
XN

RR0¼1

E
ð2Þ

RR0dxRdxR0 þ � � � . ð2Þ

The coefficients Eð0Þ;Eð1Þ
R ; . . . ; are the effective

renormalized cluster interactions. Eð0Þ is the energy
of the averaged disordered medium. The renorma-
lized pair interactions E

ð2Þ

RR0 express the correlation
between concentration fluctuations at two sites
and are the most dominant quantities for the
analysis of phase stability. In the series expansion,
we will retain terms only up to pair interactions.
Higher order interactions may be included for a
more accurate and complete description.

The total energy of a solid may be separated
into two terms: a one-electron band contribution
EBS and the electrostatic contribution EES. The
renormalized cluster interactions defined in Eq. (2)
should, in principle, include both EBS and EES

contributions. Since the renormalized cluster
interactions involve the difference of cluster
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energies, it is usually assumed that the electrostatic
terms cancel out and only the band structure
contribution is important. Such an assumption
which is not rigorously true, has been shown to be
approximately valid in a number of alloy systems
[9]. Considering only band structure contribution,
it is easy to see that the effective pair interactions
may be written as:

E
ð2Þ
RR0 ¼ EAA

RR0 þ EBB
RR0 � EAB

RR0 � EBA
RR0 . (3)

We have computed these pair energies using
augmented space recursion (ASR) with the TB-
LMTO Hamiltonian coupled with orbital peeling
which allows us to compute configuration aver-
aged pair-potentials directly, without resorting to
calculations involving small differences of large
total energies. The details of this method is given
in our previous paper [10] and the references
therein.

For the calculation of order–disorder transition
temperature we have used Khachaturian’s con-
centration wave approach in which the stability of
a solid solution with respect to a small concentra-
tion wave of given wave vector ~k is guaranteed as
long as kBT þ V ð~kÞcð1 � cÞ40. Instability of the
disordered state sets in when:

kBT i þ V ð~kÞcð1 � cÞ ¼ 0. (4)

T i is the instability temperature corresponding to a
given concentration wave disturbance. V ð~kÞ is
the Fourier transform of pair energies and c is the
concentration of one of the constituent atoms. The
details are give in our previous paper [10] and
references therein.

The anti-phase boundary energies between L10

and L12 structures and their corresponding super-
structures A2B2 and DO22 [11] are:

x ¼ �V2 þ 4V 3 � 4V 4 (5)

for x40 L12 and L10 are the stable structures at
concentration 25% and 50% while for xo0, the
stable superstructures are DO22 and A2B2.

Our calculations are based on the generalized
ASR technique [12–17]. The Hamiltonian in the
TB-LMTO minimal basis is sparse and therefore
suitable for the application of the recursion
method introduced by Haydock et al. [18]. The
ASR allows us to calculate the configuration
averaged Green functions. It does so by augment-
ing the Hilbert space spanned by the TB-LMTO
basis by the configuration space of the random
Hamiltonian parameters. The configuration aver-
age is expressed exactly as a matrix element in the
augmented space. A generalized form of this
methodology is capable of taking into account
the effect of short-range order. Details are given in
our previous [12] paper and references therein.

For the treatment of the Madelung potential, we
follow the procedure suggested by Kudrnovský
and Dachal [19] and use an extension of the
procedure proposed by Andersen and Jepsen [4].
We choose the atomic sphere radii of the
components in such a way that they preserve the
total volume on the average and the individual
atomic spheres are almost charge neutral. This
ensures that total charge is conserved, but each
atomic sphere carries no excess charge. In doing
so, one needs to be careful about the sphere
overlap which should be under certain limit so as
to not violate the atomic sphere approximation.

The formulation of the ASR used for the
calculation in the present paper is the energy-
dependent ASR in which the disordered Hamilto-
nian with diagonal as well as off-diagonal disorder
is recast into an energy-dependent Hamiltonian
having only diagonal disorder. We have chosen a
few seed points across the energy spectrum
uniformly, carried out recursion on those points
and spline fitted the coefficients of recursion
through out the whole spectrum. This enabled us
to carry out large number of recursion steps since
the configuration space grows significantly less
faster for diagonal as compared with off-diagonal
disorder. Convergence of physical quantities with
recursion steps have been discussed in detail earlier
by Ghosh et al. [20] and Ghosh [21].

Experimentally, the instability of the disordered
phase to ordering may be seen in electron, X-ray
or neutron scattering experiments. This instability
may be studied by examining the Warren–Cowley
short-ranged order parameter related to the Four-
ier transform of the effective pair energies V ðkÞ

through:

aðkÞ ¼
bxð1 � xÞ

1 � bxð1 � xÞV ðkÞ
.
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3. Results and discussion

3.1. Calculations on ordered alloys

3.1.1. Formation energies

In Table 1, we show the calculated formation
energies of the L10 structure of CuAg and CuAu
alloys calculated relativistically (including mass
velocity and Darwin correction but without
spin–orbit couplings) as well as non-relativisti-
cally. The calculations were performed taking the
same lattice parameters that were calculated by
Wang and Zunger [2] and shown in their paper.
The relativistically calculated formation energies
(in mRyd/atom) are 6.21 and �5:97 for CuAg and
CuAu. We see the clear ordered alloy formation
trend of CuAu as contrasted with the phase-
separating tendency of CuAg. To gain better
insight into those trends, we have decomposed
the total formation energies into chemical forma-
tion energy and elastic formation energy. The
elastic energy of formation is the energy needed to
deform the elemental solids A and B from their
respective equilibrium lattice constants and to the
lattice constants of the final AB alloy. Since a
deformation of equilibrium structures is involved,
the chemical energy of formation is simply the
difference between the (fully relaxed) total energy
of the alloy and the energies of the de-formed
constituents. In general the elastic formation
energy is positive and that of chemical formation
energy is negative. The sum gives the conventional
definition of alloy formation energy and the
system is stable only if this formation energy is
negative. This clearly shows lower the volume-
deformation energy of the constituents enhances
Table 1

Formation energies in mRyd/atom

Alloy system DH form

CuAg (this work) 6.21 (8.13)

Wang and Zunger [2] 7.51 (9.34)

CuAu (this work) �5.97 (10.72)

Wang and Zunger [2] �3.64 (12.16)

The values shown in the brackets are without relativistic corrections.
the (negative) chemical formation energy giving
rise to the possibility of forming a stable ordered
alloy.

Table 1 shows that the relativistic effect
significantly reduces the elastic energy of forma-
tion of 3d–5d alloys (e.g. from 28.99–19.20 mRyd/
atom in CuAu). This effect is much smaller in the
3d–4d systems (e.g. 17.49–16.30 mRyd/atom in
CuAg). The reason for this can also be appreciated
by inspecting the non-relativistically and relativis-
tically calculated equilibrium lattice constants of
the FCC elements as already shown by Wang and
Zunger [2].

In addition to reduction in the (positive) elastic
energy of formation, Table 1 also shows that
relativistic corrections enhance the (negative)
chemical energy of formation (e.g. from �18:27
to �25:17 mRyd=atom in CuAu). This effect is
much smaller in 3d–4d alloys (e.g. from �9:36 to
�10:09 mRyd=atom in CuAg). There are two
effects that explain this relativistic chemical
stabilization. First the relativistic raising of the
energy of the 5d state reduces the 3d–5d energy
difference and thus improve the 3d–5d hybridiza-
tion; second the relativistic lowering the s bands
and raising of the d band leads to an increased
occupation of the bonding s band and a decreased
occupation of the anti-bonding d bands. These
effects can be appreciated by band centers shown
in Table 2 from which we can see that the 5d and
3d bands are closer to each other in the relativistic
limit than in the non-relativistic limit and play
important role for formation energies in these
alloys. From Table 3, it is seen that the difference
in hopping integrals between 3d and 5d are higher
than 3d and 4d in relativistic case which is the
DHelastic DHchemical

16.30 (17.49) �10.09 (�9.36)

18.74 (19.66) �11.23 (�10.32)

19.20 (28.99) �25.17 (�18.27)

27.43 (35.13) �31.07 (�22.97)
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Table 2

Band centers (C) mRyd/atom

Alloy system Site (A/B) s-orbital p-orbital d-orbital

CuAg Cu �441.9 (�423.3) 524.9 (503.6) �315.5 (�328.2)

Ag �423.5 (�362.9) 539.4 (529.6) �481.6 (�511.6)

CuAu Cu �436.1 (�426.4) 550.6 (492.9) �307.6 (�326.8)

Au �597.1 (�394.5) 485.6 (471.9) �456.6 (�536.2)

The values shown in the brackets are without relativistic corrections.

Table 3

Hopping integrals ðDÞ mRyd/atom

Alloy

system

Site

(A/B)

s-orbital p-orbital d-orbital

CuAg Cu 153.6 (150.1) 138.2 (133.7) 7.2 (6.6)

Ag 157.4 (157.4) 163.9 (160.0) 15.7 (14.0)

CuAu Cu 156.0 (145.1) 136.8 (124.8) 7.0 (5.9)

Au 144.0 (149.1) 166.7 (158.9) 22.2 (17.3)

The values shown in the brackets are without relativistic

corrections.
signature of higher overlap and hence the stability
in CuAu alloys with relativistic corrections. The
d–d interaction from different sub-lattices in the
late d alloys plays a key role. Relativistic correc-
tions result in the raising of the energy of the 5d
band, bringing it closer to the 3d band and in a
large charge transfer from the anti-bonding edge
of the 5d band to the bonding 6sp bands. This
enhances the chemical stability of the 3d–5d alloys.

Our results for formation energies are compar-
able, within the error window of our calculational
method, to the results obtained by Wang and
Zunger [2]. These authors used full potential
linearized augmented plane wave method with
exchange correlation functional of Ceperley and
Alder parametrized by Perdew and Zunger. They
have carried out k space integration with 8 � 8 � 8
mesh resulting 60 special k points. On the other
hand we have in our TB-LMTO calculation used
von Barth and Hedin exchange correlation func-
tional and we have carried out the k space
integration with 32 � 32 � 32 mesh resulting
2601 special k points to ensure the convergence
of total energy.
3.1.2. Separation between s and d band centers

It is seen that the phase stability in 3d–5d alloys
are brought by relativity through its effect on
heavier atoms. We know that the most dominant
effect of relativity is to lower the s potential. From
Table 2 it is clearly seen that the energy band
centre of Au in CuAu is lower in relativistic case
than in non-relativistic case. The lowering of s
potential causes (i) the s-wave-function to contract
leading to a contraction of the lattice, and
increased s–d hybridization which results in
electron transfer from d to s. We see that the
change in s–d separation is more in Au in CuAu
alloys than in Ag in CuAg alloys. The s–d
separation for Ag in CuAg alloy changes from
148.8 to 58.1 mRyd, whereas for Au in CuAu
alloy, it changes from 141.7 to �140:5 mRyd. Thus
the contraction of the s wave-function of Au and
the subsequent s–d hybridization must be respon-
sible for reducing the size mismatch and hence
reduces the strain in CuAu alloys giving rise to the
stable structures.

3.2. Calculations on disordered alloys

3.2.1. Effective pair energies

In Table 4, we show the effective pair energies
up to fourth nearest-neighbour in 3d–4d CuAg
and 3d–5d CuAu alloys.

The first nearest-neighbour pair interaction of
CuAg shows segregation behaviour which matches
with the positive value of formation energy of the
ordered calculations.

In CuAu alloy the pair interaction calculations
without relativistic correction shows segregation
tendency. Inclusion of these corrections lead to the
correct conclusion of an ordering behaviour. Our
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relativistic calculation in ordered CuAu shows that
the with L10 structure has lower total energy than
the A2B2 superstructure. This confirms a stable
L10 low temperature structure of CuAu. However,
the anti-phase boundary energy has the wrong
sign. This could be due to the fact that in CuAu
the APB energies are long ranged and more than
the fourth nearest-neighbour values need to be
taken.

3.2.2. Order– disorder transition temperatures

Using these pair interactions obtained by us, we
have calculated the instability temperatures in
CuAu alloys with relativistic corrections. For the
entropy part we have taken a simple mean-field
Table 4

Pair energies in mRyd/atom

Alloy

system

V 1 V2 V3 V4

CuAg �0.63 (�0.90) 0.09 (0.05) �0.02 (0.00) 0.12 (0.10)

CuAu 2.29 (�0.23) 0.19 (0.20) 0.06 (0.11) 0.21 (0.17)

The values shown in the brackets are without relativistic

corrections. V n ¼ E
ð2Þ
RR0 where R0 is a nth nearest neighbour of R.
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Fig. 1. The Short ranged pattern aðkÞ f
Bragg–Williams expression. Our calculation in
CuAu alloy shows an instability temperature
(246 K) slightly higher than the experimental
estimate (137 K). The Bragg–Williams tends to
overestimate the transition temperature, consistent
with our results.

Our calculations (with relativistic corrections)
on CuAg shows a disorder to segregation transi-
tion temperature as 184 K. This temperature in
non-relativistic case is slightly enhanced (201 K).
Both the values are lower than experimental
estimate (506 K).
3.3. Short-ranged order

The short-range order (SRO) patterns aðkÞ using
the pair interaction energies for CuAg and CuAu
are shown in Fig. 1. These patterns are calculated
above the ordering/segregation temperatures to
examine the effect of the onset of SRO in the
disordered phase. The SRO pattern for CuAu
show peaks at h1 0 0i positions. This correspond to
diffuse scattering peaks which clearly show the L10

short range ordering developing in this alloy. For
0

02

04

06

08

.1

000

200

220

020

CuAg
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CuAg the SRO pattern shows a peak at h0 0 0i,
confirming the onset of segregation in this alloy.
4. Conclusions

Our calculation for formation energies shows
that CuAu alloys are stabilized by inclusion of
relativistic effects. These effects ensures larger s–d
hybridization by lowering s orbitals and raising d
orbitals and lowers the strain and size mismatch in
these alloys. Similar calculations show CuAg to be
unstable and there is very little effect of relativity
in these systems. The pair interaction calculations
in these systems shows CuAu has L10 as the stable
ground state structure as predicted from experi-
ments. Pair interaction calculation shows CuAg to
be a segregating system as predicted from experi-
ments.
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