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To study the magnetic phases of CuMn, we carry out a generalized perturbation expansion of the band

energy across the composition range. We obtain the pair energy using the orbital peeling technique of

Burke, based on the tight-binding linear muffin-tin orbital and augmented space recursion methods. We

analyze the phases of the system by studying the probability distribution of the local staggered

occupation ’fields’ within a mean-field approach. We show that our predicted phase boundaries agree

well with experimental results.
Experimental work on CuMn alloys, in particular on their
magnetic properties, has had a very long history. As early as
1957 Schmitt and Jacobs [1] studied magnetic hysteresis in CuMn
with 2 at% Mn. Around the same time neutron scattering measure-
ments by Meneghetti and Sidhu [2] showed that for compositions
with 470 at% Mn the alloys exhibited anti-ferromagnetism, while
for compositions with o70 at% Mn only a diffuse peak near (1 0 0)
indicated lack of magnetic long-ranged ordering. A series of later
neutron scattering experiments could not resolve the exact nature
of the magnetic implications of this diffuse peak [3–7]. Some later
work [8–12] indicated the existence of both short-ranged as well as
long-ranged atomic and magnetic correlations. A detailed experi-
mental work of Gibbs et al. [13] established the magnetic phase
diagram of CuMn clearly: with a low-temperature spin-glass phase
at low Mn concentrations, a cluster-glass around 50 at% Mn
compositions and a ‘mixed’ phase or randomly canted anti-
ferromagnetic phase for Mn concentrations 470 at%. However,
indications of canted moments were emerging earlier. For example,
neutron polarization analyses [27–30] indicated that the (1 0 0)
diffuse peak may be caused by deviations away from purely
collinear anti-ferromagnetic structures. These deviations occur in
the direction perpendicular to the direction in which moments
order anti-ferromagnetically and have a short-ranged correlations.
These mixed or randomly canted structures with averaged canting
angle of 51 were proposed by Tsunoda and Nakai [31]. Using a
parameter fitted random Heisenberg model Chowdhury et al. [32]
showed that a mean-field description of the phase diagram
reproduced most aspects of the experimental data of the work of
Gibbs et al. [13]. The unsatisfactory part of that work was the fitting
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).
of the values for the pair energies and the assumption that these
were independent of the alloy composition.

In this work we shall start from a first-principles local density
functional based description of the itinerant valence electrons of
CuMn and, using the generalized perturbation approach which
expands the total band energy in terms of composition fluctuations,
obtain the pair energies and locate the temperatures where the
perturbation destabilizes the system. Identifying this with the
phase boundaries we shall show that these are in fair quantitative
agreement with experiment.

The usual statistical mechanical models used to study magnet-
ism and magnetic phase diagrams of alloys involve the Ising and
Heisenberg models, both of which involve localized moments.
Straightforward application of such models in our study poses
problems as magnetism in such metallic alloys are believed to be
itinerant magnetism. Consequently, these localized spin models
may be inappropriate. In order to describe our alloys we have to
begin with an itinerant picture. This we shall do within a local spin
density functional (LSDA) approach. We shall begin with the Kohn–
Sham equation for the valence electrons in the alloy. Our choice of
electronic structure methods will be guided by the fact that
subsequently we shall have to model substitutional disorder. We
shall choose the tight-binding, linear muffin-tin orbitals method
(TB-LMTO) [14]. Since the system is disordered, our description of
self-averaging properties will require configuration averaging.
There exists a whole body of work on different methods dealing
with configuration averaging [15–24]. In this work we have used
the augmented space recursion (ASR) [22]. The ASR goes beyond
the usual single-site CPA and takes care of disorder effects in the
immediate neighbourhood of a site. The reader is referred to the
above reference for details of the methodology.

The TB-LMTO-ASR allows us to obtain the configuration aver-
aged Green function 0Gs

~RiL~RiL
ðEÞT. From this we obtain the local

www.elsevier.com/locate/jmmm
dx.doi.org/10.1016/j.jmmm.2010.11.070
mailto:abhijit@bose.res.in
dx.doi.org/10.1016/j.jmmm.2010.11.070


density of states, the charge and magnetization densities and the
local magnetic moment per atom

nsðE,~RiÞ ¼�
1

p
Im TrL0Gs

~RiL~RiL
ðEþ i0þ ÞT

rsð~r�~RiÞ ¼

Z EF

�1

jFð~r�~Ri,EÞj
2 nsðE,~RiÞ dE

rð~r�~RiÞ ¼ rmð~r�~RiÞþrkð~r�~RiÞ

mð~r�~RiÞ ¼ rmð~r�~RiÞ�rkð~r�~RiÞ

mð~RiÞ ¼

Z
AS

d3~r mð~r�~RiÞ ð1Þ

The TB-LMTO-ASA, on which our calculations were based, parti-
tions the solid into atom centric atomic spheres (AS) labeled by ~Ri.
Fð~r�~RiÞ is the wave function in an AS and rð~r�~RiÞ is the charge
density within it. mð~r�~RiÞ is the magnetic moment density in that
AS. From this description it is clear that the magnetic moment is
smeared across the AS. mð~RiÞ integrated over an AS is the average
magnetic moment associated with it. These magnetic moments are
thus built up out of itinerant electron charge densities associated
with different spins.

Fig. 1 shows us the TB-LMTO-ASR component projected and
total densities of states for several characteristic compositions. The
top left panel shows that of the composition Cu30Mn70. The Cu and
Mn ‘bands’ are almost non-overlapping and CuxMn1�x is a split
band alloy. The minority component Cu has a rather featureless
impurity like spectrum imposed upon a broader Mn ‘band’.
Disorder scattering smoothens out sharp structures in the densities
of states. The bottom right panel shows the results for the
composition Cu90Mn10. Here we see the reverse: with a featureless
Mn impurity spectrum and a typical Cu face-centered cubic
spectrum at lower energies. At all compositions the signature of
a split band is evident.

In order to describe the magnetic phases of an itinerant
magnetic alloy we shall follow the generalized perturbation
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Fig. 1. Density of states for nonmagnetic CuMn for four compositions (n:m refer to n at%

method.
method first introduced by Ducastelle and Gautier [25]. We start
from a completely disordered nonmagnetic arrangement of atomic
spheres and into that system introduce local configuration fluctua-
tions as perturbations and expand the total band energy:

E¼ Edisþ
X

~Ri AMn

Eð1Þð~RiÞdx
Q
i þ

1

2

X
~Ri ,~Rj AMn

Eð2Þð~Ri,~RjÞdxi dxj . . . ð2Þ

In the alloy, Cu carries no magnetic moment. Consequently, the
summations ~Ri,~Rj are over those sites occupied by Mn. The scalar
variable dxi takes the value 71 according to whether the atomic
sphere labeled by ~Ri, occupied by a magnetic Mn, has its average
moment (constructed out of the itinerant electron charge densities as
discussed before) pointing in the quantization direction or opposite to
it. Note that dxi are not spin variables. Once the magnetic moment in
the AS labeled by ~Ri is built up from itinerant electron densities, the
variables dxi describe how the AS and its associated magnetic moment
densities are arranged as a pattern on the lattice. Thus, they are scalar,
classical variables. Our aim is to determine what arrangement is free-
energetically the most favourable.

Our procedure requires clarification. The formation of moments
in the atomic spheres is not described by the equivalent Ising model

DEC
1

2

X
~Ri ,~Rj AMn

Eð2Þð~Ri�
~RjÞdxi dxj ð3Þ

For the formation of moments we proceed, as described earlier,
from the Density Functional based TB-LMTO-ASR and first calculate
the spin dependent charge densities rsðr�RiÞ (within the atomic
sphere labeled by Ri) from the configuration averaged Green
functions and then (see the series of equations in Eq. (1)) the
magnetization density and the magnetic moment associated the
atomic sphere. This moment is dependent on the alloy composition
which enters through the augmented space Hamiltonian and
configuration averaging in the augmented space formalism (ASR).

The equivalent Ising model describes how these atomic spheres
carrying moments m(Ri)¼m (m) or m(Ri)¼�m (k) are arranged on the
lattice occupied by Mn. This is analogous to a binary alloy ordering
problem. We may think of an atomic sphere containing Mn atom
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Fig. 2. The pair energy functions up to fourth nearest neighbours for (top) Cu20Mn80

and (bottom) Cu90Mn10 alloys, obtained from the orbital peeling technique. The

inset shows the further neighbour pair energy functions near EF.
with m moment as the A component and that containing Mn atom
with k moment as the B component. We set up the equivalent Ising
model with the generalized perturbation expansion (GPM) of the total
energy exactly as we would do for the binary alloy. The subsequent
analysis describes the various phases: which are different patterns of
the A and B components arranged on those lattice points occupied by
Mn. A very similar argument was proposed for a ternary alloy by us
earlier [26].

The terms E(1)
ð~RiÞ, Eð2Þð,~RjÞ are called the renormalized single-

site and pair energies. The former plays no role in ordering of the AS,
while the higher terms like triplet and quadruplet energies are
assumed to be small enough to be ignored. It is easy to note from
the above definition that

Eð2Þð~Ri�
~RjÞ ¼

1

2

X
s,su

wssu Essu~Ri ,~Rj
ð4Þ

wherewssu ¼ 2dssu�1 and Essu~Ri ,~Rj
is the total energy of a paramagnetic

background with the sites ~Ri and ~Rj occupied by Mn, with s and su
describing the alignment of averaged magnetic moment in the AS.

This leads to

Eð2Þð~Ri�
~RjÞ ¼

Z EF

�1

dEðE�EF ÞDnðMnÞðEÞ ð5Þ

where

DnðMnÞðEÞ ¼ �
1

2pIm
X
s,su

wssuTr½ðEI�HðMns,MnsuÞ
Þ
�1
�av

where HMn s,Mn su is the Hamiltonian where every site is occupied
randomly by either Cu or paramagnetic Mn, but the sites ~Ri and ~Rj

are occupied by Mn atoms with s and su spins respectively. The
configuration averaging is carried out using the augmented space
recursion introduced by one of us [33]. Here

Tr½ðEI�HMn s,Mn suÞ
Þ
�1
�av ¼

X
i

X
‘,m

/~Ri‘m� |jðE~I� ~H
Mn s,Mn su

Þ
�1
j~Ri‘m� |S

ð6Þ

Details of the augmented space method have been described at
length in the above reference. Here we only remark that the tilded
operators are in the product space between H (in which H was
described) and the space of configurations F of the randomly
occupying Cu and Mn atoms. | is the ‘reference’ configuration
described in [33]. The average over random configurations is
related to a specific element in the augmented product space.
The reader is referred to the review [22] for details.

The change in the averaged local density of states is related to a
generalized phase shift ZðEÞ through the relation:

DnðMnÞðEÞ ¼
dZMnðEÞ

dE

where

ZMnðEÞ ¼ Log
det0GMnm,Mnm

ðEÞTdet0GMnk,Mnk
ðEÞT

det0GMnm,Mnk
ðEÞTdet0GMnk,Mnm

ðEÞT

" #

GMn s,Mn su are the resolvents or Green functions corresponding

to HMn s,Mn su. The behaviour of the phase shift is complicated
and the integration over the energy by standard methods is
difficult. In addition the integrand is multivalued. The way forward
was suggested by Burke [34]. Burke’s orbital peeling method was a
repeated application of the downfolding technique on the Hamil-

tonian ~H
Mn s,Mn su

and yields a ‘pair energy function’:

f ð~Ri�
~Rj; EÞ ¼

Xmk
s,su

X‘max

‘ ¼ 1

Xz‘,ssu
l ¼ 1

Z‘,s,su
m �

Xp‘,ssu
l ¼ 1

P‘,s,su
m þ p‘,ssu�z‘,ssu

� �
E

" #
where Z‘,s,su and P‘,s,su are the zeroes and poles of the Green

functions below E and z‘,s,su and p‘,s,su the number of such zeroes
and poles. These zeroes and poles are obtained by repeated
recursions on the peeled Hamiltonian [35].

Finally,

Eð2Þð~Ri�
~RjÞ ¼ f ð~Ri�

~Rj,EF Þ ð7Þ

Fig. 2 shows the pair energy functions for two characteristic
compositions: a low Cu content alloy, Cu20Mn80 and a low Mn
content alloy, Cu90Mn10. We note that although the general shape
of the pair energy functions are similar, quantitatively they depend
upon the composition. As a result, as shown in Fig. 3, the pair
energies themselves are composition dependent. In particular, the
dominant nearest neighbour pair energy has a distinct dependence
on the Mn concentration. For a low Mn concentration alloy with
almost the same compositions, we may compare our pair energy of
�1.5 mRy with �2.5 mRy found by Peil et al. [36]. Our calculation
was based on orbital peeling and augmented space recursion on
tight-binding linear muffin-tin orbitals method (TB-LMTO-ASR),
while theirs was based on the single-site coherent potential
approximation on the exact muffin-tin orbitals technique
(EMTO-CPA). Given that the pair energies are really small energy
differences, the two matches reasonably well. The error in esti-
mates of temperatures will be � 157 K which is tolerable in a
mean-field type approach. The further neighbour pair energies
rapidly decrease as its characteristic of disorder damped oscillatory
interactions. We have not gone beyond the fourth nearest neigh-
bours, since the numbers for more distant neighbours become
smaller than errors characteristic of the TB-LMTO-ASR and hence it
would be meaningless to quote such small numbers.



1.5 2
R (units of a/2)

-1.6

-1.2

-0.8

-0.4

0

E
2(

R
) (

m
R

y)

x=0.8
x=0.7
x=0.4
x=0.3
x=0.2
x=0.1

0.2
Conc of Mn

-1.5

-1

-0.5

0

E
2(

R
0)

 (m
R

y)

2.5 3

0.4 0.6 0.8

Fig. 3. (Top) E(2)(Rij) as a function of Rij for different compositions of CuxMn1�x.

(Bottom) Composition dependence of the dominant nearest neighbour pair energy.
Our mean-field analysis will begin with the equation:

DEC
1

2

X
~Ri ,~Rj AMn

Eð2Þðj~Ri�
~RjjÞdxi dxj

First of all, we note that in this analysis we do not deal with spin
dynamics. Our approach cannot deal with the anomalously slow
spin dynamics characteristic of the spin-glass phase. Rather, we
shall examine probability distributions of magnetization patterns
in the asymptotic time limit.

The free energy can be obtained from the above:

F ¼�
1

b
LogfTrfdxig

exp½�bDEðfdxig�g

The problem closely resembles a random classical Ising model with
fluctuating, long-ranged interactions. This problem has been dealt
with earlier by Mookerjee and Roy [37] within a mean-field
approximation.

In our case the dominant nearest neighbour Eð2ÞðRÞ o 0 and the
transition should be a pattern where the lattice sites occupied by
Mn have an AB ordering. We partition the lattice into two sub-
latticesL1 andL2 such that the nearest neighbour of an site inL1 is
in L2 and vice versa. We now define a staggered local occupation

variable x̂i and a staggered pair energy Ê
ð2Þ
ðRÞ as

x̂ix̂j ¼ Iijxixj and Ê
ð2Þ
ðj~Ri�

~RjjÞ ¼ IijE
ð2Þðj~Ri�

~RjjÞ ð8Þ

where Iij ¼ 71 according to whether ~Ri,~Rj are in same or different

sub-lattices.
We shall rewrite the energy difference in terms of the staggered
quantities:

DE¼
1

2

X
~Ri

X
~Rj AMn

Ê
ð2Þ
ðj~Ri�

~RjjÞx̂ix̂j ð9Þ

but now the dominant staggered nearest neighbour Ê
ð2Þ

40. We
shall closely follow the arguments of Mookerjee and Roy [37] for
binary alloys. This approach follows that suggested earlier by
Kaneyoshi [38], Plefka [39] and Thouless et al. [40]. The single-site
mean-field approximation leads to an estimate of the free energy
for a binary alloy:

F ¼
1

2

X
~Ri AMn

hin̂i�
1

b

X
~Ri AMn

logcoshðbhiÞ

the local staggered occupation parameters are n̂i¼/x̂iS the
thermal averages of the local staggered occupation numbers. The
local staggered ’fields’ are given by

hi ¼
X

~Rj AMn

Ê
ð2Þ
ðRijÞn̂j ð10Þ

where Rij ¼ j
~Ri�

~Rjj. On minimizing the free energy, the thermally
stable local staggered occupation parameters are given by

n̂i ¼ tanhðbhiÞ ð11Þ

In a disordered alloy the local staggered ‘fields’ are random. We
introduce the configuration averaged order parameters:

n̂ ¼

Z
dhi n̂iðfhigÞ PðfhigÞ

q¼

Z
dhi n̂

2
i ðfhigÞ PðfhigÞ ð12Þ

We evaluate the conditional probability density Pðf ~higÞ of the
staggered ‘field’ at ~Ri, scaled by the dominant nearest neighbour
staggered ÊðR0Þ, provided that the site is occupied by Mn by the
radon transform:

Pðf ~higÞ ¼
X
~R1

. . .
X
RM

Pð~Ri, . . .~RMÞ
Y
m
d ~hi�

X
Q u

X
~Rj

~E
ð2Þ
ðRijÞ n̂j

2
4

3
5

where ~E
ð2Þ
ðRijÞ is the scaled pair energy. We assume that there is no

clustering or chemical short-ranged correlations, so that any atom
can occupy any site with equal probability. Following the same
arguments of Mookerjee and Roy [37] for the binary case, we use
Eq. (11) and replace the delta functions by their configuration
averages to get

Pðf ~higÞ ¼
1

ð2pÞ3

Z
dk expðik ~hiÞ 1�

FQQ uðfkgÞ

M

� �N

where out of M sites of which N are occupied by Mn atoms.

FðfkgÞ ¼
X

R

Z
d ~hj Pðf ~hjgÞ½1�expf�ik ~E

ð2Þ
ðRÞn̂ðb ~hjÞg�

We shall now expand the exponential and, assuming that the
spatial moments

P
R½
~E
ð2Þ
ðRÞ�n rapidly decrease with n (which

implies that the spatial distribution of the pair energies is approxi-
mately Gaussian), we neglect all terms nZ3. We note that
limM-1N=M¼ x. We get the conditional probability density of
the scaled ~h and scale back to get the conditional probability
density of the local staggered occupation ‘fields’:

PðhiÞ ¼ ð2pJ2
1Þ
�1=2 expf�ðhi�J0Þ

2=2J2
1g ð13Þ
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Fig. 4. (Left) The mean-field phase diagram for CuMn, (right) experimental phase

diagram after Gibbs et al. [13].
where

J0 ¼ xn̂
X

R

Eð2ÞðRÞ ¼ kBT0n̂

J2
1 ¼ xq

X
R

fEð2ÞðRÞg2 ¼ k2
BT2

1 q

where n¼0niT and q¼0ðniÞ
2T are the two coupled long- and

short-ranged order parameters respectively, one related to the
centers of the distribution of hi and the other to their widths. They
are given by

n̂ ¼
1ffiffiffiffiffiffi
2p
p

Z
dz e�z2=2 tanh

T0

T
n̂

� �
þ

T2
1

T2
q

� �1=2

z

" #

q¼
1ffiffiffiffiffiffi
2p
p

Z
dz e�z2=2 tanh2 T0

T
n̂

� �
þ

T2
1

T2
q

� �1=2

z

" #
ð14Þ

The phase diagram is now given by the two equations (12) and (14).
In our case when there is only one magnetic constituent with
concentration x,

kBTN ¼ x
X

R

Eð2ÞðR,xÞ

kBTg ¼ x
X

R

Eð2ÞðR,xÞ2
( )1=2

How do we distinguish between the paramagnetic, anti-ferro-
magnetic and ‘spin-glass’ patterns? What we study is the prob-
ability density of the local field hi related to n̂i. This is the
probability density at t-1. Under the approximations stated
the probability density is a Gaussian centered at kBT0n̂ and with
width kBT1

ffiffiffi
q
p

. That is the definition of q. It is not the Edwards–
Anderson parameter q¼/m̂ðtÞm̂ð0ÞS as t-1.
(i)
 For the paramagnet since hi is certainly 0, the probability
density must be a delta function centered at 0. This happens if
n̂ ¼ q¼ 0. This is one of the solutions.
(ii)
 Another solution is n̂ ¼ 0, q40 and the probability density is a
Gaussian with width kBT1

ffiffiffi
q
p

and centered at 0. This picture is
only possible if we have a frozen, random pattern of equi-
concentration of A (Mn m) and B (Mn k) atomic spheres. This
picture is that of a disordered frozen moment phase with
overall zero moment which persists at long times. It is not an
unreasonable picture of a spin glass.
(iii)
 The third solution is n̂40, q40 and the probability density is
a Gaussian centered at kBT0n̂40 with width kBT1

ffiffiffi
q
p

40. This
picture is possible if we have a macroscopic cluster of A (Mnm)
or B (Mn k) atomic spheres occupying interpenetrating sub-
lattices interspersed with a few B (or A) spheres randomly in
the wrong positions, to give the probability density a spread.
This is the picture of a random anti-ferromagnetic phase.
(iv)
 The mixed or randomly canted phase is not one of the solutions.
We expect this, because the model of itinerant electrons on which
our description was based allowed for only collinear magnetism.
In order to study the mixed or randomly canted phase we have to
begin with a formulation that allows for non-collinear magnetism.
Such a formulation of the LSDA exists [42–48] and we shall report
this generalization in a future communication.
Mookerjee and Roy [37] have studied the T¼0 phases and have shown
that there exists a critical concentration xC beyond which there is a
transition from paramagnetic to an anti-ferromagnetic to a re-entrant
spin-glass phase. If we assume the pair energies E(2)(Rij) are indepen-
dent of composition, which is approximately the case with ferromag-
netic Fe in AuFe alloys, then the para-ferro boundary behaves as � x
and the para-spin-glass boundary as
ffiffiffi
x
p

. However, for CuMn, as we
have seen earlier, the pair energies and hence J0 and J1 have additional
composition dependence. Fig. 4 (upper panel) shows the mean-field
magnetic phase diagram for CuMn while the lower panel shows the
experimental results taken from Gibbs et al. [13]. Mean-field
approaches always overestimate the transition temperatures. With
that in mind, the theoretical prediction matches rather well with
experimental data. At low Mn content we have transition between
paramagnetic to the spin-glass phases, while for high Mn content alloys
(470 at%) we have transition from paramagnetic to collinear anti-
ferromagnetic to the mixed phase at lower temperatures.

For CuMn the mean-field picture is not complete. There is
enough evidence of both atomic and magnetic short-ranged order
developing in the alloy. Peil et al. [36,41] have carried out a detailed
study of one specific composition Cu83Mn17. They have analyzed
the effect of simultaneous atomic and magnetic ordering and have
concluded that their work agreed well with recent neutron
scattering experiments [9–12]. The simple mean-field picture of
a homogeneous spin-glass phase has to be modified in the presence
of such short-ranged ordering. A similar thorough first-principles
study is called for in the entire composition range.
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