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Motivated by the recent experimental reports, we explore the formation of Rayleigh-like instability

in metallic nanowires during the solid state annealing, a concept originally introduced for liquid

columns. Our molecular dynamics study using realistic interatomic potential reveals instability

induced pattern formation at temperatures even below the melting temperature of the wire, in ac-

cordance with the experimental observations. We find that this is driven by the surface diffusion,

which causes plastic slips in the system initiating necking in the nanowire. We further find the

surface dominated mass-transport is of subdiffusive nature with time exponent less than unity. Our

study provides an atomistic perspective of the instability formation in nanostructured solid phase.

I. INTRODUCTION

Structural instability associated with cylindrical column

of liquid is a well known phenomenon. It was first modeled

by Lord Rayleigh in 1879,1 based on an earlier proposition

by Plateau.2 Owing to such instability, a column of diameter

d0 undergoes a lateral modulation as dðzÞ ¼ d0 þ d sin 2pz
k

� �

along the axial (z) direction of the column, where k and d
represent the wavelength and amplitude of the perturbation,

respectively. Modulations with wavelength k exceeding the

critical value pd0, grow in amplitude and reduce the chemi-

cal potential of the system. Eventually, the column under-

goes fragmentation and gets reduced to a chain of liquid

droplets. The concept of this instability has been traditionally

developed within a continuum framework. Recent molecular

dynamics (MD) simulations have established the validity of

Rayleigh criterion also for liquid columns modeled by atom-

istic Lennard-Jones potential.3

Conventionally, the notion of Rayleigh instability has

been associated with liquids. However, in 1965, Nichols and

Mullins4 modified the perturbation based approach of

Rayleigh by taking into account the diffusive mass transport,

to predict possible instabilities in cylindrical solids. While,

for many years, the above concept remained a topic of only

analytical study, recent experimental reports have created

renewed interest in Rayleigh-like instabilities in the solid

systems. These experiments report the formation of morpho-

logical instability in one-dimensional systems like nanowires

(NW), even in the premelting regime, when the structure

remains in solid phase. For example, solid-state instabilities

in metallic NWs have been observed during the vacuum

annealing for sufficiently long durations,5,6 as well as in

focused-ion-beam experiments at room temperature.7 This

becomes an issue of major concern in view of the fact that

nanowires are important components of many nano-

electromechanical and nano-electronic devices,8,9 where the

transport properties are sensitive to morphological perturba-

tions.10,11 In addition to NWs, experiments on nanobelts12

and fractal thin-films13 have also reported instabilities in

solid state.

The process of diffusive mass transport is intrinsically

associated with the formation of structural instabilities in

solid NWs. The study of Nichols and Mullins4 differentiated

between the mass-transport mechanisms corresponding to

that of surface and volume diffusion. However, the oversim-

plified assumption of isotropy in their original treatment4

forbids the identification of diffusion mechanism by compar-

ing with experimental investigations.6,14,15 Moreover, apart

from the mechanism of mass transport, solid-state plasticity

is another important feature that distinguishes the instability

of a liquid column from the liquid-like instability of a solid

structure. The relation between diffusive mass-transport and

the role of plasticity during the formation of instabilities in

solid phase remains an open question. A simple force-

balance approach16 yields the critical diameter for instability

as 2rS

rY
, where rS and rY denote the surface tension and yield

strength of the nanowire, respectively. However, the force

balance approach based on simple continuum model is not

expected to be rigorously applicable for a discrete crystalline

system. The consideration of specific crystal structure

becomes even more important for nanostructures, for which

the assumption of plastic homogeneity, as in force balance

approach, is not valid. To the best of our knowledge, no
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theoretical study has explicitly investigated the occurrence

and role of plastic slips of crystalline planes during instabil-

ity formation in premolten solid phase.

Over the last few decades, the technique of molecular

dynamics simulation has emerged as a powerful tool to

unveil the intrinsic details underlying the dynamic processes

of materials. Nevertheless, its application to the problem of

Rayleigh instability is almost non-existent, with the excep-

tion of application confined only to columns of simple

liquids.3 The present study is aimed at exploring the process

of solid-state Rayleigh-like instability and associated pattern

formation in a metallic nanowire through direct MD simula-

tions. We use Cu as a representative system. Simulations are

performed on Cu NW, modeled by semi-empirical intera-

tomic potential, to directly observe the fine details of the

underlying mechanism. We first test the validity of Rayleigh

criterion for molten nanowires of different diameters mod-

eled with an embedded atom method (EAM) potential, a spe-

cific semi-empirical interatomic potential. This is followed

by a detailed exploration of the solid-state instability in pre-

molten nanowire. As the formation of instability-induced

surface patterning has to be attained within the time span ac-

cessible to MD computations, simulations are performed

with nanowire of 2 nm diameter. Our simulations, even with

such ultrathin nanostructure, successfully capture the basic

features of liquid-like instabilities in solid-phase, as observed

experimentally for nanowires in premolten phase with diam-

eters of a few tens of nanometer, and annealed over macro-

scopic span of time.5,6 The present study further reveals the

correlation between the Rayleigh-like instability formation

and the plastic deformation of a realistic anisotropic crystal-

line nanostructure.

II. SIMULATION METHOD

A 2 nm diameter copper NW is constructed with the

equilibrium lattice parameter of 3.62 Å along [111] direction,

in accordance with many experimentally reported growth

direction of metallic nanowires.17,18 This NW is placed in

the middle of a square cross-sectional simulation box of lat-

eral dimension 6 nm to remove the image interactions result-

ing from the periodic boundary condition. The constructed

NW is periodic along the axial (z) direction that makes the

NW infinite along the axis. Keeping the diameter of the NW

fixed, we vary the length of the simulation cell (L) so that

the length of periodicity of the Cu NW could be varied. The

length L can be compared to k introduced in the context of

instability formation, as L imposes an upper bound on k
owing to the periodic boundary condition of the simulation

cell. Interatomic interactions within the Cu wire are modeled

by an EAM potential developed by Zhou et al.19 This is

obtained by fitting to the experimental and/or ab initio results

of several mechanical, structural, and thermodynamic prop-

erties of the material. The structural optimization is achieved

through the conjugate gradient algorithm.20–22 MD simula-

tions in the NVT ensemble are realized by means of Nos�e-

Hoover thermostat.23,24 All the molecular statics and

dynamics simulations are performed with the aid of the

LAMMPS25 (Large-scale Atomic/Molecular Massively

Parallel Simulator) code, which employs the method of spa-

tial domain decomposition for parallelization. The atomic

positions are collected periodically for analysis and visual-

ized with the OVITO (Open Visualization Tool)26 visualiza-

tion package.

III. RESULTS AND DISCUSSIONS

We begin our study by investigating the instability for-

mation in completely molten columns of Cu NWs so that the

Rayleigh’s criterion can be tested for an EAM interatomic

potential. After validating the Rayleigh’s criterion in molten

phase, we proceed to explore the occurrence of such instabil-

ity during the solid-state annealing of the nanowire. The

atomic mobility is expected to be significantly impeded for

the latter case in comparison to that in the molten state.

A. Instability in molten nanowires

Figure 1 presents the evolution of the specific-heat Cp,

with increasing temperature T, for a Cu NW in vacuum, in

comparison to that of bulk Cu at zero pressure. The tempera-

ture at which melting initiates is signaled by the occurrence

of peak in the Cp versus temperature profile. The size-effect

causing the suppression of melting point of the NW com-

pared to bulk due to large surface-to-volume ratio27 is clearly

visible. The extent of suppression in the melting point is con-

sistent with the liquid drop model,28 which gives the sup-

pression, as 1247/d Kelvin/nm. We created a series of Cu

NW structures of different diameters and varying lengths

and heat them up at a rate of 2.5� 10�5 K/ps. As the temper-

ature exceeds the nanowire’s melting point, which is less

than that of the bulk, structural instabilities set in when the

periodicity of the length exceeds a critical value. These insta-

bilities are found to grow and ultimately cause the fragmen-

tation of the NW into spherical droplets as displayed in

Fig. 2(a). In contrast, if the length is short enough, the insta-

bilities are found to decay in amplitude, and thereby stabilize

the cylindrical morphology of the molten metallic column,

as shown in Fig. 2(b). Plotting the length (L) versus the di-

ameter of the NWs, we find two distinct regions as shown in

Figure 3. For one set of lengths, fragmentation is observed,

while for the other set, it is absent. The boundary between

FIG. 1. The variation of specific heat, Cp, with temperature for Cu nanowire

(2 nm diameter), in comparison to that of bulk. The peak signifies the melt-

ing temperature.



these two regions follows the relation L¼pd, which is the

Rayleigh criterion proposed for cylindrical columns of

liquids. This confirms that besides the simple Lennard-Jones

type potential,3 molten nanosized columns modeled with

complex and realistic potentials adhere to the criterion of

Rayleigh instability.

B. Solid-state annealing of Cu NW: Evolution
of structural energy

Experimental investigations have revealed structural

patterning in the metallic nanowires with diameters of a few

tens of nanometers, below their melting temperatures.5,6 As

the thickness of the nanowire is increased or the annealing

temperature is reduced, the nanostructure is found to gain

stability and liquid-like instabilities in solid phase are not

observed within the experimental observation time. We

therefore simulate annealing of an ultrathin Cu NW of a di-

ameter of 2 nm and periodic length 37.5 nm, so that the size

and time scales associated with the mechanism of solid-state

instability can be accommodated within the plausible range

offered by classical MD simulations.

During the course of annealing, the atoms become mo-

bile by means of thermally activated solid state diffusion.

The diffusivity of atoms in proximity to the surface is

expected to be different than those belonging to the center of

the wire. In order to distinguish between them, we identify

and tag the atoms belonging to an outer cylindrical shell of

5 Å thickness as “surface” atoms, while the remaining atoms

are marked as “core” region (refer to inset of Fig. 4(b)). As

the present study is focused on the solid-state diffusion, we

investigate the energetics of system during the premelting

state. Figure 4(a) displays the evolution of structural energy

of the wire in the temperature range of 300–500 K with small

increments of 20 K. It is found that the potential energy

remains constant during the 200 ps simulation time at each

of the temperature step that implies the structural stability of

the nanowire. As expected for a conventional solid, the

energy increases with temperature for both core and the sur-

face atoms. In contrast, while the same procedure is followed

for a temperature range of 700–800 K, we observe a striking

qualitative difference. In 700–800 K temperature range, the

potential energy of the core atoms is found to show a gradual

increase, while the surface atoms keep losing their energies

throughout the entire range of simulation temperature

[Fig. 4(b)]. This suggests that the enhanced motion of the

surface atoms, which is collective in nature, drives the mor-

phological evolution of the surface, lowering the structural

energy. Similar instability of the potential energy exhibited

by the surface atoms is witnessed even when the nanowire is

held at a steady temperature of 700 K [Fig. 4(c)]. Note that

the melting temperature of 2 nm Cu NW, as estimated from

the CP versus T plot, turns out to be 900 K. The range

700–800 K, where the anomalous behavior is observed, is

FIG. 2. Melting process in ultrathin NWs having periodicity length greater

[panel (A)] and less [panel (B)] than the critical length. The evolution of

morphology at three different simulation times, in increasing order, has been

shown in each case. In former case, Rayleigh instability sets in which leads

to fragmentation of the molten wire into droplets. In the latter case, the frag-

mentation does not occur, rather it remains as cylindrical column.

FIG. 3. NWs of varying periodicity length (L) and diameter (d). Those

belonging to the “Fragmentation Region” follows the behavior shown in

Fig. 2(a), while others belonging to “Non-Fragmentation Region” follows

the behavior of Fig. 2(b). The Rayleigh criterion, given by the relation L¼p
d, demarcates the two regions.

FIG. 4. The variation of potential energy for the core (black) and surface

atoms (orange), in temperature range (a) 300–500 K and (b) 700–900 K, and

(c) for a fixed temperature of 700 K, for a Cu NW of periodicity length

37.5 nm. The lines in C show the data time averaged over a time span of

10 ps. (d) Similar data for a range of 700–900 K temperature but for a Cu

nanowire of sub-critical periodicity length. The inset in panel (b) shows the

NW viewed along the axial direction, with core and surface atoms colored

differently.



therefore much closer to the melting point as compared to

300–500 K, where such behavior is not observed within the

simulation time scale. This is similar to the experimental sit-

uation where the surface patterning is not seen within the

time scale of the experiment, if the annealing temperature is

very low.6

To check the influence of the length of the wire on self

sustained pattern formation during solid state annealing, as

in Rayleigh condition in case of liquids, we also investigate

the behavior of a Cu NW with an axial periodicity of

5.62 nm, which is smaller than the Rayleigh critical length

(pd� 6.28 nm). The potential energy variation with increas-

ing temperature from 700 K to 900 K in steps of 20 K reveals

the absence of anomalous behavior [Fig. 4(d)] observed pre-

viously for NW with longer periodic length [cf. Fig. 4(b)].

To remind, for NW with longer periodic length, as discussed

above, the mobile surface atoms undergo structural transfor-

mation, thereby minimizing the energy, in accordance with

Rayleigh-like instability. This is evidently not the scenario

for wire with shorter periodicity, for which the energy keeps

on increasing. It confirms that even for solid-state annealing

of the nanowire, Rayleigh instability is suppressed if the

length is forced to remain below a critical value.

C. Instability-induced patterning of Cu NW

As the nanowire with length L¼ 37.5 nm is kept at the

temperature of 700 K for a very long duration of about

80 000 ps, instabilities set in and a surface morphological

evolution takes place. At the end of the simulation run,

although the wire is still at a temperature below the melting

point, it is seen to develop well identified radial modulations

along the axis [Fig. 5], similar to those found in experimental

observations [cf. Fig. 3(a) in Ref. 5 and Fig. 5(e) in Ref. 6].

These modulations create some regions of constriction or

“necks” from where the atoms get transported to the adjacent

swollen regions. In order to understand the evolution of core

morphology during this mass transfer process, we investigate

the crystalline structure of the Cu NW. In Fig. 5, we present

the cross-sectional view of a zoomed-in part of the wire

between two necks. The atoms in the figure are colored

according to the nearest neighbor analysis, which differenti-

ates between the atoms with non-crystalline, FCC, and HCP

structures. Note HCP atoms represent the stacking faults on

{111} planes.

It is interesting to find that the formation of a neck is

associated with plastic slips on the {111} planes, recognized

in terms of the stacking faults. Consideration of FCC Cu lat-

tice structure makes {111} as the only available slip system,

and the plastic slip occurs accordingly, as opposed to the

continuum theory, where the discreteness of the crystal struc-

ture is ignored. The Rayleigh like instabilities drive vigorous

oscillations of the nanowire as seen in our simulation. The

internal stress generated due to such oscillations becomes

large enough to deform the crystal plastically and results in

stacking faults. It should be pointed out that despite the for-

mation of these instabilities, the overall core region of the

NW retains its original crystalline structure. The commonly

used theoretical criterion for melting is often expressed in

terms of the Lindemann parameter,29 dLin, which is a mea-

sure of the relative change in bond length during the atomic

displacement. A value below �0.20–0.25 is considered to

indicate the solidity of the structure, whereas larger value is

indicative of melting. Our computed Lindemann parameter

for core turns out to be 0.03, indicating the solidity of the

core. The surface, on the other hand, is liquid-like as

reflected by an order of magnitude higher value of dLin. This

confirms that the mechanism of structural modulation is

indeed a solid-state phenomenon, where the major contribu-

tion to mass transport arises due to movement of atoms in vi-

cinity of the surface.

D. Nature of atomic diffusion

As discussed above, during the solid state annealing and

the formation of instability, the core atoms maintain the crys-

talline structure, while the surface atoms contribute towards

the atomic mobility. We further quantify this concept by

tracking the trajectories of all the atoms during the process

of annealing, in a time and space resolved manner.

The evolution of the root-mean-square displacement

(RMSD) of the surface and core atoms is computed over a

span of simulation time. Fig. 6 shows the z component of

RMSD plotted with simulation time. As found, RMSD for

the core atoms is negligibly small compared to the surface

atoms. This is in agreement with the computed Lindemann

parameters and reassures that surface diffusion is the domi-

nating mechanism for the instability formation in solid state

annealing. The quantitative effect of including the radial

components of atomic displacements is found to be negligi-

ble with bulk contribution coming from the z component.

This analysis indicates that the morphological patterning is

the outcome of axial diffusion of surface atoms. Further at

long enough time, wave like modulations of displacements

FIG. 5. The morphology of the NW, with periodicity length of 37.5 nm, at

the end of 80 000 ps solid state annealing at 700 K. The zoomed part shows

the cross-sectional view, with atoms colored as per the nearest neighbor

analysis. The non-crystalline atoms, FCC atoms, and HCP atoms represent-

ing stacking fault, are colored in black, yellow, and green, respectively.



of surface atoms are prominently visible, a signature of

Rayleigh-like instability.

In general, the diffusive motion of an ensemble of par-

ticles undergoing random walk is given by the time evolution

of RMSD, l, as l2 / Dta, where D is the diffusivity, t is the

elapsed time, and a is an exponential factor. In a conven-

tional diffusion obtained from the simple Gaussian random-

walk model, the exponent a is known to be unity. However,

the cases of sub-diffusive (a< 1)30–32 and super-diffusive

mobility (a> 1)33–36 have been reported in several physical

processes.

Figure 7(a) shows a linear variation of l2 with elapsed

time for a completely molten sample of bulk copper at

1600 K. A linear trend signifies that the atomic motion in

molten metal is governed by a Gaussian diffusive process. In

contrast, for our 2 nm NW in premelting region two different

kinds of behavior have been observed. At 500 K, the varia-

tion of l2 is negligibly small [Fig. 7(b)] for both core and sur-

face atoms, which is consistent with the trend of energetics

observed in Fig. 4(a). Raising the temperature to 700 or

800 K, as shown in Figs. 7(c) and 7(d), respectively, a highly

sub-diffusive motion of the surface atoms with a¼ 0.4 is

observed.

In the past few years, subdiffusion has been observed in

a variety of systems including examples from geophysics to

biological systems such as in the cytoplasm, nucleus, or in

the plasma membrane.30,37–39 We note that at the micro-

scopic scale, this subdiffusive behavior is typically associ-

ated with random walk in the presence of obstacles or

intermittent waiting.40 However, the migration of surface

atoms in NW has a specific directionality due to chemical

potential gradient. The situation, therefore, may be described

as superposition of a drift component on the otherwise diffu-

sive motion. Apparently, computation of MSD alone does

not offer an exhaustive understanding of the underlying

kinetics. Further dedicated studies are required to resolve the

diffusive and drift components of the mobilities of surface

atoms.

IV. CONCLUSIONS

Employing MD simulations, we investigate the forma-

tion of instabilities in ultra-thin Cu nanowires in premelting

regime. Our study shows evidence of Rayleigh instability

formation in solid state, where the stacking fault appears in

the core of the wire, with the surface showing periodic mod-

ulation. This periodic modulation is similar to that found in

cylindrical columns of liquids, but interestingly occurs in

solid phase of the material. This computational observation

is in agreement with several experimental studies.5,6 Our

study, moving a step forward, provides microscopic under-

standing of this curious phenomenon. We find that this is

driven by surface mass transport, causing plastic deformation

which, in addition to modulation in surface morphology,

creates slip faults inside the core of the wire. We further dis-

cover that unlike the atoms of completely molten metal, the

surface diffusion during the instability formation is of sub-

diffusive nature. The understanding gained in the present

study may be employed in future to design preventive meas-

ures for such instability.
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