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We propose and briefly describe the generalized recursion in augmented space using a minimal

TB-LMTO basis set for the calculation of configuration averaged current response functions in

disordered binary alloys. Since disorder in the current terms is off-diagonal and non-separable,

single-site mean-field approaches are unable to deal with it without further approximations. The

augmented space approach is ideally suited for such situations and the generalized recursion proposed

by Viswanath and Müller provides a fast and accurate O(N) technique for the actual calculations of the

configuration averaged susceptibilities. We have applied the method to the disordered FeCo alloy. The

results agree reasonably well with available experimental data on ordered versions of both the alloy

systems, with extra broadening due to disorder induced lifetime effects.
1. Introduction

The aim of this communication is to revisit a formalism for the
calculation of configuration averaged optical response functions in
disordered binary alloys. In an earlier paper [1] we had proposed
the generalized recursion (GR) method as a useful and feasible
method for doing so. Here, we shall analyse the method in greater
detail. Two aspects will be commented on in particular: the
combination of GR with the augmented space approach (AS) to
deal with disorder, and the inclusion of configuration fluctuations
involving essential off-diagonal terms in real space. We shall
illustrate the technique by the application to the 50–50 FeCo
disordered ferromagnetic alloy.

The generalization of the standard recursion method of
Haydock et al. [2] suggested by Viswanath and Müller [3], allows
us to obtain continued fraction expressions for correlation func-
tions related to various response functions in solids. We propose a
combination of this GR with the AS introduced by us [4] as a
suitable methodology to study configuration averaged response
functions in disordered alloys. We shall briefly describe the AS and
argue that since the disorder in the current operators involved in
optical response is essentially off-diagonal, standard single-site
mean-field approaches like the CPA are inadequate.
ax: þ91 33 2335 3477.

).
2. Methodology

2.1. The augmented space formalism

The augmented space formalism (AS) has been described in
detail in earlier review [5]. Here we shall introduce only those
specific points which are relevant to the usefulness of its applica-
tion to the computation of configuration averaged current–current
correlation functions in realistic models of disordered alloys.

The binary substitutionally random alloy Hamiltonian involves
random site occupation parameters {nR} which take the value 1 if
the site R is occupied by a A atom with probability equal to its
concentration x and 0 if it is occupied by a B atom with probability
equal to its concentration y¼1–x. The AS approach associates with
each random parameter nR an operator NR such that its eigenvalues
are the values taken by nR and its spectral density is the probability
density of nR. The idea of associating operators with observables is
taken from measurement theory familiar in the basics of quantum
mechanics. The configuration space of nR, FR, is the space spanned
by the eigenvectors of NR and NRAFR. In the case of a binary alloy
AB, FR is of rank 2 and spanned by the configuration states jARS
and jBRS. It is more convenient to change to a new basis :
j|RS¼

ffiffiffi
x
p
jARSþ

ffiffiffi
y
p
jBRS and j1RS¼

ffiffiffi
y
p
jARS�

ffiffiffi
x
p
jBRS The former

is called the ‘average state’ while the latter is a state with cone
configuration fluctuation at the site R about the average state.

pðnRÞ ¼�
1

p Im/|RjðzI�NRÞ
�1
j|RS
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¼ xdðnRÞþydðnR�1Þ ¼�
1

p Im
x

z
þ

y

z�1

h i
¼�

1

p ImgðzÞ

where z¼ nRþ id (d-0). Identification of a representation of the
operator NR is now straightforward. We expand g(z) as a continued
fraction:

gðzÞ ¼
1

z�y�
xy

z�x

¼
1

z�a1�
b2

1

z�a2

and the coefficients form the tri-diagonal matrix representation of
NR [5].

NR ¼
a1 b1

b1 a2

 !
¼

y
ffiffiffiffiffi
xy
p

ffiffiffiffiffi
xy
p

x

 !

It is easy to check that the eigenvalues of NR are 0 and 1, the values
taken by nR. The ‘configuration space’ of the entire set {nR} is
F¼

Q�
R FR and the average state jf|gS¼

Q�
R j|RS. The augmented

operators ~NR ¼ I� I � . . .NR � I . . . AF.
A general state in the full configuration space F can be labelled

by the sequence of those sites {Rk} at which we have a state j1Rk
S.

This sequence is called the cardinality sequence and denoted by
fCg. These configuration states together span the configuration
space F. For a binary alloy, this configuration space is isomorphic
to the configuration space of a spin-half Ising model.

We now introduce creation and annihilation operators for
local configuration fluctuations about the ‘average state’: cyR and
cR. The actions of the creation and annihilation operators on
configuration states in F are

cyRjfCgS¼
0 if RAfCg
jfCg � RS if not

(

cRjfCgS¼
jfCg � RS if RAfCg
0 if not

�

It follows that the form of the operator ~NR is

~NR ¼/nRSþðy�xÞcyRcRþ
ffiffiffiffiffi
xy
p
ðcRþcyRÞ ð1Þ

The first term in Eq. (1) describes the average, while the last term
produces configuration fluctuations about it. The second term
counts the number of configuration fluctuations at the site R in a
given configuration. This number is called the cardinality of the state
of the site R. The cardinality of the state of the whole system is

cardtot ¼
X

R

cardðRÞ

Why is the state jf|gS called the ‘average state’? From the definition
of the ‘average state’ it follows that the configuration average of any
function f(nR) of nR:

0f ðnRÞT¼ xf ðnR ¼ 0Þþyf ðnR ¼ 1Þ ¼/f|gj~f ð ~NRÞjf|gS ð2Þ

Thus if starting with the function f(nR) we construct an operator
~f ð ~NRÞAF by replacing the variable nR by the corresponding operator
~NR, then the average is simply the matrix element of this new
operator between the average state. This is the essence of the
augmented space theorem [4].

If we wish to calculate averages involving functions of a random
Hamiltonian HðfnRgÞAH, the first step is to construct the extended
Hamiltonian in augmented space: ĤAH�F¼C by replacing the
random parameters with the associated operators. The AS theorem [4]
states that the matrix element with respect to the average state (one
without any configuration fluctuations) of any function of the
extended Hamiltonian is the configuration average of that function:

0F½HðfnRgÞ�T¼/f|gj ~F ½Ĥðf ~NRgÞ�jf|gS ð3Þ
2.2. The generalized recursion method

The idea of a generalized recursion method for obtaining
response functions was proposed by Viswanath and Müller [3].
The algorithm of recursion is based on linear current response of a
system to a perturbing electromagnetic field:

/JmðtÞS¼
Z 1
�1

wmnðt�t0ÞAn
ðt0Þ ð4Þ

where An
ðtÞ is the vector potential, and the generalized susceptibility

can be written as

wmnðt�t0Þ ¼ ði=‘ ÞYðt�t0Þ/½JmðtÞ,Jnðt0Þ�S ð5Þ

In lattices with cubic symmetry, wmn ¼ wdmn. The fluctuation-dissipa-
tion theorem relates the imaginary part of the Laplace transform of
the generalized susceptibility to the Laplace transform of the current–
current correlation function:

w00ðoÞ ¼ ð1=2‘ Þð1�exp�b‘oÞSðoÞ ð6Þ

where

SðoÞ ¼ lim
d-0þ

Z 1
0

dteiðoþ idÞt TrðJmðtÞJmð0ÞÞ ð7Þ

Since the response function is independent of the direction label m for
cubic symmetry, in the following we shall drop this symbol. Given a
Hamiltonian, our aim would be to obtain the correlation function. For
a system with lattice translational symmetry (or for configuration
averages in a homogeneously disordered system)

SðtÞ ¼
1

N

X
R

/RjJðtÞJð0ÞjRS¼/RjJðtÞJð0ÞjRS ð8Þ

In order to simplify the expressions for the dynamical quantities as
produced by the Hamiltonian, we consider henceforth the modified
Hamiltonian H ¼H�E0I, whose band energy is shifted to zero. The
time evolution of a state jcðtÞS¼ JðtÞjfS is described by the
Schrödinger equation:

�i
d

dt
fjcðtÞSg ¼HjcðtÞS ð9Þ

We shall now generate an orthogonal basis fjfkSg for the representa-
tion of Eq. (9):
(a)
 The initial conditions give

jf�1S¼ 0, jf0S¼ Jð0ÞjRS
(b)
 Further members are generated by a three term recurrence:

jfkþ1S¼HjfkS�akjfkS�b
2
k jfk�1S, kZ0

where mutual orthogonality gives

ak ¼
/fkjHjfkS
/fkjfkS

, b2
k ¼

/fkjfkS
/fk�1jfk�1S

ð10Þ
We now expand the state jcðtÞS in this orthogonal basis:

jcðtÞS¼
X1
k ¼ 0

DkðtÞjfkS ð11Þ

Substituting Eq. (11) into Eq. (9) and using orthogonality of the
basis, we get

�i _DkðtÞ ¼Dk�1ðtÞþakDkðtÞþb
2
kþ1Dkþ1ðtÞ ð12Þ

and its Laplace transform

ðz�akÞdkðzÞ�idk,0 ¼ dk�1ðzÞþb
2
kþ1dkþ1ðzÞ, kZ0 ð13Þ

We shall now show that the pair of sequences generated by us,
namely, fakg and fb2

kg are enough to generate the correlation
function.



We first note that

D0ðtÞ ¼/f0jcðtÞS¼ SðtÞ ð14Þ

This set of equations can be solved for d0(z) as a continued
fraction representation:

d0ðzÞ ¼
i

z�a0�
b2

1

z�a1�
b2

2

z�a2� � � �

ð15Þ

We should note that the continued fraction expansion has any
meaning only when it is convergent and has specific analytic
properties which ensure that the related structure function,
which is the Laplace transform of the correlation function, is
strictly positive. For convergence two conditions must be satis-
fied: (i) The imaginary part of d0(z) must go to zero at least
exponentially as we go to1 along the real frequency axis (z¼o).
This requires fb2

ng to either converge or diverge slower than n2 as
n-1 and (ii) the imaginary part of d0(z) cannot change sign
along the real frequency axis. These conditions are not automa-
tically satisfied, and there are contra-examples where they are, in
fact, violated [3]. In our application, numerical results show that
the conditions are met. However, it would be interesting to
formulate the necessary conditions for their validity; conditions
similar to the ‘herglotz’ properties that govern continued fraction
expansions of the densities of states. This we propose to study in a
future communication.

Once the above conditions are satisfied, the structure function
can then be obtained from the continued fraction as

SðoÞ ¼ lim
d-0

2Red0ðoþ idÞ ð16Þ

2.3. Generalized recursion in augmented space

In case of a disordered alloy we notice that SðtÞ ¼ S½HðfnRgÞ� is a
function of random variable nR and we need to calculate the
configuration averaged value. Therefore, we use the augmented
space formalism and applying the augmented space theorem [4]
we can write

0SðtÞT¼/R� f|gjĴðtÞĴð0ÞjR� f|gS¼ S½Ĥðf ~NRgÞ� ð17Þ

where the augmented space Hamiltonian ĤAC and the current
operators ĴðtÞAC are constructed by replacing every random
variable nR by the corresponding operator ~NRAF. The recursion
may now be modified step-by-step in the full augmented space:

D00ðtÞ ¼/f 00jf|g �cðtÞS¼0SðtÞT ð18Þ

where jf 00S¼ Ĵð0ÞjR� f|gS and

d00ðzÞ ¼
i

z�a00�
b021

z�a01�
b022

z�a02� � � �

ð19Þ

Again, once the conditions for convergence mentioned in the
earlier section are satisfied, the configuration averaged structure
function, which is the Laplace transform of the averaged correla-
tion function can then be obtained from the above:

0SðoÞT¼ lim
d-0

2 Red00ðoþ idÞ ð20Þ

2.4. Construction of the Hamiltonian and current operators in

augmented space

As a first step we need to construct the Hamiltonian and the
current operator in augmented space. This goes in as an initial
input in the recursion process. We shall begin by obtaining the
effective Hamiltonian for a random alloy represented in the
minimal basis of a tight-binding linear muffin-tin orbitals method
(TB-LMTO). This is obtained through a density functional theory
(DFT) self-consistent run of an augmented space recursion pack-
age (TB-LMTO-ASR). This procedure has been discussed amply
earlier and the interested reader is referred to our review [5]. The
Hamiltonian is of the form

H¼
X
RL

CRLayRLaRLþ
X
RL

X
R0L0

D1=2
RL SRL,R0L0D

1=2
R0L0a

y

RLaR0L0 ð21Þ

where L is the composite index ð‘msÞ, ‘ms are the angular
momenta–spin indices, and R labels the unit cell.

For a random binary alloy

CRL ¼ CA
RLnRþCB

RLð1�nRÞ ¼ CB
RLþdCRLnR

D1=2
RL ¼DA1=2

RL nRþD
B1=2
RL ð1�nRÞ ¼DB1=2

RL þdD
1=2
RL nR

dCRL ¼ CA
RL�CB

RL, dD1=2
RL ¼DA1=2

RL �D
B1=2
RL ð22Þ

The ASR prescription gives the Hamiltonian in augmented space
as

Ĥ ¼
X
RL

~C RL � ayRLaRLþ
X
RL

X
R0 L0

~D
1=2

RL �
~SRL,R0L0 �

~D
1=2

R0L0 � ayRLaR0L0 ð23Þ

where

~C RL ¼0CRLTþðy�xÞdCRLcyRcRþ
ffiffiffiffiffi
xy
p

dCRLðcRþcyRÞ

~D
1=2

RL ¼0DB1=2
RL Tþðy�xÞdD1=2

RL cyRcRþ
ffiffiffiffiffi
xy
p

dD1=2
RL ðcRþcyRÞ ð24Þ

The wave-functions are expressed as linear combinations of the
linearized basis functions of the LMTO:

FjkðrÞ ¼
X
RL

cjk
RL fRLðr,En‘Þþ

X
R0 L0

hRLR0L0 _fR0 L0 ðr,En‘Þ

" #
ð25Þ

where j is the band index.
In this basis, the matrix elements of the current operator can

be written as

JmRL,R0L0 ¼ V ð1Þ,m
RL,RL0

dRR0 þ
X

L00

fV ð2Þ,mRL,RL00hRL00 ,R0L0 þhRL,R0L00V
ð3Þ,m
R0L00 ,R0L0 g

"

þ � � �
X
R00L00

X
L000

hRL,R00L000V
ð4Þ,m
R00L000 ,R00L00hR00L00 ,R0L0

#
ð26Þ

where

V ð1Þ,m
RL,RL0
¼

Z
ro sR

d3rf�RL0 ðr,En‘Þð�irm
ÞfRLðr,En‘Þ

V ð2Þ,m
RL,RL0
¼

Z
ro sR

d3r _f
�

RL0 ðr,En‘Þð�irm
ÞfRLðr,En‘Þ

V ð3Þ,m
RL,RL0
¼

Z
ro sR

d3rf�RL0 ðr,En‘Þð�irm
Þ _fRLðr,En‘Þ

V ð4Þ,m
RL,RL0
¼

Z
ro sR

d3r _f
�

RL0 ðr,En‘Þð�irm
Þ _fRLðr,En‘Þ

We shall use the prescription Hobbs [6] to obtain the above
matrix elements. For details we again refer to reader to the above
reference.

The next step should be to calculate pair-wise currents where
the two end sites are occupied by atom pairs AA, BB and AB

embedded in the disordered medium.
The current operator in the binary disordered system, unlike

the Hamiltonian parameters which were local, lead to off-diag-
onal disorder. Intrinsically the single-site coherent potential



approximation is unable to deal with such problems. The strength
of the augmented space method comes to the fore. The current
operator can be written as

Jm ¼
X
RL

JmRL,RLayRLaRLþ
X

RL,R0 L0
Jm
RL,R0 L0

ayRLaR0 L0 ð27Þ

The diagonal and off-diagonal terms of the current operator can
be written as

JmRL,RL ¼ JmAA
RL,RLnRþ JmBB

RL,RLð1�nRÞ

JmRL,R0L0 ¼ nRnR0 J
mAA

RL,R0L0 þð1�nRÞð1�nR0 ÞJ
mBB

RL,R0L0

. . . þ½nRð1�nR0 ÞþnR0 ð1�nRÞ�J
mAB

RL,R0L0 ð28Þ

We need to express this current operator in augmented space.
Replacing nR by the corresponding operator ~NR we get

Ĵ
m
¼
X
RL

~J
m
RL,RL � ayRLaRLþ

X
RL,R0L0

~J
m
RL,R0L0 � ayRLaR0L0 ð29Þ

where

~J
m
RL,RL ¼ JmBB

RL,RLþ Jmð1ÞRL,RL
~NR

~J
m
RL,R0L0 ¼ JmBB

RLþ Jmð2ÞRL ð
~NRþ

~NR0 Þþ Jmð3ÞRL
~NR �

~NR0 ð30Þ

and

Jmð1ÞRL ¼ JmAA
RL�JmBB

RL , Jmð2ÞRL ¼ JmAB
RL�JmBB

RL

Jmð3ÞRL ¼ JmAA
RL þ JmBB

RL�2JmAB
RL ð31Þ

The operator in the first line of Eq. (30) and the first two operators
in its second line either count or create/annihilate configuration
fluctuations at either of the two sites R or R0. The last operator in
the second line of the same equation either counts or creates/
annihilates configuration fluctuations simultaneously at both the
sites R and R0. These operators are essentially non-local and cannot
be dealt with in a local (single-site) mean-field approximation.
Fig. 1. The component projected partial density of states for the 50–50 disordered

FeCo alloy.
2.5. Configuration averaged optical response functions

Once the Hamiltonian is set up as in Eq. (23) and the current
operators are set up, as in Eqs. (29) and (30), we go back to our
formulation of augmented space recursion described and carry
out the calculation for the configuration averaged optical
response functions.

We use the augmented current operator to construct the
starting state

jcð0ÞS¼ Ĵ
m
jR� f|gS

and perform the recursion in augmented space to calculate the
configuration averaged correlation function 0SðoÞT. Finally the
imaginary part of the dielectric function is related to this
correlation function through

e2ðoÞ ¼ 4p0SðoÞT
o2

ð32Þ

The real part of the dielectric function e1ðoÞ is related to the
imaginary part e2ðoÞ by a Kramer’s Krönig relationship:

e1ðoÞ ¼
1

4p

Z 1
�1

do0 e2ðo0Þ
o�o0

ð33Þ

All optical response functions may now be derived from these.
The optical conductivity follows:

sðoÞ ¼ oe2ðoÞ
4p
3. Application to disordered FeCo alloys

We shall first apply the DFT self-consistent TB-LMTO-ASR
method to obtain the densities of states for spin polarized body-
centered cubic FeCo alloys. This is shown in Fig. 1.

The Fe and Co partial densities of states resemble each other.
The Fe densities of states are strongly exchange split. The up-d
states are almost completely full while the down-d states are
partially empty, giving rise to the large local magnetic moment on
Fe atoms. The Co partial densities of states are also exchange split.
Now, since there is an extra d electron in Co as compared to Fe,
the up-d states are completely full and the down d-states are
again partially full; however, the exchange splitting is less
compared to that in Fe. Locally Co also carries a moment, but it
is lower than that on Fe. The Fe and Co up d-bands fall almost on
top of each other and strongly hybridize in the alloy. The nearly
filled nature of the majority-spin d-bands of the alloy explains its
enhanced moment as compared with pure Fe and Co. Co is more
electronegative than Fe, so that more Co-like orbitals are expected
to lie lower in energy than the Fe-like ones. So when Fe and Co
bond to produce bonding and anti-bonding orbitals, the lower
energy bonding states are more Co-like while the higher energy
anti-bonding state have more Fe-like character [7].

The main feature of interest for later analysis of optical
properties is the fact that in FeCo, for the up-spin states the
Fermi energy straddles the low density due to sp bands. So for low
photon energies we expect a Drude-like 1=o behaviour of the
optical conductivity. The optical conductivity picks up around
photon energies 1.0 eV for the up-spin band and 1.5 eV for the
down-spin bands when transitions begin to occur between the
d-like occupied states to the unoccupied ones.

The optical conductivity for bcc FeCo disordered alloy at 50–50
composition is shown in Fig. 2. For optical conductivity, the
structures can be analysed directly from the densities of states.
At low photon energies the optical intra-band transitions are
between sp-like states and the behaviour is Drude-like. Since the
d-like structures nearest the Fermi energy that contribute to
inter-band transitions are about 1.4 eV (0.1 Ry) below it, the
Drude behaviour is only at photon energies below this value.
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Fig. 2. The spin projected optical conductivities and the total optical conductivity

for FeCo.
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Fig. 3. Theoretical and experimental optical conductivity for FeCo.
At higher photon energies the inter-band transitions from the
occupied d-bands to the unoccupied ones provide the structures
in optical conductivity. The broad structure between 1.5 and
2.7 eV (	 0.1–0.2 Ry) below the Fermi energy lead to the main
structural peak in optical conductivity. Weaker structures
between 4 and 5 eV (0.3–0.4 Ry) are dampened by the 1=o
asymptotic behaviour of the optical conductivity.

Experimental data are available for ordered Fe50Co50 in the
CsCl structure [8,9]. Both the works exhibit a broad absorption
structure around 1–2.5 eV. A similar structure is also seen in pure
Fe at 2.5 eV and in pure Co around 0.8 eV. This has been attributed
to inter-band transitions between occupied d and unoccupied p
bands [10]. The absorption structures seen in the disordered alloy
straddles are almost the same photon energies. The structures are
broadened by the imaginary part of the disorder induced config-
uration fluctuation scattering self-energy, as expected. However,
the general features are very similar to that of the ordered
compound. Interested readers may refer to Figs. 2 and 4 of Kim
et al. [10] and Fig. 1 of Sasovskaya and Knyazev [9] and compare
the experimental results with our theoretical results shown
in Fig. 3. The agreement with the main peak around 2 eV is good
as shown in Fig. 3.
4. Conclusion

We have proposed the combination of AS and GR techniques
for calculation of optical response in disordered binary alloys. Our
successful application to FeCo alloy leads us to suggest this
method as a suitable algorithm for the study of optical response
in disordered systems in future.
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